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Abstract

Ahlswede and Winter [AW02] intro duced a Cherno� bound for matrix-v alued random
variables, which is a non-trivial generalization of the usual Cherno� bound for real-valued
random variables. We present an e�cien t derandomization of their bound using the method
of pessimistic estimators (see Raghavan [Rag88]). As a consequence,we derandomize a
construction of Alon and Roichman [AR94] (seealso[LR04, LS04]) to e�cien tly construct an
expandingCayley graph of logarithmic degreeon any (possiblynon-abelian) group. This also
givesan optimal solution to the homomorphism testing problem of Shpilka and Wigderson
[SW04]. We also apply thesepessimistic estimators to the problem of solving semi-de�nite
covering problems, thus giving a deterministic algorithm for the quantum hypergraph cover
problem of [AW02].

The results above appear as theorems in the paper [WX05a], as consequencesto the
main theorem of that paper: a randomnesse�cien t sampler for matrix valued functions via
expanderwalks. However, we discoveredan error in the proof of that main theorem (which
we brie
y describe in the appendix). One purposeof the current paper is to show that the
applications in that paper hold true despite this error.

1 In tro duction

Cherno� bounds are extremely useful throughout theoretical computer science. Intuitiv ely,
they say that a random sample approximates the average, with probabilit y of deviation that
goes down exponentially with the number of samples. Typically we are concernedwith real-
valued random variables,but recently several applications have called for matrix-v alued random
variables. Such a bound was given by Ahlswedeand Winter [AW02].

In particular, the matrix-v alued bound seemsuseful in giving new proofs of probabilistic con-
structions of expander graphs [AR94] and also in the randomized rounding of semi-de�nite
covering problems, with further applications in quantum information theory [AW02].

In this paper we usethe method of pessimisticestimators, originally formulated in [Rag88]1, to
derandomizethe Cherno� bound of [AW02], and in the processderandomizethe Alon-Roichman
theorem and the randomized rounding of covering SDP's.

The results of this paper prove the claimed applications of our previous paper [WX05a], and
in fact supersedethem in simplicit y and e�ciency . We regret to inform the communit y that
we discovered a fatal mistake in the analysis of using an expander sampler in [WX05a], and

1The simpler method of conditional probabilities was described earlier in [Spe94].
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it remains open whether the expandersampler achieves the deviation bound claimed there (or
something asymptotically equivalent).

For details on the problem with the previous work, seeAppendix A.

Kale [Kal ] independently reached similar results that imply the applications to constructing
expanding Cayley graphs and semi-de�nite covering programs.

2 Matrix-v alued random variables and Alhsw ede-Win ter's Cher-
no� Bound

We will work with real symmetric d � d matrices, which we will denote M d.2 We let I d denote
the identit y matrix in M d, and will write simply I when the dimensionis clear. For any A 2 M d

we let � 1(A) � : : : � � d(A) denote the eigenvalues of A in non-increasingorder. Recall that
every matrix A 2 M d is diagonalizablein an orthonormal basis.

We will measuredistance betweenmatrices in the operator norm kAk = maxi j� i (A)j. We will
also frequently use the trace, Tr(A) =

P d
i=1 � i (A). It is well-known that for any orthonormal

basis v1; : : : ; vd 2 Rd we have that Tr(A) =
P d

i=1 hvi ; Av i i , where h�; �i denotesthe usual inner
product over Rd.

We say that a matrix A 2 M d is positive semi-de�nite (p.s.d.) if all its eigenvalues are non-
negative. We will use the fact that A is p.s.d. i� for all v 2 Rd, hv; Avi � 0. We let A � 0
denote that A is p.s.d. We use the ordering of symmetric matrices given by this de�nition,
namely A � B i� B � A � 0. For two matrices A � B , we will let [A; B ] denote the set of all
matrices C such that A � C and C � B .

We will work with the matrix exponential, which is de�ned by

exp(A) =
1X

`=0

A `

`!

Recall that the matrix exponential is convergent for all matrices. Furthermore, it is not hard
to seefor A 2 M d that exp(A) is diagonalizablein the samebasisas A, and that � i (exp(A)) =
e� i (A ) for all 1 � i � d. Also, for all A 2 M d, it holds that exp(A) � 0.

We will consider matrix-v alued random variables of the following form. We let f : [n] !
[� I d; I d], where [n] = f 1; : : : ; ng. Let X be a distribution (not necessarilyuniform) over [n],
and consider the variable f (X ). This is a natural extensionof bounded random variables over
the reals, which may be thought of as functions f : [n] ! [� 1; 1]. We will let the expectation of
f (X ) be the obvious thing: E[f (X )] =

P n
i=1 Pr[X = i ]f (i ). Note that becauseTr is linear that

E and Tr commute: E[Tr( f (X ))] = Tr(E[f (X )]). We let supp(X ) denote the set of all values
of X that occur with non-zero probabilit y. When we say that something holds for a random
variable X always, we mean that it holds for every element in supp(X ).

We will usethe following useful facts several times:

Fact 2.1. If A; B 2 M d and B � 0, then Tr(AB ) � kAkTr(B ).

2All our results extend to complex Hermitian matrices, or abstractly to self-adjoint operators over any vector
spacewhere the operations of addition, multiplication, trace, exponential, and norm are e�cien tly computable.
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Proof. Let v1; : : : ; vd be the orthonormal diagonal basis of A, with corresponding eigenvalues
� i = � i (A). Then we may write

Tr(AB ) =
dX

i =1

hvi ; AB vi i

=
dX

i =1

� i hvi ; B vi i

SinceB � 0 we know that hvi ; B vi i � 0, so we get

�
dX

i =1

max
i

� i hvi ; B vi i

� kAkTr(B )

Theorem 2.2 (Golden-Thompson inequalit y, [Gol65 , Tho65 ]). For A; B 2 M d, we have

Tr(exp(A + B )) � Tr(exp(A) exp(B ))

The proof of this is outside the scope of this paper.

Ahlswedeand Winter introduce a generalization of Markov's inequality for matrix-v alued ran-
dom variables.

Theorem 2.3 (Mark ov's inequalit y [AW02 ]). For g : [n] ! M d, g(x) � 0 for all x 2 [n],
and for any random variable X over [n], we have

Pr[g(X ) 6� 
 I ] � 1

 Tr(E[g(X )])

Proof.

Pr[g(X ) 6� 
 I ] = Pr[kg(X )k > 
 ]

� 1

 E[kg(X )k]

Sinceg(X ) � 0 always, we have kg(X )k � Tr(g(X )) always, so we get:

� 1

 E[Tr(g(X ))]

= 1

 Tr(E[g(X )])

The following Theorem 2.4 is the main theorem proving [AW02]'s Cherno�-t ype bound. We
will use Theorem 2.4, which holds for all distributions, to derive two corollaries (Theorem 2.6
and Theorem 2.8), which hold for more speci�c kinds of distributions. In addition, the proof of
Theorem 2.4 will give us the pessimisticestimators corresponding to the two corollaries.
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Theorem 2.4 ([ AW02 ]). Supposef : [n] ! [� I d; I d] and let X 1; : : : ; X k be arbitrary indepen-
dent random variables distributed over [n]. Then for all 
 2 R:

Pr[ 1
k

kX

j =1

f (X j ) 6� 
 I ] � de� t
 k
kY

j =1

kE[exp(tf (X j ))]k

Proof. The proof beginsanalogouslyto the real-valued case,generalizingthe classicalBernstein
trick. We �rst multiply by an optimization constant t > 0 and exponentiate to obtain

Pr[ 1
k

kX

j =1

f (X j ) 6� 
 I ] = Pr[exp(t
kX

j =1

f (X j )) 6� et
 k I ]

The equality holds becausefor A; B 2 M d such that AB = B A, we have that A � B is equiva-
lent to exp(A) � exp(B ). Then the following inequality is a direct consequenceof Theorem 2.3
sinceexp(A) � 0 for all A 2 M d.

Pr[ 1
k

kX

j =1

f (X j ) 6� 
 I ] � e� t
 kTr(E[exp(t
kX

j =1

f (X j ))]) (2.1)

Then we apply Fact 2.1 and the Golden-Thompson Inequality Theorem 2.2 to bound the ex-
pressionin a manageableform. This step will be expressedin the following lemma.

Lemma 2.5. For any matrix A 2 M d, any f : [n] ! M d and any random variable X over [n],
we have

Tr(EX [exp(A + f (X ))]) � kE[exp(f (X ))]k � Tr(exp(A))

To obtain Theorem 2.4, we simply apply Lemma 2.5 to Inequality 2.1 repeatedly:

Pr[ 1
k

kX

j =1

f (X j ) 6� 
 I ] � e� t
 kTr(E[exp(t
kX

j =1

f (X j ))])

By independence

= e� t
 kEX 1 ;:::;X k � 1

2

4Tr(EX k [exp(t
k� 1X

j =1

f (X j ) + tf (X k))])

3

5

Apply Lemma 2.5

� e� t
 kEX 1 ;:::;X k � 1

2

4kE[exp(tf (X k ))]k � Tr(exp(t
k� 1X

j =1

f (X j )))

3

5

Pulling the expectation back inside

= e� t
 kkE[exp(tf (X k ))]k � EX 1 ;:::;X k � 1 [Tr(exp(t
k� 1X

j =1

f (X j )))]
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Repeating k times . . .

� e� t
 k
kY

j =1

kE[exp(tf (X j ))]kTr(I )

= de� t
 k
kY

j =1

kE[exp(tf (X j ))]k

This completesthe proof modulo Lemma 2.5.

Proof of Lemma 2.5.

Sincetrace and expectation commute:

Tr(E[exp(A + f (X ))]) = E[Tr(exp(A + f (X )))]

Applying the Golden-Thompsoninequality

� E[Tr(exp(f (X )) exp(A))]

Commuting trace and expectation again:

� Tr(E[exp(f (X ))] exp(A))

By Fact 2.1

� kE[exp(tf (X ))]k � Tr(exp(A))

Now we will draw two corollaries from this main theorem. These two corollaries are useful in
di�eren t settings; the �rst guarantees that the probabilit y of an additiv e deviation is small,
while the seconda multiplicativ e deviation.

Theorem 2.6 ([ AW02 ]). Let f : [n] ! [� I d; I d]. Let X be distributed over [n] with EX [f (X )] =
0, and let X 1; : : : ; X k be i.i.d. copies of X . Then for all 1 > 
 > 03:

Pr[ 1
k

kX

i =1

f (X i ) 6� 
 I ] � de� 
 2k=4

Note that the other direction 1
k

P k
i=1 f (X i ) 6� � 
 I holds with the same bound simply by

considering� f .

Proof. Werequireonly Theorem 2.4and a simpleclaim. Becauseall the X i are i.i.d. Theorem 2.4
givesus

Pr[ 1
k

kX

i =1

f (X i ) 6� 
 I ] � de� t
 kkE[exp(tf (X ))]kk

We usethe following claim to bound the RHS.
3For the sake of simplicit y, no attempt was made to optimize the constant in the exponent of the bound.
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Claim 2.7. kE[exp(tf (X ))]k � 1 + t2 for t � 1=2.

Proof. This follows from the Taylor expansionof exp:

kE[exp(tf (X ))k = kE[I + tf (X ) + (tf (X )) 2

2 + : : :]k

= kI + tE[f (X )] + E[(tf (X )) 2=2 + : : :]k

SinceE[f (X )] = 0, applying the triangle inequality, and using kf (X )k � 1 always, we have

� 1 +
1X

`=2

t `=`!

Sincet = 
 =2 � 1=2 this is bounded by

� 1 + t2

We will chooset = 
 =2 � 1=2, so we may apply Claim 2.7 to Theorem 2.4 to get

Pr[ 1
k

kX

i =1

f (X i ) 6� 
 I ] � de� t
 k (1 + t2)k

Using 1 + x � ex for all x 2 R

� de� t
 k+ t2 k

Choosing t = 
 =2

� de� 
 2k=4

Theorem 2.8 ([ AW02 ]). Let f : [n] ! [0; I d]. Let X be distributed over [n], with M =
EX [f (X )] � �I for some � 2 (0; 1). Let X 1; : : : ; X k be i.i.d. copies of X . Then we have, for
all 
 2 [0; 1=2],

Pr[ 1
k

kX

i =1

f (X i ) 6� (1 � 
 )�I ] � de
� 
 2 �

2 k

Proof. We can assumewithout lossof generality that E[f (X )] = �I .4 Becausethe direction of
this bound is the opposite of what we proved in Theorem 2.4, we will work with I � f to get:

Pr[ 1
k

kX

i =1

f (X i ) 6� (1 � 
 )�I ] = Pr[ 1
k

kX

i =1

(I � f (X i )) 6� (1 � (1 � 
 )� )I ] (2.2)

4 If not, we could simply work with g(x) = �M � 1=2 f (x)M � 1=2
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Applying Theorem 2.4

� de� t (1� (1� 
 )� )k kE[exp(t(I � f (X )))] kk (2.3)

= dkE[exp(� tf (X ))et (1� 
 )� ]kk (2.4)

This last quantit y was analyzed in [AW02] using information-theoretic techniques, with the
following conclusionwhich we state without proof:

Claim 2.9 ([ AW02 ]). For t = log( 1� (1� 
 )�
1� �

1
(1� 
 ) ), we have

kE[exp(� tf (X ))]et (1� 
 )� k � e� 
 2 �= 2

Applying this claim to Inequality 2.4 givesus the theorem.

3 Metho d of pessimistic estimators

First we review the method of pessimisticestimators, due to Raghavan [Rag88]. The setting is
the following: we have a random variable X and we know that with somenon-zeroprobabilit y
an event � (X ) occurs, i.e. Pr[� (X ) = 1] > 0, where � : supp(X ) ! f 0; 1g, � (x) = 1 i� x is in
the event. We wish to e�cien tly and deterministically �nd a particular x 2 supp(X ) such that
� (x) = 1.

Our application of pessimisticestimators is to derandomizing probabilistic algorithms. In par-
ticular, suppose we have a randomized algorithm that constructs an object, and with some
non-zero probabilit y that object satis�es someproperty. Thus, our event � is the event that
the object satis�es the property, and our goal is to deterministically and e�cien tly �nd the
object. In this paper our two main applications are to deterministically and e�cien tly �nd a
small generatingset of a group that satis�es expansion,and to �nd an integer solution to a SDP
covering problem that satis�es feasibility and someapproximation guarantee. Both problems
were previously known to have randomized algorithms, and we use our pessimistic estimators
to derandomizethesealgorithms.

Wewill only beconcernedwith random variableswith �nite state spacewith a product structure,
and we will sub-divide the variable into many parts. Thus we use the notation ~X to denote a
random variable wherew.l.o.g. supp( ~X ) � [n]k for somek; n 2 N (thesewill bechosenaccording
to the application). Let ~X = (X 1; : : : ; X k ), whereeach X i 2 [n]. To �nd a \good" setting of ~X ,
we will iterativ ely �nd settings of X 1, then X 2, and so forth until we have a complete setting
of ~X .

By the de�nition of expectation

Pr
~X

[� ( ~X ) = 0] = EX 1 [Pr[� ( ~X ) = 0 j X 1]]

Now by averaging there must exist at least one setting x1 2 [n] of X 1 such that

Pr[� ( ~X ) = 0 j X 1 = x1] � EX 1 [Pr[� ( ~X ) = 0 j X 1]]

We set X 1 = x1, and then repeat the samereasoningfor X 2; : : : X k . Let us denote the resulting
setting of ~X by ~x. Thus at the end we have a �xed string x such that Pr[� (~x) = 0] < 1. But this
probabilit y is in fact either 0 or 1 since~x is �xed, and so it must be 0, and therefore � (~x) = 1.
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The di�cult y with turning this into an algorithm is in calculating the probabilities, for each
1 � i � k and, 8x1; : : : ; x i 2 [n]

Pr
X i +1 ;:::;X k

[� ( ~X ) = 0 j X 1 = x1; : : : ; X i = x i ]

since they may not be e�cien tly computable. Fortunately we may relax the requirements
slightly by the following.5

De�nition 3.1. Let � : [n]k ! f 0; 1g be an event on a random variable ~X distributed over
[n] and supposePr[� ( ~X ) = 1] > 0. We say that � 0; : : : ; � k , � i : [n]i ! [0; 1] (here � 0 is just a
number in [0; 1]), are pessimistic estimators for � if the following hold.

1. For any i and any �xed x1; : : : ; x i 2 [n], we have that

Pr
X i +1 ;:::;X k

[� (x1; : : : ; x i ; X i +1 ; : : : ; X k ) = 0] � � i (x1; : : : ; x i )

2. For any i and any �xed x1; : : : ; x i 2 [n]:

EX i +1 � i +1 (x1; : : : ; x i ; X i +1 ) � � i (x1; : : : ; x i )

We will also want the pessimisticestimators to be e�cient , namely each � i is e�cien tly com-
putable, and useful, which means� 0 < 1. This last condition is because� 0 is a bound on the
initial probabilit y of failure, which we needto be strictly lessthan 1.

Theorem 3.2 ([ Rag88 ]). If there exist e�cient and useful pessimistic estimators (� 0; : : : ; � k )
for an event � , then one can e�ciently compute a �xed ~x 2 [n]k such that � (~x) = 1.

Proof. We pick x1; : : : ; xk oneby one. At step 0 we have � 0 < 1 sincethe estimators are useful.

At step i , we have x1; : : : ; x i already �xed. Enumerate over x i +1 2 [n] and choose the value
such that � i +1 (x1; : : : ; x i +1 ) � � i (x1; : : : ; x i ) < 1. We are guaranteed that

EX i +1 [� i +1 (x1; : : : x i ; X i +1 )] � � i (x1; : : : ; x i )

by property 2 of De�nition 3.1, and so by averaging there must exist a �xed x i +1 2 [n] that is
at most the expectation on the LHS of the above inequality. We can compute the value of the
estimator e�cien tly by hypothesis.

Finally, we have after k stepsthat � k (~x) < 1 and by property 1 we have that Pr[� (~x) = 0] < 1,
and therefore � (~x) = 1.

The algorithm runs through k steps, and each step is e�cien t, so the overall algorithm is
e�cien t.

We will �nd it useful to composeestimators, which is possiblefrom the following lemma.

5Our de�nition is stronger than the standard de�nition of pessimisticestimators, in that in the secondcondition
usually all that is required is for all x1 ; : : : ; x i 2 [n], there exists x i +1 2 [n] such that � i +1 (x1 ; : : : ; x i +1 ) �
� i (x1 ; : : : ; x i ). But our estimators satisfy the stronger de�nition and we will �nd it useful, especially when
composing estimators (seeLemma 3.3).
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Lemma 3.3. Suppose � ; � : [n]k ! f 0; 1g are events on ~X , which is distributed over [n]k .
Suppose that (� 0; : : : ; � k ); ( 0; : : : ;  k ) are pessimistic estimators for � ; � respectively. Then
(� 0 +  0; : : : ; � k +  k ) are pessimistic estimators for the event � \ � .

Proof. We needto verify the properties of De�nition 3.1.

1. This is veri�ed by a union bound:

Pr[( � \ � )(x1; : : : ; x i ; X i +1 ; : : : ; X k ) = 0]

� Pr[� (x1; : : : ; x i ; X i +1 ; : : : ; X k ) = 0] + Pr[� (x1; : : : ; x i ; X i +1 ; : : : ; X k ) = 0]

� (� i +  i )(x1; : : : ; x i )

2. This is immediate from linearity of expectation.

4 Applying pessimistic estimators to the AW bound

The method of pessimistic estimators extends to the AW Cherno� bound. We will �rst de-
scribe pessimistic estimators for Theorem 2.6 and then for Theorem 2.8. They are essentially
identical except for the di�erence in distributions in the two settings, and the proofs that the
pessimisticestimators satisfy De�nition 3.1 rely mainly on Lemma 2.5. In both cases,they al-
low us to e�cien tly and deterministically �nd settings x1; : : : ; xk such that bad event bounded
by Theorem 2.6 (resp. Theorem 2.8) doesnot occur.

Theorem 4.1. Let f : [n] ! [� I d; I d]. Let X be distributed over [n] with EX [f (X i )] = 0, and
let X 1; : : : ; X k be i.i.d. copies of X . Fix 1 > 
 > 0. Let t = 
 =2. Suppose that E[exp(tf (X ))]
is e�ciently computable.

Combining the notation of Section 2 and Section 3, we let ~X = (X 1; : : : ; X k ) with X i 2 [n] and
we let � : [n]k ! f 0; 1g be the event � ( ~X ) = 1 if 1

k

P k
i=1 f (X i ) � 
 I and � ( ~X ) = 0 otherwise.

Then the following (� 0; : : : ; � k ); � i : [n]i ! [0; 1] are e�cien t pessimisticestimators for � .

� 0 = de� t
 kkE[exp(tf (X ))]kk ( � de� 
 2k=4)

� i (x1; : : : ; x i ) = de� t
 kTr(exp(t
iX

j =1

f (x j ))) � kE[exp(tf (X ))]kk� i

Proof. We verify the properties of De�nition 3.1.

1. From Inequality 2.1:

Pr[ 1
k

kX

i =1

f (X i ) 6� 
 I ] � de� t
 kTr(E[exp(t
kX

j =1

f (X j ))])

� de� t
 kTr(E[exp(t
iX

j =1

f (X j ))])
kY

j = i +1

kE[exp(tf (X j ))]k
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The last inequality follows from applying Lemma 2.5 k � i times. Notice that the above
is true even if the X i are not i.i.d. Therefore we can consider the casewhere X 1 =
x1; : : : ; X i = x i (i.e. they areconstant random variables),while the remaining X i +1 ; : : : ; X k

are distributed i.i.d. according to X . This gives

Pr[ 1
k

kX

i =1

f (X i ) 6� 
 I j X 1 = x1; : : : ; X i = x i ] � de� t
 kTr(exp(t
iX

j =1

f (x j ))]) � kE[exp(tf (X ))]kk� i

= � i (x1; : : : ; x i )

2. We usethe following derivation, where the inequality follows from Lemma 2.5:

EX i +1 [� i +1 (x1; : : : ; x i ; X i +1 )]

= de� t
 kTr(EX i +1 [exp(t
iX

j =1

f (x i ) + tf (X i +1 ))]) � kE(exp(tf (X ))) kk� i � 1

� de� t
 kTr(exp(t
iX

j =1

f (x i ))) � kE(exp(tf (X ))) kk� i

= � i (x1; : : : ; x i )

To seethat the � i are e�cien tly computable, we will specify the input to the algorithm as a
function f (which we assumeis given as a list of matrices d � d f (1); : : : ; f (n) and 1k . Thus we
desire the algorithm be computable in time poly(n; d;k). We require multiplication, addition,
trace, matrix exponential, and norm computations. The �rst three are obviously e�cien t; the
last two are e�cien t becauseeigenvaluesof a d� d matrix can be computed (and henceit can be
diagonalized thus making the exponential and norm computations trivial) in O(d3) numerical
operations [GL89]. On a machine with �nite precision, we can truncate the estimators to a
su�cien tly �ne resolution so that the truncated estimators behave essentially as the real-valued
estimators do.

Theorem 4.1 givesus pessimisticestimators (� 0; : : : ; � k ) for � , and the sameproof givese�cien t
pessimisticestimators ( 0; : : : ;  k ) for the event � ( ~X ) = 1 i� 1

k

P k
i=1 f (X i ) � � 
 I by applying

Theorem 2.6 to � f . Combining thesewith the � i givesus the following.

Corollary 4.2. Let f : [n] ! [� I d; I d]. Let X be distributed over [n] with EX [f (X )] = 0, and
let X 1; : : : ; X k be i.i.d. copiesof X . Fix 1 > 
 > 0 and �x t = 
 =2. Supposethat E[exp(tf (X ))]
and E[exp(� tf (X ))] are e�ciently computable.

Let � : [n]k ! f 0; 1g be the event � (X ) = 1 if k 1
k

P k
i=1 f (X i )k � 
 and � (X ) = 0 otherwise.

Then (� 0 +  0; : : : ; � k +  k ) are e�cient pessimistic estimators for � .

Proof. Note that � = � \ � . E�ciency is clear. We can apply Lemma 3.3 to get that (� 0 +
 0; : : : ; � k +  k) is a pessimisticestimator for the event � = � \ � .

This allows us to derandomizeTheorem 2.6 e�cien tly. Notice that in generalthe only property
of X that we needis to beable to computeE[exp(tf (X ))] and E[exp(� tf (X ))]. 6This is of course
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true when X is uniform, or when we know Pr[X = i ] for each i 2 [n]. The actual distribution
is irrelevant, sincewe exhaustively search through the entire spacefor the choice of each X i .

Theorem 4.3. Let f : [n] ! [� I d; I d] be such that there exists a distribution X over [n] such
that E[f (X )] = 0. Then for k = O( 1


 2 logd), we can e�ciently and deterministically �nd

~x 2 [n]k such that k 1
k

P k
i=1 f (x i )k � 
 .

Proof. Usethe e�cien t and useful pessimisticestimators of Corollary 4.2. Pick k = O( 1

 2 logd)

such that � 0 +  0 < 1 and so the estimators are useful. We may then apply Theorem 3.2 to get
the result.

We can construct pessimisticestimators for Theorem 2.8 in the sameway.

Theorem 4.4. Let f : [n] ! [0; I d]. Let X be distributed over [n], with M = EX [f (X )] � �I
for some� 2 (0; 1). Let X 1; : : : ; X k be i.i.d. copies of X . Fix t = log( 1� (1� 
 )�

1� �
1

(1� 
 ) ).

Let ~X = (X 1; : : : ; X k ) with X i 2 [n]k and we let � : [n]k ! f 0; 1g be the property � ( ~X ) = 1 if
1
k

P k
i=1 f (X i ) � (1 � 
 )�I and � ( ~X ) = 0 otherwise. Then the following (� 0; : : : ; � k ); � i : [n]i !

[0; 1] are e�cient pessimistic estimators for f .

� 0 = detk (1� 
 )� kE[exp(� tf (X ))]kk � de� 
 2 �k =2

� i (x1; : : : ; x i ) = detk (1� 
 )� Tr(exp(� t
iX

j =1

f (x j ))) � kE[exp(� tf (X ))]kk� i

Proof. The proof follows exactly along the lines of Theorem 4.1.

Theorem 4.5. Let f : [n] ! [0; I d] be such that there exists a distribution X over [n] and a
number � 2 (0; 1) such that E[f (X )] � �I . Then for k = O( 1


 2 � logd), we can e�ciently and

deterministically �nd ~x 2 [n]k such that 1
k

P k
i=1 f (x i ) � (1 � 
 )�I .

Proof. Use the e�cien t pessimistic estimators of Theorem 4.4, and notice for our choice of k
that � 0 < 1 so they are useful. Then apply Theorem 3.2.

5 O(log n) expanding generators for any group

Our main application is a complete derandomization of the Alon-Roichman [AR94] theorem,
which states that a certain kind of expander graph may be constructed by random sampling
(details below). Expander graphshave a central role in theoretical computer science,especially
in but not limited to the study of derandomization. Indeed, it has found a large number of
applications in a variety of areassuch asdeterministic ampli�cation [CW89, IZ89], security am-
pli�cation in cryptography [GIL + 90], hardnessof approximation [ALM + 98, AFWZ95], extractor

6 In fact this is only necessary because we want a two-sided guarantee, i.e. 1
k

P k
i =1 f (X i ) � 
 I and

1
k

P k
i =1 f (X i ) � � 
 I . It is not necessaryif we only require a one-sided guarantee, such as in the setting of

Theorem 4.4, where we only want 1
k

P k
i =1 f (X i ) � (1 � 
 )�I . In this secondsetting, when picking X i to mini-

mize � i , notice that the quantit y kE[exp(tf (X ))] k does not change with di�eren t choices of X i , so the only part
we need to compute is the trace part, which does depend on the choice of X i . Thus it su�ces to compute the
choice of X i that minimizes the trace part of the � i .
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construction (e.g. seesurveys [NT99, Gol97, Sha02]), construction of e�cien t error-correcting
codes [Spi95, BH04], construction of "-biasedspaces[NN93] and much more. See[HLW06] for
a comprehensive survey.

We derandomizethe proof of the Alon-Roichman theorem given by [LR04] (seealso [LS04]) to
give a deterministic and e�cien t construction of the expanding generatingset. We show how it
implies an optimal solution to a problem of Shpilka and Wigderson [SW04] (seealso [GS02]),
signi�cantly improving their results.

5.1 De�nitions

Given a connectedundirected d-regular graph G = (V; E) on n vertices,we de�ne its normalized
adjacencymatrix A; A ij = eij =d where eij is the number of edgesbetweenvertices i and j (we
allow self-loops and multiple edges). It is easyto seethat A is real and symmetric.

It is well-known that the set of eigenvaluesof A is of the form 1 = � 1(A) > � 2(A) � : : : � � n (A).
Note the strict separation between � 1(A) and � 2(A), which follows from connectivity. The
eigenvalues of G are the eigenvalues of A. Note that 1 is an eigenvalue of multiplicit y 1, and
that it corresponds to the uniform vector. Alternativ ely, the eigenvalue 1 also corresponds to
the uniform eigenspace,given by the orthogonal projection matrix J=n, where J is the all 1's
matrix.

The Cayley graph Cay(H ; S) on a group H with respect to the generating multi-set S is the
graph whosevertex set is the elements of H , and (h; h0) are connectedby an edgeif there exists
s 2 S such that h0 = hs (allowing for multiple edgesfor multiple elements in S). We require
S to be symmetric, namely for each s 2 S, we also have s� 1 2 S (this is to make the graph
undirected). Let � (Cay(H ; S)) denote the second-largesteigenvalue (in absolute value) of the
normalized adjacencymatrix of the Cayley graph.

Our goal is to construct an algorithm that, for a �xed 
 < 1, takesas input the multiplication
table of a group H of size n and e�cien tly constructs a small generating set S such that
� (Cay(H ; S)) < 
 . This is given by the following theorem.

Theorem 5.1. Fix 
 < 1. Then there exists an algorithm running in time poly(n) that, given
H , a group of size n, constructs a symmetric set S � H of size jSj = O(log n) such that
� (Cay(H ; S)) � 
 .

We prove this after proving the randomized algorithm.

5.2 A randomized algorithm

Theorem 5.2 ([ AR94 , LR04 , LS04 ]). Let H be a group of size n. Identify H with [n].
Let X 1; : : : ; X k be chosen randomly in H , where k = O( log n


 2 ). We let the multi-set S be
(X 1; : : : ; X k ), and we have

Pr
S� H

[� (Cay(H ; S t S� 1)) > 
 ] < 1

where S t S� 1 denotesthe symmetric closure of S, namely each time s appears in S, s and s� 1

appear in S t S� 1.
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To identify the notation in the following proof precisely with that used in Section 4, we have
that S corresponds to ~X , jSj = k, and it will becomeclear that in this setting n = d = jH j.

Proof. Consider the n � n matrices Ph for h 2 H , where each Ph is the n � n permutation
matrix of the action of h on itself by right multiplication. Considernow 1

2(Ph + Ph � 1 ). It is not
hard to seethat the normalized adjacencymatrix A of Cay(H ; S t S � 1) is given by

A = 1
k

kX

i =1

1
2(PX i + PX � 1

i
)

We wish to bound � (A). We know that the largest eigenvalue is 1 and correspondsto J=n where
J is the all 1 matrix. To remove this eigenvalue from A, we consider

(I � J=n)A = 1
k

kX

i =1

(I � J=n) 1
2(PX i + PX � 1

i
)

We let our matrix-v alued function be f (h) = (I � J=n) 1
2(Ph + Ph� 1), so that

� (A) = k(I � J=n)Ak = k 1
k

kX

i =1

f (X i )k

It is straight-forward to verify that f (h) 2 M n , kf (h)k � 1 and Eh2 H [f (h)] = 0.

Thus we may apply Theorem 2.6 to get that

Pr[� (A) > 
 ] = Pr[k 1
k

kX

i =1

f (X i )k > 
 ] (5.1)

� 2ne� 
 2 jSj=4 (5.2)

so picking k = O( log n

 2 ) su�ces to make this probabilit y lessthan 1.

5.3 Derandomizing

Proof of Theorem 5.1. To derandomizeand obtain Theorem 5.1, we apply Corollary 4.2 to ob-
tain e�cien t pessimistic estimators for the event � (S) = 1 i� k 1

k

P k
i=1 f (X i )k � 
 . We �x

k = O( 1

 2 logn) large enough such that the probabilit y of this event is non-zero (i.e. the esti-

mators we got are useful). We then apply Theorem 3.2 to greedily choosesuccessive elements
of H to be put in S in order to make an expander.

5.4 Derandomized Homomorphism Testing

Theorem 5.1 answersa question about the derandomization of homomorphismtestersposedby
Shpilka and Wigderson [SW04]. In this sectionwe will useTheorem 5.1 to prove Corollary 5.4.

An a�ne homomorphism between two groups H ; H 0 is a map f : H ! H 0 such that f � 1(0)f
is a homomorphism. An (� ; � )-test for a�ne homomorphismsis a tester that acceptsany a�ne
homomorphism surely and rejects with probabilit y 1 � � any f : H ! H 0 which is � far
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from being an a�ne homomorphism. Here distance is measuredby the normalized Hamming
distance: d(f ; g) = Pr[f (x) 6= g(x)].

[SW04] showed how to e�cien tly construct a tester TH � S using an expanderCay(H ; S) where

� (Cay(H ; S)) < � : simply pick a random element x R H and a random element of y R S
and check to seethat f (0)f (x) � 1f (xy) = f (y). It is clear this acceptsf surely if f is an a�ne
homomorphism. [SW04] shows that if 12� < 1 � � then this rejects with probabilit y 1 � � any
f that is 4�

1� � -far from being an a�ne homomorphism.

Theorem 5.3 ([ SW04 ]). For all groups H ; H 0 and S � H an expanding generating set such
that � (Cay(H ; S)) < � , we can construct a tester TH � S that surely acceptsany a�ne homomor-
phism f : H ! H 0 and rejects with probability at least 1� � any f : H ! H 0 which is 4� =(1 � � )
far from being an a�ne homomorphism, given that 12�

1� � < 1. That is, TH � S is a (� ; 4�
1� � )-test

for a�ne homomorphisms.

In [SW04] the deterministic construction of S gave a set of size jH j " for arbitrary " > 0. The
explicit construction given in [SW04] requires that TH � S use (1 + ") log jH j random bits and
askswhether it is possibleto improve this dependencyon randomness. Theorem 5.1 allows us
indeed to improve this dependencyto the following.

Corollary 5.4. Given an arbitrary group H , one can construct in time jH jO(1) a homomor-
phism tester for functions on H which usesonly log jH j + log log jH j + O(1) random bits.

Proof of Corollary 5.4. Theorem 5.3 says we can construct a homomorphism tester that only
usesrandomnessto pick an element of H and an element of an expanding generating set of H .
Theorem 5.1 implies this only requires log jH j + log log jH j + O(1) random bits since we can
deterministically construct an expanding generating set of size log jH j in polynomial time.

6 Covering SDP's

Linear programming (LP) was one of the �rst tools computer scientists used to approximate
NP -hard problems. As a natural relaxation of integer programming (IP), linear programs give
fractional solutions to an IP, which may then be rounded to give provably good solutions to the
original IP.

More recently, a more general classof relaxations, semi-de�nite programs (SDP's), have been
usedby computer scientists (e.g. [GW95, ARV04]) to give better approximation guarantees to
NP -hard problems. SDP's may be solved in polynomial time (using e.g. the ellipsoid method
or interior-point methods, see[Sho77, Sho87, YN77, VB96]), and again the solution may be
rounded to give a solution to the original IP.

In this section we will de�ne a restricted classof integer SDP's and show that our pessimistic
estimators will give a good approximation guarantee.

6.1 De�nition

We de�ne the notion of integer covering SDP's, which are generalizationsof integer covering
linear programs (seee.g. [KY05]). These programs take the following form: given c 2 [0; 1]n

14



and f : [n] ! [0; I d],7 �nd y 2 Nn where

minimize cT y

with feasibility constraint y1f (1) + : : : yn f (n) � I
(6.1)

where the feasibility inequality is using the p.s.d. ordering. The vector c may be interpreted
as a cost vector, and we wish to minimize the cost of a solution y 2 Nn . This is relaxed into
a covering SDP by allowing y 2 Rn

+ where R+ denotesthe non-negative reals, which we would
then like to round y to a solution ŷ 2 Nn that is not too much more costly. We will let OPT
denote the optimal value of the relaxed covering SDP.

Our main theorem is as follows:

Theorem 6.1. Suppose we havea program as in Equation 6.1 and supposewe havea feasible
relaxed solution vector y 2 Rn

+ . Then we can �nd in time poly(n; d) a feasible integer solution
ŷ such that

cT ŷ � O(log d) � cT y

Corollary 6.2. Given an integer covering SDP with optimum OPT , we can e�ciently �nd an
integer solution with cost at most O(log d) � OPT .

This is done by using a randomized rounding algorithm given implicitly in AW, and then
derandomizing using pessimisticestimators.

Also, note that this is a natural generalizationof integercovering linear programsof the following
form: for a cost vector c 2 Rn

+ , a matrix A 2 Rd� n
+

minimize cT y

subject to feasibility constraints that for all i 2 [d]: (Ay) i � 1

This may be viewed as the special caseof integer covering SDP's where all the matrices are
diagonal; each f (i ) is just the diagonal matrix with a column of A along the diagonal. Integer
covering LP's, in turn, are a generalization of the very familiar set cover problem, which are
exactly the programs where the columns of A are either 0 or 1. In the languageof set cover,
the universeis [n] and the columns of A are the indicator vectors for the sets we may use to
cover [n].

Our approximation for integer covering SDP's will imply a new approximation algorithm for
all these covering problems with a logarithmic approximation guarantee. Thus in a senseour
algorithm gives optimal approximation factors (up to constants), since a logarithmic approxi-
mation factor is optimal (up to constant factors) assumingthat P 6= NP , as shown by [Fei98].
This connection is discussedin more detail in Section 6.4.1.

6.2 A randomized rounding algorithm

First suppose we have a solution to the SDP given by a vector y 2 Rn
+ , and let us de�ne

Q =
P n

j = yj . In the casewhere Q � n, we can get a trivial deterministic rounding schemewith
approximation factor 2 by always rounding up, sincethis will increasethe value of the program
at most by an additiv e n. Thus in the following we consideronly programs where Q � n.

7We restrict ourself to this scale for simplicit y. Our results apply to any bounded function with a constant
loss in e�ciency .
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Supposewe have a program as in Equation 6.1 and we have solved it e�cien tly to obtain a
solution y, wherecT y = OPT . Let X be distributed accordingto the distribution over [n] given
by normalizing y, i.e.

Pr[X = i ] = yi =Q

Note that, becausey is a feasiblesolution, we have EX [f (X )] � 1
Q I . It was implicitly shown

in [AW] that sampling k = Q � O(log d) elements from [n] according to the distribution X and
taking f (X i ) (1 � i � k) gives us a feasiblesolution with approximation factor O(log d). We
state this formally:

Theorem 6.3. Supposewe samplek = Q � 8ln 2d times from [n] according to X in order to get
X 1; : : : ; X k . Furthermore, for each 1 � j � n, we de�ne the random variables

Ŷj = jf i j X i = j gj

the number of times that j is sampled, and let Ŷ = (Ŷ1; : : : ; Ŷn ). Then, with non-zero probability,
we have that

f (X 1) + f (X 2) + : : : + f (X k) � I and cT Ŷ � cT y � 16ln 2d

Proof. We will use a union bound to show that the probabilit y that either
P

j f (X j ) 6� I or

cT Ŷ > cT y � 16ln 2d occurs is s trictly lessthan 1.

All expectations below are over the X i (since the Ŷj are totally determined by the X i ).

Pr[
kX

j =1

f (X j ) 6� I ] = Pr[ 1
k

kX

j =1

f (X j ) 6� 1
k I ] (6.2)

We know from the fact that y is feasiblethat E[f (X )] � 1
Q I , and so for k > 2Q we get:

Pr[
kX

j =1

f (X j ) 6� I ] � Pr[ 1
k

kX

j =1

f (X j ) 6� 1
2

1
Q I ] (6.3)

Invoking Theorem 2.8

� de
� k

(8 Q ) (6.4)

Therefore if we take k = Q � 8ln 2d with probabilit y greater than 1
2 we have

P
j f (X j ) � I .

For the secondevent it is easyto seethat cT Ŷ =
P k

j =1 cX j . Furthermore, a simple calculation
shows that for each j , E[cX j ] = cT y=Q. Thus, by Markov we have:

Pr[cT Ŷ > cT y � 16ln 2d] = Pr

2

4
kX

j =1

cX j > cT y � 16ln 2d

3

5 (6.5)

<
E

hP k
j =1 cX j

i

cT y � 16ln 2d
(6.6)

=
k � cT y=Q

cT y � 16ln 2d
(6.7)

Expanding k = Q � 8ln 2d shows that this last expressionis at most 1=2.

Thus each bad event happenswith probabilit y lessthan 1=2, and so the probabilit y that either
bad event happensis strictly lessthan 1.
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6.3 Derandomizing

Derandomizing is a simple proposition. Given a program, �rst solve it using a standard e�cien t
technique ([Sho77, Sho87, YN77], for a survey see[VB96]), with solution y and Q =

P n
j =1 yj .

Let k = Q � 8ln 2d. In the proof of Theorem 6.3 at Inequality 6.2, we can apply Theorem 4.4 to
get pessimisticestimators � i for the event

P k
j =1 f (X j ) � I , which we call � . We only neednow

a pessimisticestimator ( 0; : : : ;  k ) for the event of the solution not being too costly, which we
call � .

We de�ne  i : [n]i ! [0; 1] as follows:

 i (x1; : : : ; x i ) =

P i
j =1 cx j + (k � i )E[cX ]

cT y � 16ln 2d

It is clear that the  i are e�cien tly computable. They satisfy the properties of De�nition 3.1.
This is easy to see,since the  i are exactly the expressionsgiven by a Markov bound on the
event � , and such expressionsalways satisfy De�nition 3.1. We write this out explicitly here
fore completeness.

1. Looking at the proof of Theorem 6.3, and substituting into Inequality 6.5 shows that:

Pr

2

4
kX

j =1

cX j > cT y � 16ln 2d j X 1 = x1; : : : ; X i = x i

3

5 �

P i
j =1 cx j + (k � i )E[cX ]

cT y � 16ln 2d

=  (x1; : : : ; x i )

2. For estimators basedon Markov, we actually have equality for this property.

EX i +1 [ i +1 (x1; : : : ; x i ; X i +1 )] = EX i +1

" P i
j =1 cx j + cX i +1 + (k � i � 1)E[cX ]

cT y � 16ln 2d

#

=

P i
j =1 cx j + (k � i )E[cX j ]

cT y � 16ln 2d
=  i (x1; : : : ; x i )

Theorem 6.4. Since � 0 +  0 < 1 because of the choice of k = Q � 8ln 2d, we may invoke
Lemma 3.3 to get that (� 0 +  0; : : : ; � k +  k) are e�cient and useful pessimistic estimators for
the event in Theorem 6.3.

Finally we may prove Theorem 6.1.

Proof of Theorem 6.1. By Theorem 6.4wehavepessimisticestimators for the event in Theorem 6.3,
and so we may apply Theorem 3.2, which says we can e�cien tly and deterministically �nd a
suitable integer vector ŷ that satis�es Theorem 6.1. The algorithm runs in time poly(n; k; d),
but sincek = Q � 8ln 2d and we only considerQ � n, this is poly(n; d).
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6.4 Quan tum Hyp ergraph Covers

In this section we de�ne hypergraphsand quantum hypergraphsand discussthe cover problem
for both. The hypergraphcover problem is just the classicalset cover problem, and the quantum
hypergraph cover problem is a non-commutativ e generalizationarising in quantum information
theory [AW02]. Our e�cien t and useful pessimistic estimators for the integer covering SDP
problem immediately give an e�cien t deterministic algorithm to �nd a quantum hypergraph
cover that is optimal up to logarithmic factors.

6.4.1 Hyp ergraphs

Herewe will describe the hypergraph cover problem, which is just another namefor the classical
set cover. A hypergraph is a pair (V; E) where E � 2V , i.e. E is a collection of subsetsof V .
Say jV j = d. One often views an edgee as a vector in f 0; 1gd, where the i 'th entry is 1 if vertex
i is in the edgeand 0 otherwise.

It will actually be convenient for us to view e 2 E as d � d diagonal matrix with 1 or 0 at
each diagonal entry to signify whether that vertex is in the edge. In this section we will denote
the matrix associated with e as f (e). This representation will naturally generalizeto quantum
hypergraphs.

A cover of a hypergraph � = (V; E) is a set of edgesC such that
S

e2 C e = V , i.e. each vertex
is in at least one edge. Note that this de�nition of cover coincidesexactly with the de�nition
of set cover. The sizeof the smallest cover is called the cover number and dentoted c(�).

Using the matrix representation of E , one seesthat
[

e2 C

e = V ,
X

e2 C

f (e) � I

where the secondexpressionusesour usual ordering of matrices.

A fractional cover is a set of non-negative weights w over E such that
P

e2 E w(e)f (e) � I .
Likewise,we say that the fractional cover number

~c(�) = min
w

(
X

e2 E

w(e)

�
�
�
�
�

X

e2 E

w(e)f (e) � I

)

We know that the hypergraph cover problem is hard to approximate up to a ln n factor [Fei98].
From the de�nitions, it is clear that this problem is a special caseof our integer covering SDP's.
In the next section we generalizeto the non-commutativ e case.

6.4.2 Quan tum Hyp ergraphs

[AW02] de�nes quantum hypergraphs as generalizationsof hypergraphs. Recall that we repre-
sented an edgeof a hypergraph as a d � d diagonal matrix with 1; 0 along the diagonal. So a
hypergraph is equivalent to (V; E) where V = Cd and each e 2 E is identi�ed with a diagonal
matrix whose diagonal entries are either 0 or 1, which we will call f (e). We generalizethis
to non-commutativ e \edges" by allowing E to contain other operators, i.e. f (e) can be any
Hermitian operator (i.e. matrix) in [0; I ].8

8Here we are using the fact that all our previous results for real symmetric matrices generalize to complex
Hermitian matrices. A complex matrix A is Hermitian if A = A � where � denotes the conjugate transpose.
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De�nition 6.5. � = (V; E) is a quantum hypergraph whereV is a d-dimensionalHilb ert space
and E is a �nite set such that each e 2 E is identi�ed with a Hermitian operator f (e) 2 [0; I d].

One can extend the de�nition of a cover of a quantum hypergraph � = (V; E) to be a �nite
subsetC � E such that

P
e2 C f (e) � I . The cover number c(�) is the sizeof the smallest cover

of �.

Likewise,we de�ne a fractional cover to be a non-negative combination w of e 2 E such thatP
e2E w(e)f (e) � I , and the fractional cover number as

~c(�) = min
w

(
X

e2E

w(e)

�
�
�
�
�

X

e2E

w(e)f (e) � I

)

Note that this correspondsexactly with our previous de�nitions for hypergraphs. The problem
of �nding the fractional cover has equivalent forms that are natural and interesting, which are
discussedat the end of this section.

It is important to note that the notion of \v ertex" is lost becausethe matrices f (e) 2 M d are
not necessarilydiagonal in a common basis. However, it is again clear from the de�nitions that
a quantum hypergraph cover problem is just a special caseof integer covering SDP's, so we
may useTheorem 6.1 to give an e�cien t deterministic approximation. Thus the theorem below
follows.

Theorem 6.6. Suppose we are given � = (V; E) a quantum hypergraph with fractional cover
number ~c(�) , with jVj = d and jEj = n. Then we can �nd an integer cover of � of size
k = ~c(�) � O(log d) in time poly(n; d).

6.5 Other Applications

Our integer covering SDP alsoencompassestwo other natural problemsfrom quantum informa-
tion theory. Given a function f : [n] ! [0; I d], one may want to �nd a probabilit y distribution
X over [n] one may want to solve either of the following

1. minX kEX [f (X )]k

2. maxX � d(EX [f (X )])

The former minimizes the norm of the expectedvalue of the distribution, which is alsoits largest
eigenvalue, while the latter may be viewed as maximizing the lowest energystate of a quantum
system, which is also its smallest eigenvalue. The secondcan be formulated as a covering SDP
by using the cost vector c = 1 the all 1's vector, and then normalizing the solution vector y
to be a probabilit y distribution. The �rst can be formulated as the secondby considering the
function I � f .

In both cases,our pessimistic estimators give an \in tegral solution" that is worse by at most
O(log d). In this case,an integral solution is actually a distribution with sparsesupport; we
samplefrom the solution distribution X to get a distribution X̂ with support of sizeO( 1


 2 logd)
such that the corresponding objective is worseby at most a factor of O(log d).
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A Error in [WX05a ]

The error in [WX05a] is in the application of the Golden-Thompsoninequality (Theorem 2.2).
The following derivation, which appears in the proof of Theorem 3.6 in the secondcolumn of
page401 of [WX05a]9, is incorrect:

E

"

Tr

 

exp

 

t
kX

i =1

f (Yi )

!!#

� E

"

Tr

 
kY

i =1

exp(tf (Yi ))

! #

where the Yi are the steps in a random expander walk and the expectation is over all walks.
This is incorrect becausethe Golden-Thompson inequality does not generalizeto more than
two terms, i.e. the following doesnot hold in general for real symmetric matrices A; B ; C:

Tr(exp(A + B + C)) � Tr(exp(A) exp(B ) exp(C))

and it is not hard to comeup with counterexamples.

Wehave tried various techniquesto bypassthis problem, but wehavenot discoveredany method
to get parametersthat are su�cien t for our applications. In the notation of [WX05a], it would
su�ce to prove

Tr(E[exp(t
kX

i =2

f (Yi )) exp(tf (Y1))]) � k ~A ~D t k � Tr(E[exp(t
kX

i =2

f (Yi ))])

or even only

Tr(E[exp(t
kX

i =1

f (Yi ))]) � dk ~A ~D t kk

We know from the proof of the Theorem 2.4 that both the previous inequalities hold when the
normalized adjacency matrix of the graph A = J=n, i.e. we sample from the complete graph,
which corresponds to independent sampling. We do not know counter-examples for either of
these inequalities for sampling according to an expander walk. Thus, as far as we know, the
Theorem 3.6 of [WX05a] may be true as stated.

9Top of page 12 in the ECCC version [WX05b ]
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