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Abstract

We introduce a new algorithm and a new analysis technique that is applicable to a variety
of online optimization scenarios, including regret minimization for Lipschitz regret functions,
universal portfolio management, online convex optimization and online utility maximization.
In addition to being more efficient and deterministic, our algorithm applies to a more general
setting (e.g. when the payoff function is unknown). For the general online game playing setting
it is the first to attain logarithmic regret, as opposed to previous algorithms attaining polynomial
regret.

The algorithm extends a natural online method studied in the 1950’s, called “follow the
leader”, thus answering in the affirmative a conjecture about universal portfolios made by
Cover and Ordentlich and independently by Kalai and Vempala. The techniques also leads
to derandomization of an algorithm by Hannan, and Kalai and Vempala.

Our analysis shows a surprising connection between interior point methods and online opti-
mization by using the follow the leader method.

1 Introduction

We consider the following basic model for online game playing: the player A chooses a probability
distribution p over a set of n possible actions (pure strategies) without knowing the future. Nature
then reveals a payoff z(i) € R for each possible action. The expected payoff of the online player
is f(p'x) (we will abuse notation and denote this by f(pz)), where z is the n-dimensional payoff
vector and f is a concave payoff function. This scenario is repeated for T iterations. If we denote
the player’s distribution at time ¢ € [T] by p;, the payoff vector by x; and the payoff function by
ft, then the total payoff achieved by the online player is Zthl ft(pexy). The payoff is compared
to the maximum payoff attainable by a fixed distribution on pure strategies. This is captured by
the notion of regret — the difference between the player’s total payoff and the best payoff he could
have achieved using a fixed distribution on pure strategies. Formally ':

T T
Regret(A) = sup { max > fi(p*z) = Y ft(ptxt)} (1)
t=1 t=1

fl?"‘?fT p*esn

The performance of an online game playing algorithm is measured by two parameters: the total
regret and the time for the algorithm to compute the strategy pp for iteration 7.
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18" here denotes the n-dimensional simplex, i.e. the set of points p € R”, >upi=1,p;>0



When the f;’s are linear functions, the regret can be as bad as Q(G+/T), where the derivatives
of the payoff functions are bounded by f/ < G. Algorithms which achieve this regret bounds have
been independently discovered by Hannan [Han57], Fudenberg and Levin [FL99], Foster and Vohra,
Freund and Schapire [FS97] and many others in the contexts of game theory, statistics, finance,
operations research and machine learning. We refer the reader to the excellent surveys by Blum
[Blu98] and Foster and Vohra [FV99].

As for the more general framework, an example of a well-studied problem is that of universal
portfolio management, where the concave payoff function applied each iteration is f;(pz) = log(pz)
(see subsection 1.2). For this special case online game playing algorithms that break the Q(v/T)
regret lower bound have been devised by Cover [Cov9l], who obtains an algorithm with only
O(nlogT) regret. The downside of Cover’s algorithm is its running time which is exponential
in the dimension, namely ©(7™). The running time was subsequently improved by Kalai and
Vempala [KV03] to a large polynomial in n and 7" using random walks for sampling logconcave
functions. It is possible that recent improvements in random sampling may lead to much improved
running time for the Kalai-Vempala algorithm, yet even optimistic estimates seem to be slower by
a poly(n) factor then our algorithm [VemO06].

In this paper we propose and analyze an algorithm that combine the benefits of previous ap-
proaches: both computational efficiency (the running time per iteration is O(nT) 2 and O(n?) if
the payoff functions are polynomials) and O(%?nlog T) regret , where as before G is a bound on
the first derivative of the payoff functions and the second derivative is bounded by |f/'| > H > 0.
The algorithm applies for the more general case of online game playing, even when every iteration
a different concave payoff function f; is used, and when these functions are unknown till Nature
reveals them together with the payoff for the play iteration.

Zinkevich [Zin03] provides an algorithm that achieves a weaker bound of O(GQn\/T) regret in a
very general framework. His observation is that linear payoff functions are in some sense the “most
difficult”, and therefore proceeds to approximate curved functions by their linear approximation
and achieves the same upper and lower bounds as for game playing with linear payoff functions.
In this paper we inherently exploit the curvature (second derivative) of the payoff functions. This
additional information enables our algorithm to break the Q(v/T) bound and attain O(log T') regret
(which previously was known only for portfolio management, as stated previously).

As mentioned above, when the payoff functions are linear, the regret is lower bounded by Q(\/T)
We also provide a simple deterministic version of our algorithm that attains this regret for linear
functions, i.e. O(G?n+/T) regret, hence derandomizing an algorithm by Kalai and Vempala [KV05]
with many applications to online optimization.

1.1 Follow the leader

As the name suggests, the basic idea behind the “follow-the-leader” method is to play the strategy
that would have been optimal up to date. For linear payoff functions, the method was rigourously
analyzed by Hannan [Han57], and recently revisited by Kalai and Vempala [KV05], who show that
adding a small perturbation to the optimal strategy so far ensures O(y/T) regret.

A natural question, asked by Larson [Lar86], Ordentlich [Ord96] and most recently Kalai and
Vempala [KVO05], is: What is the performance of FTL for concave payoff functions? Hannan
[Han57], and later Merhav and Feder [MF92], show that Follow-The-Leader has optimal regret
under some very strong assumptions. However, these assumptions do not even hold for the universal
portfolio management problem, even when the price relatives are lower bounded [Fed].

2we use the O notation to hide terms with polylogarithmic dependence on n,T,G,H



In this paper we analyze a natural variant of follow-the-leader, which we call SMOOTH PRE-
DICTION. Before each time period, SMOOTH PREDICTION computes the optimum of some convex
program which is a “smoothened” version of the best mixed strategy in hindsight (i.e the “leader”).
The smoothening is achieved by adding a logarithmic barrier function to the convex program that
defines the best mixed strategy in hindsight. We show that this variant of follow-the-leader ensures
logarithmic regret for strictly concave payoff functions (by which we mean H > 0), thereby an-
swering the question above. SMOOTH PREDICTION is a deterministic algorithm that has running
time of O(n3T), a significant improvement over previous methods. In case the payoff functions are
concave polynomials, the running time can be further improved to O(n3)

In order to analyze the performance of SMOOTH PREDICTION, we introduce a new potential
function which takes into account the second derivative of the payoff functions. This is necessary,
since the regret for linear payoff functions is bounded from below by Q(v/T). This potential function
is motivated by interior point algorithms, in particular the Newton method, which is a second order
method . By contrast, many prior algorithms are based on the the Multiplicative Weights Updates
Method (for a survey see [AHKO5], and also section 1.3), which is related to Gradient Descent, a
first order method.

1.2 Universal portfolio management

A well-studied problem which is covered by the framework considered in the paper is the problem of
universal portfolio management, where the objective is to devise a dynamic portfolio the difference
of whose returns to the best constant rebalanced portfolio (CRP)? in hindsight over T time periods
is minimized. For a market with n stocks and T" days, the regret function becomes

o wealth of best CRP
& wealth of A

(see [Cov91] for more details). Hence the problem of minimizing the regret is a subcase of our
online game playing model where the concave function applied at each iteration is f;(px) = log(px).

On-line investment strategies competitive with the best CRP determined in hindsight have been
devised using many different techniques. Cover et al. [0C96, Cov9l, CO96, Cov96] proposed an
exponential weighting scheme that attains optimal logarithmic regret. The running time of Cover’s
algorithm (i.e the time it takes to produce the distribution p; given all prior payoffs) is exponential
in the number of stocks - for n stocks and the T day the running time is Q(7™). Kalai and
Vempala [KVO03] used general techniques for sampling logconcave functions over the simplex to
devise a randomized polynomial time algorithm, whose running time has already been discussed in
detail earlier.

Helmbold et al. [HSSW96] used the general multiplicative updates method to propose an ex-
tremely fast portfolio management algorithm. However, the regret attained by their algorithm is
bounded by O(v/T) (as opposed to logarithmic regret), and that is assuming the ”bounded vari-
ability” assumption (which states that the changes in commodity value are bounded, see section 2).
The performance analysis of their algorithm is tight as shown by [SLO05].

The SMOOTH PREDICTION algorithm analyzed in this paper applies to universal portfolio man-
agement. Under the “bounded variability” assumption, it is the most efficient algorithm yet to
attain optimal O(logT) regret. The algorithm can be modified such that the regret remains sub-
linear even without the bounded variability assumption.

3A constant rebalanced portfolio is an investment strategy which keeps the same distribution of wealth among
a set of stocks from period to period. That is, the proportion of total wealth in a given stock is the same at the
beginning of each period.



1.3 Other related work

The online game playing framework we consider is somewhat more restricted than the online convex
optimization framework of Zinkevich [Zin03]. In Zinkevich’s framework, the online player chooses a
point in some convex set, rather then just the simplex. The payoff functions allowed are arbitrary
concave functions over the set. In subsequent work, the techniques developed hereby were extended
to the full Zinkevich model [HKKAO6].

Other applications of our result include deriving approximate optimization algorithms which
fall into the category of lagrangian relaxation [PST91, You95, GK98, Fle00]. The improved bounds
on regret achieved in this paper imply that the average regret (i.e. regret per iteration, which is
just the regret as defined in equation (1) divided by the number of iterations T) is bounded by &
after é(@ : %) iterations. This is in contrast to previous online algorithms which achieve regret ¢
after Q(EQS iterations, and leads to more efficient algorithms for a variety of optimization problems
[Haz06]. This improvement is reminiscent of, but different than, the recent results of Bienstock and
Iyengar [BI04].

2 Notation and Theorem Statements

The input is denoted by T vectors (x1,...,x7),2; € R™ where x;(7) is the payoff of the ith pure
strategy during the j* time period. We assume that |z;(i)| < 1,Vi,j. The z;’s have different
interpretation depending on the specific application, but in general we refer to them as payoff
vectors.

A (mixed) strategy is simply a fractional distribution over the pure strategies. We represent
this distribution by p € R™ where ), p; = 1,p; > 0. So p is an element of the (n — 1)-dimensional
simplex. We assume that the payoff functions mapping distributions to real numbers, denoted by
fi(pxy), are concave functions of the inner product, hence f/'(px;) < 0. Throughout the paper we
assume the following about these functions:

1. Vt, the payoffs are bounded by 0 < f;(px) < w (positivity is w.l.o.g, as the shifting the payoff
functions doesn’t change the regret nor the following assumptions).

2. The {f;}’s have bounded derivative Vt,p ,|f/(pz)| < G.

3. The functions {f;} are concave with second derivative bounded from above by f/'(pz:) <
—H < 0,Vt,p.

For a given set of T payoff vectors, (x1,...,27),2; € R, we denote by p*(x1,...,x7) = p* the
best distribution in hindsight, i.e.

T

p* = argmax, {3 fi(p1)}

t=1

The Universal Portfolio Management problem can be phrased in the online game playing frame-
work as follows (see [KVO03] for more details). The payoff at iteration ¢ is log(p;z:), where p; is the
distribution of wealth on trading day ¢, and x; is the vector of price relatives, i.e. the ¢’th entry is
the ratio between the price of commodity ¢ in day ¢ and ¢ — 1.

Note that since log(c-piz¢) = log(c)+log(pixt), scaling the payoffs will only change the objective
function by an additive constant making the objective invariant to scaling. Thus we can assume
w.l.o.g that Vt . max;cp, 7+(i) = 1 and fi(prz+) < 1. The “bounded variability” assumption states



Vt,i x(i) > r, which translates to a bound on the price relatives - i.e the change in price for every
commodity and trading day is bounded. This implies that the derivative of the payoff functions is
bounded by f!(pix;) = = € [1, %}, and similarly f/'(piz¢) = —m € [—%2, —1].

T pert
We denote for matrices A > B if and only if A — B > 0, i.e the matrix A — B is positive

semi-definite (has only non-negative eigenvalues). AB denotes the usual matrix product, and
Ae B ="Tr(AB).

2.1 SMOOTH PREDICTION

A formal definition of SMOOTH PREDICTION is as follows, where e; € R" is the i’th standard basis
vector (i.e. the vector that has zero in all coordinates but for the ’th, in which it is one)

SMOOTH PREDICTION

1. Let {f1,..., fi—1} be the concave payoff functions up to day ¢

Solve the following convex program using interior point methods
t—1
max (Z filpri) + ) log(pei)> (2)
pe i=1 ien
n
> pi=1
i=1

Vie[n].p >0

2. Play according to the computed distribution

We note the strategy of SMOOTH PREDICTION at time ¢ by p,—1. The performance guarantee
for this algorithm is

Theorem 1 (main) For any set of payoff vectors (x1,...,x7)

G2
Regret(SMOOTH PREDICTION) < 4nﬁlog(wnT)

Corollary 2 For the universal portfolio management problem, assuming the price relatives are
lower bounded by r, for any set of price relative vectors (1, ..., xT)

1
Regret(SMOOTH PREDICTION) < 4n— log(nT)
r
In section 4 we prove that even without a bound on the second derivative, a modified version
of SMOOTH PREDICTION has O(v/T) regret, which is optimal for linear functions. This implies
sublinear regret for portfolio management even without the ”bounded variability” assumption.

2.2 Running Time

Interior point methods [NN94] allow maximization of a n-dimensional concave function over the
n-dimensional simplex in time O(n3) The most time consuming operations carried out by basic
versions of these algorithms require computing the gradient and inverse Hessian of the function at
various points of the domain. These operations require O(n?) time.



To generate the pr at time 7', SMOOTH PREDICTION maximizes a sum of O(T") concave func-
tions. Computing the gradient and inverse Hessian of such sum of functions can naturally be
carried out in time O(T -n3). All other operations are elementary and can be carried out in time
independent of T'. Hence, SMOOTH PREDICTION can be implemented to run in time O(Tn3). In
case the functions f; are polynomials, we need only save the sum of all coefficients to optimize
over the sum of the functions. Therefore, the computation can be carried out in time O(k - n3) for
polynomials with k coefficients.

We note that in practice, many times approximations to pp are sufficient, such as those ob-
tained by lagrangian relaxation methods. Specifically for portfolio management, one could use the
polynomial time approximation scheme of Halperin and Hazan [HHO5].

3 Proof of Main Theorem

In this section we prove Theorem 1. The proof contains two parts: first, we compare SMOOTH
PREDICTION to the algorithm OFFLINE PREDICTION. The OFFLINE PREDICTION algorithm is
the same as SMOOTH PREDICTION, except that it knows the payoff vector for the coming day
in advance, i.e. on day t it plays according to p; - the solution to convex program (2) with the
payoff vectors (x1,...,2¢). This part of the proof stated as Lemma 6 is similar in concept to the
Kalai-Vempala result, and proved in subsection 3.1 henceforth.

The second part of the proof, constituting the main technical contribution of this paper, shows
that SMOOTH PREDICTION is not much worse than OFFLINE PREDICTION.

Lemma 3
T 2

Z [fi(pexe) — fe(pe—174)] < 4n% -log(nT)

t=1

PRrROOF: Since p; and p;—; are the optimum distributions for period ¢ and ¢ — 1, respectively, by
Taylor expansion we have

ft(Ptft) - ft(pt—ll‘t) = fg(ptﬂxt)(ptﬂft - ptflxt) + %f”(()(ptftt - pt71$t)2
< ft/(pt—137t)(]?t$t — Pi-1t) = ft/(Pt—lﬂft)mtT(pt —Pt-1) (3)

for some ( between p;_ix; and p;xy. The inequality follows from the fact that f; is concave
and thus f/({) < 0. We proceed to bound the last expression by deriving an expression for
N, £ Pt — Pt—1-

We claim that for any ¢ > 1, p; lies strictly inside the simplex. Otherwise, if for some i € [n]| we
have p;(i) = 0, then pie; = 0 and therefore the log-barrier term fo(p:) = >, log(pre;) approaches
—00, whereas the return of the uniform distribution is positive which is a contradiction. We conclude
that Vi € [n] . pt(i) > 0 and therefore, p; is strictly contained in the simplex. Hence according to
convex program (2)

T
Viog(pP) lp=pr + vat(pxt> lp=pr= 0
t=1

Applying the same considerations for p;_; we obtain V1og(pP) |p=p,y , + ZtT;ll V fi(pze) lp=pr_, =
0. For notational convenience, denote log(pP) = Y7, log(pe;) £ Zg:—(n—l) fe(pzy). Also note



that V fi(pz:) = f/(px)z. From both observations we have

T

> Hprz)w — fllpraw)z] = —frprazr)er (4)

t=—n-+1

By Taylor series, we have (for some (% between p;_jz; and pyzy)

T
1
Z fi(pray) Z filpraz) + Y 3 10 (o) prae — prowi)
t=—n+1 t=—n+1 t=—n+1
Plugging it back into equation (4) we get
T
Z F(Cr) ey [N = Z [ft(prae) — fi(pr-1ze)loe = — fr(pr—1o7)er (5)
t—fnJrl t=—n—+1

This gives us a system of equations with the vector Nr as variables from which

1
( Z [ (¢r) xt%) ~or fr(pr—127) (6)

t=—n+1
Let Ay = =3 ey f(Dmaf.

Now the regret can be bounded by (using equation (3)):

T T
Z peat) — fr(pe—12e)] < Zfé(ptfll‘t)iﬁtTNt
t=1 t=1
by previous bound on N

T ¢ -1
S (lpan)? o] (— 5 f;'<<z>xtx:) N
t=1

t=—n-+1

T
< 2G? thTAt_lxt

The following lemma is proved in Appendix B.

Lemma 4 For any set of rank 1 PSD matrices Y1, ...,Y;: and constants 31, ..., By > 1 we have:

t t

S sy t< O vt
i=1 i=1
Let the matrix CT = Zt——n—l—l zyz) . Applying Lemma 4 with 8; = —f/'(¢})- 4 and Y; = C;- H
implies that V¢ . A <z C_ )
Now back to bounding the regret, we have:

2G° 26% ~ 1 T
Z fr(przt) — fr(pe-170)] < - 2" Jo ey = 8 ZCt o 11,
t=1 t=1

t=1

To continue, we use the following lemma, which is proved in Appendix A



Lemma 5 For any set of rank 1 PSD matrices Y1,...,Yr € R™" such that Ef:ll Y; is invertible,

we have
t

T T

_ |21 Y|
2 V)T eYi <log T Sim—
t=k i=1 |Zt:11Yt|

Since C; = Zf—£n+1 Tk l , by the Lemma above

T T .
G* e Ty |

> i) = filpram)] < 27 log e
t=n+1 | Zt:—n—H LtLy |

Recall that by the definition of SMOOTH PREDICTION and {f:|t € [-n + 1,0]}, we have that
Zg__n 11 zyx] = I,, where I, is the n-dimensional identity matrix. In addition, since every entry

x¢(1) is bounded in absolute value by 1, we have that ](Zt_w+1 zer) )(i,5)| < T+1, and therefore
| Zt__n 11 Ty Tl < n!(T +1)". Plugging that into the previous expression we obtain
T 2 2

G G
Z [fe(peze) = fe(pe—1ze)] < 4? log(n!T™) < 4F(n logT + nlogn)
t=1

This completes the proof of Lemma 3. O
Theorem 1 now follows from Lemma 6 and Lemma 3.

3.1 Proof of Lemma 6

Lemma 6

T
> 1fip*xe) — filprry)] < 2nlog(nTw)
t=1
In what follows we denote fi(p) = fe(pxt), and let fo(p) = > i, log(pe;) denote the log-barrier
function. Lemma 6 follows from the following two claims.

Claim 1 .
Z fi(pe) > Z
= t=0

PRrROOF: By induction on ¢. For ¢t = 1 this is obvious, we have equality. The induction step is as
follows:
T T—1
Z felpr) = Z fi(pe) + fr(pr)
t=0 t=0
by the induction hypothesis
T—1
Z fe(pr—1) + fr(pr)
t=0
by definition of pp
T—1

> filor) + frlpr)

T
= > filpr)
t=0

v

v



Claim 2
T

> 1fi0*) = filpr)] < 2nlog(Tw) + fo(p*)

t=1
PROOF: By the definition of pp, we have:

T T

Vp. Y filpr) = D fil)

t=0 t=0

In particular, take p = (1 — a)p* + %f and we have

T T T T
* * Ao
S Rlpr) =D L@ = DA —a)pr+ ED =Y A
t=0 t=0 t=0 t=0
since f; are concave and fo is monotone
T T
> (1-a)> filp") + th + fo )= > fp")
t=1 t=0
the functions f; are posmve
o
> —aTw+ nlogﬁ — fo(p*) > —2nlog(Tw) — fo(p*)
Where the last inequality follows by taking o = nlo%g’w). O

Lemma 6 now follows as a corollary:
PROOF:[Lemma 6] Combining the previous two claims:

T
Z — filp)] = [fe(P") = filpe)] = fo(p") + fo(po)

t=1

<

[ft(p*) = fe(pr)] = fo(p™) + fo(po)

M= I

-+
Il
o

< 2nlogT + fo(po)

To complete the proof, note that py = %T, and hence fy(pg) = nlog % a

4 Near-linear payoff functions

Theorem 1 bounds the regret with an inverse dependence on the second derivative of the payoff
functions, and hence provides very poor bounds in case the second derivative of the payoff functions
is extremely small and no meaningful bounds at all in the case of linear payoff functions. However,
a simple trick can be used to obtain O(\/T ) regret over all choices of payoff functions. Note that
this regret is optimal for linear payoff functions. Moreover, the simple modification retains the
benefits of SMOOTH PREDICTION, namely efficiency and determinism.

The modification consists of adding a small fictitious non-linear term to the payoff function.
This has the benefit of bounding the second derivative from below, albeit deviating from the original
regret goal. Choosing the tradeoff correctly ensures low regret, as formalized below.



Theorem 7 For any payoff function f; : R — R encountered throughout the online game, consider

f}(px) 2 f(px) — %(pl‘)Q. Applying SMOOTH PREDICTION to the functions f; we obtain

Regret(SMOOTH PREDICTION) = O(G*nVT)

PROOF: The regret of SMOOTH PREDICTION on this modified sequence of functions is Zg‘rzl [fe(p*ze)—
ft(pzy)] which can be bound by

T

T
D i w) = felpere)] = Y i@ we) = filp"we) + fi(p o) — felpewe) + fepewe) — fi(prae)]

t=1

i
N

L (a0)? — ()?)

[fe(p*zt) — fr(prae)] +

E
E

t

Il
—
~
Il

1
2

G L1

IN

Where the last inequality follows from Theorem 1 taking into account that the second derivative

of f; is bounded by
1

i "
t Sft_ < -

=
Sl-

This implies the O(G*ny/T) bound on the regret. O

5 Future work

For portfolio management, it would be interesting to extend the framework hereby to take into
account transaction costs and/or side information, as achieved by Blum and Kalai [BK97] for
Cover’s original algorithm.
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A  Proof of Lemma 5

First we require the following claim.

Claim 3 For any PSD matrices A, B we have

B|
B leA<]
*A=8p T

12



B leA = Tr(B~1A) "+ AeB="Tr(AB)
=Tr(B~ (B~ (B~ 4)))
= Tr(B~/2(B — (B — A))B~1/2) " Tr(AB) = Tr(A~Y/2BA™Y/?)

=Tr(I — B~'/?(B—- A)B~/?)
S ABVAB - B (A = 3 A
i=1
< Y log [N(BTYA(B - A)BTVA)] o1 -2 < —log()
= —log [T\, Ni(B~Y2(B — A)B~1/?)]

= —log[BY2(B - A)B~V?| =log 2Ly - T Mi(4) = 4|
d
Lemma 5 now follows as a corollary:
PROOF:[Lemma 5] By the previous claim, we have

SRS g >,
( Y'i)—l.}/; S logtz;“
_ 1ng
ISy

B Proof of Lemma 4

Claim 4 For any constant ¢ > 1 and psd matrices A, B > 0, such that B is rank 1, it holds that
(A+cB) ' <(A+B)™!

PROOF: By the Matrix Inversion Lemma [Bro05], we have that

A-1BA-!
-1 _ 4-1_
(A+B)— =4 1+A-1leB
1 g1 cA 1BA-1
(A+cB) " =A 11 A eB

Hence, it suffices to prove:
cA 'BA! N A-1BA™!
1+cA1eB " 1+A1leB
Which is equivalent to (since A is psd, and all numbers are positive):

(1+A 1 eB)(cAT'BA™) > (1+cA ' eB)(A'BA™Y)

And this reduces to:
(c—1)A'BAT >0

which is of course true. O
Lemma 4 follows as a corollary of this claim.
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