S t

r at e

g ie

s

f

or Pol

y he

dral Surfa

ce

Deco

m

p ositio n

:

An

E xp erimental Study�

B e

r n ar d

C

ha

ze

lle

y

Dav

id P

. Do

b

kin z

Nadia

Sho

uraboura

x

A yelle

t

T al{

1

I

n t

r o d

u

ct

ion

C o

n v e x s

h a pes are easies

t to represent,

manip u

late, and render:

Even though they

form thebuilding bloc ks of bottom-up solid modelers, it is more often the case that the convex structure

of a geometric shape is lost in its representation.

W e are then presented, notwith the solid-

modeling problem of putting together primitive convex objects, but with the reverse problem

ofe x t r a ct i

n g convexity out of a complex shape.The classical example is that of cutting up a3-polyhedron into convex pieces. This is often

a useful, sometimes a required, preprocessing step in graphics, manufacturing, and mesh gen-

eration. The problem has been exhaustively researched in the last few years[

1 ] |[1 7].

Despite

its practical motivation, however, little of that research has gone beyond the theoretical stage.One possible explanation is that even the most naive solutions are programming challenges.

W e observe, however, that in practice one often need not partition the polyhedron itself but

only itsb o un dar

y

. In other words, it often su�ces to decompose a polyhedral surface into a

small number of convex patches.By abuse of terminology , we call a surface convex if it lies

entirely on the boundary of its convex hull. W e mention some applications brie y .

In rendering, the coherence provided by convex patches can be exploited to speed up

radiosity calculations.F or example, from the closed-form expressions recently found for the

form factors between two polygons [18], it is possible to derive faster iterative methods for

handling multiple pairs of facets that are known to lie on one or a few convex patches.Similar

speed-ups can be obtained for shading, clipping, hit detection, etc. Snyder et al. [19] point out

the importance and di�culty of exploiting polyhedral coherence in collision detection: Because �

Wo

r k b y B

er n

ar d

C

ha ze

lle

,

Da v

id Dobkin andAyellet

Tal has been su

pported in part byN

S F Grant CCR

- 9

3- 0 1 2 5 4 and The Geometry Center,University of

Minnesota, an STC funded by NSF, DO

E, and Minnesota

Technolo gy,Inc

. Work by Nadia Shouraboura has been supported in part by NSF GrantP

H Y-90-219 84.

y Department of Computer Science, Princeton Universityz Department of Computer Science, Princeton Universityx Program in Applied and Comput. Math., Princeton University{ Department of Computer Science, Weizmann Institute

p o l y h e d r al h ierar chie s ca n be de �ned on arbi trary con ve x patches (solid polyhedra are not

needed ) , intersection pri mitives can be greatly speeded up when convex sur face decompositions

are available [ 1 3 ] .

Another application can be found in multimedia animations. Bitmap animations, such as

i c s and cell animations, are the simplest to play bac k, but they are tremendously wasteful of

storage. They also make it hard to build in interactive user -response features. An alternative

is to store background bitmaps and represent moving ob jects as wire frames [3]. Besides the

savings in storage, the main advantage of this approach is to allow for real-time user input.

Unfortunately this has an adverse e �ect on speed, not to mention the added development time

associated with more complicated rendering and playback algorithms. W e believe that convex

surface decomposition techni ques can alleviate this problem. W ork is underway to test this

assumption.

Besides simplicity , decomposing the boundary of a polyhedron into convex patches has

other advantages. F or example, while a polyhedral solid decomposition can su�er a quadratic

blow-up [ 8], boundary decompositions are always linear in si ze. Better than that, the number

of convex patches can be kept within a constant factor of the number of re ex angles [11].

W e have gathered empirical evidence suggesting that even highly complex surfaces typically

consist of only a handful of patches. F or example, a standard drinking glass, regardless of its

description size, might involve no more than a dozen convex patches. Intuitively , one should

expect only surfaces of little coherence, such as crumpled, fractal-like sheets or heavily twisted

surfaces, to give rise to many patches.

C o n t r i b ution s o f t his p ap er : W e present a comparative study of simple heuristics for

convex surface decomposition. The research reported here is mostly of an experimental nature.

The standout exception is the obligatory �rst step : motivating the search for heuristics by

proving that the problem is N P-complete. The proof is somewhat technical, so we give an

outline in x 2 and provide the details in the Appendix. In x3 we describe the three classes of

heuristics investigated: s p ac e pa r titi o nin g, space s weep, and oo ding. Within each class we

examine several sub-heuristics and compare their relative e�ectiveness. Experimental results

are reported and conclusions are drawn in x 4.

Finding meaningful test data was an important component of this work. In the present

case, randomly generated data is all but worthless. So, we collected several hundred real-

life polyhedral models from manufacturing companies and industrial Auto CA D users. This

catalog con�rms our working hypothesis that most ob jects admit of small-size boundary de-

compositions. W e implemented various decomposition schemes from each of the three classes

of heuristics ; each implementation was tested and benchmarked against a representative sam-

ple of ob jects from our library . F rom this experimentation it appears that ooding heuristics

are the most e �cient as well as the easiest to implement. W e propose a scheme, called ood -

and-retract, which seems the method of choice among the heuristics investigated.

Unsurprisingly , space partitioning techniques fared the worst. The main motivation for

including them in our investigation was that many users are equipped with space partitioning

software, so it was of practical relevance to assess their e�ectiveness. Space-sweep heuristics

were also natural candidates. Their asymptotic performance is guaranteed to be linear [11],

but even the simplest ones are quite di�cult to implement.

An innovative aspect of this work has been the use of animations to guide our search for

good heuristics. Runs and benchmarks produce numbers that tell us how good or how bad

a given heuristic is. But they do not help us to design better heuristics. Visualizing the

d e c o m po s i tio ns does . P h ysici ans s wea r by (and li ve o � ) the ada ge that lab res ults cannot

supplant clinical e xamination. Li kewise , we found that nothing was more useful than the

ability to look at a decomposition in three dimensions as though we held it in our hands.

Through this means, weaknesses of the heuristics came to light and ways to overcome them

suggested themselves. In addition to our in -house geometric animation system G A SP , we

also used the visuali zation package G E O M VIE W developed at the Geometry Center. After it

became apparent that ooding heuristics were the most competitive, we animated several of

them and visually analyzed their most obvious aws. These animations enabled us to converge

rapidly towards the most promising heuristic, ie, ood-and-retract. 1

2 T h e C o m p le x i t y o f Co n vex S u rf a ce Decomp o sition

Let S be a polyhedral surface with n vertices, and let S 1 ; : : : ; S k be dis joint convex patches

whose union gives S . W e show that minimizing the number k is NP-complete. In our ter-

minology , a polyhedral surface is a compact piecewise-linear 2-manifold with boundary . W e

make no assumption on its orientability or its Euler characteristic. Obviously , convex patches

are always orientable, but again their Euler characteristics are let unrestricted ; in other words,

the patches may be multi-connected. It is natural, however, to re quire that convex patches be

connected.

Note that this is only one of many possible variants of the problem : for example, we could

place bounds on the Euler characteristics of the patches; we could require that facets not be

split; we could seek a cover and not a partition; we could relax the connectivity requirement;

in the case of orientable surfaces, we could distinguish between convexity and concavity , etc.

2 . 1 M e m b e r s h i p i n N P

It is easy to see that the problem is a special case of clique partitioning. T o begin with,

observe that the facets of any patch can always be assumed to originate from the three-

dimensional arrangement formed by the planes de �ned by all triplets of vertices of S . Indeed,

for any decomposition that does not satisfy this requirement, we can always extend any facet

(if necessary) until its bounding edges lie in one of those planes. This gives us up to O(n 9 )

candidate facets from which a minimum decomposition can be guessed.

T o test if a set of facets forms a convex patch, we compute its convex hull and verify that

all the facets lie on the boundary . An equivalent certi�cate can be formed by expressing the

fact that for each pair of facets, f ; g , all the vertices of f lie on the same side of the plane

supporting g , and vice-versa. Let G be the graph whose nodes represent the facets, and whose

edges connect pairs of nodes whose corresponding facets satisfy the certi�cate in question.

Let H be the graph with the same node-set, but whose edges connect nodes with adjacent

associated facets. A minimum decomposition is simply a min-size partition of G into cliques

whose induced subgraphs in H are connected. Checking whether a given decomposition size

k is achievable can thus be done nondeterministically in polynomial time.

1 T o i ll u s t r at e t his pro cess o f iterati ve i mproveme nts we have pro duced a video : this supplement pla ys the

same role as traditional � gures but with motion and color added .

2.2 N

P

-

H a r d n e ss L

e t x

1 ; : : : ; xn ben

B oole a n var iable s

; an instance of

S

A T consists of n clauses c 1 ; : : : ; c n,

each of them adis

junction of literals xk or� x k.

Here is a brief overview of ourgeometric

model:

Each variable x k is associated with a closedpolygonal curveL kzigzagging in planes

parallel to xy . There are exactly two optimal ways of cutting L k into convex pieces: each

of them corresponds to a di�erent truth assignment of x k . A clause is modeled by a vertical

line segment that connects the curves corresponding to its literals. The contact between

the vertical segment and L k takes place at a local y-maximum or y -minimum depending on

whether x k is negated or not in the clause inquestion. The remainder of the proof involves

transforming the curves into thin strips and then arguing that the formula is satis�able if and

only if the minimum decomposition is below a certain size.3

T h r ee C l a sses o f

He ur is ti cs All the surfaces in our library are orientable. The reason is that they usually originate from

the boundary of some polyhedron. This suggested distinguishing between convex and concave

patches; the latter being convex patches(in the old sense) all of whose edges exhibit re ex

angles.

W e shall specify below which sub-heuristics make this distinction.S

p a c e Par t iti o nin g

. The strategy is to use binary space partitioning[

1 4 ] to split up the

surface into convex patches.Recall that the method builds a tree by recursively dividing

space by a (well-chosen) cutting plane. Each nodev of the tree is associated with a convex

polyhedron P

v . The idea is to explore the two children of v if and only if the portion of the

surface within P v is not convex. The advantage of this method is that space partitioning code

is widely available, so implementing it is by and large e�ortless.One drawback is that facets

get split up in the middle: this produces Steiner points, which cause roundo� errors and can

be undesirable.

F urthermore the e�ciency of the heuristic is highly sensitive to the input

surface. An obvious improvement we use is to cut along re ex edges only .In the worst case

the number of patches is quadratic. In practice it appears that such a blowup is unlikely ,

especially in view of our edge selection rule.

Space Sweep. W e implemented a simpli�ed version of the method in [11]. In particular, we

modi�ed the algorithm to prevent the creation of Steiner points. Although the linearity of the

output size is no longer (theoretically) guaranteed, the simpli�cation seems to have no adverse

e�ect; on the other hand, it makes coding much easier. The idea is to sweep space with a

plane: at any given time, the cross-section of the surface consists of simple polygonal curves

which are decomposed into convex pieces. The heuristic attempts to maintain each curve as

long as possible while moving the plane, thus producing convex patches in the process. Each

time a convexity violation is found, we relent from including the violating facet and start up

a new convex curve (and hence, a new patch).F looding.

LetH be the dual graph of the surface, where nodes represent facets and arcs join

nodes associated with adjacent facets. The class of ood i n g heuristics refers to the incremental

strategy of starting from some node and traversing the graph H , collecting facets along the

way as long as they form a convex patch. W e distinguish between two sub-heuristics:G r eedy

ooding involves collecting facets until no adjacent facets can be found that does not violate the

co n v e x i t y of the cu rrentp atch.

A new patchmust thenbe started

, at which point the traversal

can resume.C

o n t rol le d oodin g includes other stopping rules besides convexity violation.Our

animations have revealed cases where ooding in a greedy fashion is arbitrarily bad: o� the

optimal by a factor proportional to the input size

! On the other hand, producing smaller

patches by controlled ooding can sometimes lead to near-optimal decompositions.Given a convex patch, consider adding a new facet to it.The new patch may fail to be

convex for one of two reasons:1.

L o c a l fa il u r e : The edge at which the facet is attached to the patch exhibits non-

convexity .2.

Glo bal failure: The new patch is locally convex everywhere, but some facet fails to be

on the boundary the new convex hull.

Global failures are rare in practice. Geometrically , they are associated with twisted shapes, as

in a spiral or a drill.Note that global failures are the only reason the surface decomposition

problem is hard.Without global failures,an y greedy ooding heuristic produces an optimal

decomposition

(in the version of the problem where concave patches are ruled out).

F urther-

more, covers and partitions are indistinguishable.In other words, without global failures,

trying to cover the surface into convex patches instead of partitioning it cannot produce fewer

pieces. In the presence of global failures, however,just the opposite is true. This suggests

producing controlled- ooding partitions in two steps. First, ood the surface by covers: this

means that when restarting a new patch, allow the traversal of old facets as well as new ones.

Then, in a second pass, transform the covers into partition. W e pursue this approach below.

zyx121C0

Ci

(a) y

x

Ci

(b) p

b c

a e

Lk

C1 C2

C1

C 2

x x 3 4

Plate 1

Plate 2

Plate 3