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Abstract

We prove a lower bound of d*—°(1) on the query time for any deterministic algorithms
that solve approximate nearest neighbor searching in Yao’s cell probe model. Our
result greatly improves the best previous lower bound for this problem, which is

(%) [8]. Our proof is also much simpler than the proof of [8].
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1 Introduction

Nearest neighbor searching (henceforth, NNS) is a fundamental problem in
computational geometry with applications to a number of areas [14,15,13,19,5,18|.
A typical setting for this problem is: given a set of n points (called a database)
in a vector space of dimension d (for example, d-dimensional Euclidean space),
we want to pre-process the database so that given any query point ¢, we can
quickly find the closest point to ¢ in the database. In low dimensions the
problem is well solved [17]. On the other hand, many applications involve
database points represented as vectors in high dimensional spaces. Unlike the
low dimensional case, the problem is considerably more difficult in high di-
mensions [16,27,11,1]. To our knowledge, there is currently no algorithm with
storage poly(n,d) and query time poly(logn,d). This is often referred to as
the “curse of dimensionality”.

It is then natural to consider the approximate nearest neighbor searching prob-
lem (henceforth, ANNS): instead of insisting on a true closest point to the
query ¢, we only seek a [-approximate nearest neighbor (henceforth, an /-
ANN) of ¢, for some approximation factor § > 1. An S-ANN of ¢ is any
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point p such that dist(p,q) < 8 - dist(p',q) for any p’ in the database. There
has been considerable research on ANNS [2,3,12,9,22], culminating in a couple
of recent papers [21,23] that give randomized algorithms with the following
guarantee: approximation factor 8 = 1 + ¢ for any € > 0, space d°Mn20/ )
and query time ((dlogn)/¢)°). Thus ANNS does not suffer from the curse of
dimensionality, at least from the point of view of randomized algorithms and
a fixed € > 0.

The cell-probe model. Several lower bound results for NNS and ANNS
are known in Yao’s cell-probe model [26]. The cell-probe model is a general
data structure model for measuring the number of memory accesses required
by a search algorithm. Given a database of n points, a table T is built in
preprocessing: it consists of a set of cells with possibly different sizes. To
answer a query, the algorithm makes several probes to 7'. Each probe is made
by computing an index k£ and looking up the entry 7'[k]. The running time
is defined as the maximum number of probes needed (in the worst case) to
correctly answer any possible query. Because of its generality, a lower bound
proved in the cell-probe model can be applied to any sequential algorithms.
In the cell-probe model there are three parameters s, b and ¢: s denotes the
number of cells in the table; b denotes the maximum cell size in terms of the
number of bits!; and ¢ denotes the number of probes made on the table.

Previous lower bound results. All previous lower bounds for NNS and
ANNS are proved in the Hamming cube [6,8,4]. In this setting, the database
points and the query are from the Hamming cube Cj; (the d-dimensional binary
cube {0, 1}%), and the distance function is the Hamming distance. All previous
lower bounds [6,8,4] are established in the following scenario: s = (nd)°®
and b = (dlogn)®"Y, and lower bounds are given for ¢. They also make the
assumption that d = w(logn). This assumption is necessary because for d =
O(logn), the trivial solution of storing all possible answers uses space nfM
and makes a single probe for each query. Here we make the same assumption.

Depending on which problem is considered (NNS or ANNS), and whether the
algorithm is deterministic or randomized, there are four cases.

e NNS, deterministic. A lower bound of ¢t = Q(d/logn) is proved by Borodin
et al. [6] for any deterministic algorithm that solves NNS, when s = poly(n, d)
and b = poly(logn, d).

e NNS, randomized. A lower bound of ¢ = Q(d/logn) is proved by Barkol
and Rabani [4] for any randomized algorithm that solves NNS, when s =
poly(n,d) and b = poly(logn, d).

e ANNS, deterministic. The only previous lower bound in this case is proved
by Chakrabarti et al. [8] (and presented in much more detail in [10,7]).

1 The cells may have different sizes. This assumption makes the model even more
general.



Specifically, it is shown that ¢ > dloglogd/(2logloglogd) when the ap-
proximation factor is at most 2L(°8 d)l_'sj, for any constant d > 0.
e ANNS, randomized. Currently there is no lower bound known in this case.

Our result. We prove a new lower bound for ANNS in the deterministic case
in the Hamming cube Cjy. Thus the problem considered in this paper is the
same as in (8], and our lower bound is significantly stronger than the previous
one. Here is our result?.

Theorem 1 For the B-approximate nearest neighbor searching problem with n
points in Cy = {0,1}¢, any deterministic algorithm in the cell-probe model that
uses (nd)®") cells with mazimum cell size d°Y), must make Q(d/(3?logn))
probes in the worst case. This holds for any B < \/d/20. Specifically, for any
fized € > 0 and any B up to 218D 1 the lower bound is d* M.

Our result is a significant improvement over the previous lower bound in [8],
which says that, under exactly the same conditions as stated in Theorem 1,
for any fixed ¢ > 0 and any approximation factor up to 2L(°g d)l_EJ, the query
time is Q(mg)?%)' Here our result implies that for any approximation factor
up to 2L18d)"°1 "the query time lower bound is d'~°"). Thus our lower bound

is a strict improvement over the previous result, for any approximation factor.

Our proof is much simpler than the proof in [8], which is based on a compli-
cated hierarchical structure. On the other hand, our proof uses the standard
richness technique [25] and follows essentially the same line as the proof in [6].
Note that the approximation factor in Theorem 1 is quite generous: in fact, it
is trivial to achieve d-approximation by returning an arbitrary database point.

We comment that ANNS can be solved by a randomized algorithm that makes
only O(loglogd) probes to a table with parameters s = (nd)°") and b =
(dlogn)®® [21,23]. Thus our lower bound gives a sharp contrast of d'=°()
versus O(loglogd) between the search time complexity of deterministic versus
randomized algorithms for ANNS. This shows that randomization is essential
in the algorithms of [21,23].

In section 2.1, we briefly explain the main idea in our proof and its relation to
previous work. In section 2.2, we review the various tools and techniques used
in the proof. We define the (), 5)-approximate neighbor problem in section 2.3
and show a reduction from this problem to S-ANNS. Finally we prove a strong
lower bound for the (), §)-approximate neighbor problem in section 2.4.

2 Throughout this paper log refers to logarithm to the base 2.



2 A Strong Lower Bound for Approximate Nearest Neighbor Search-
ing

2.1 The main idea

Our proof is very similar to the lower bound proof for NNS by Borodin et
al. [6]. The basic idea there is to consider the decision version of NNS which
asks, for some given A > 0, whether or not there exists a database point within
distance A from the query. The advantage of considering the decision version
of NNS is that it has a binary communication matrix®, so that we can apply
the richness technique from asymmetric communication complexity to derive
a communication lower bound for the decision version. Such a communication
lower bound immediately implies the desired cell probe lower bound due to a
reduction in [25].

In the attempt to apply the same proof technique to ANNS, we need to de-
fine its decision version first. However, the meaning of the decision version of
ANNS is not as clear as that of NNS. This is because a correct answer to an
ANNS query could be any database point in the allowed approximation re-
gion. The main contribution of this paper is to exploit a certain gap regarding
the distance relations that can hold among all possible queries and databases.
This idea leads to the following definition of the decision version of ANNS:
given A > 0 and an approximation factor § > 1, if all database points are at
distance more than A from the query then output 1; if there exists a database
point within distance A/S from the query then output 0; otherwise output 0 or
1 arbitrarily. Note that unlike the NNS case, there are many possible decison
versions of ANNS. We prove a lower bound that holds for all of them using
the framework of [6]. This lower bound then holds for ANNS. In the following
sections we present the technical details.

2.2 Tools and techniques

This section is devoted to the tools and techniques used in the proof. Most
of them have appeared in [6], and we state them here for completeness. We
begin by reviewing a few useful facts. For 0 < p < 1, the entropy function is
H(p) = —plogp — (1 — p)log (1 — p). The following fact is an estimation on
the entropy function when p is close to 1/2.

3 This is a matrix of all possible problem instances of the decision version of NNS,
with each row being a possible query and each column a possible database, and the
entry indexed by that row and column being the answer for that particular instance.



Fact 2 For x > 0 small enough, H(1/2 —z) =1 — (2loge)z? + O(z*).

A proof of this fact follows by approximating log (1/2 — z) and log(1/2 + z)
by their respective Taylor’s series expansions for small > 0. Let B;()) denote
the Hamming ball of radius A centered at an arbitrary point in Cy. We need to
bound |Bg(A)|, the number of points inside this Hamming ball. The following
fact is probably folklore.

Fact 3 For any 0 < p < 1/2, |By(pd)| < 247 ().

Proof: Since p < 1/2, for any i < pd, we have pP4(1 — p)(1=P)¢ < pi(1 — p)¢—".
Thus,

|Ba(pd) |27 = | B,(pd)[p"(1 — p) P

We also need the following standard Chernoff bound.
Fact 4 (Chernoff bound [10]) For every a > 0, | By(d/2—a)| < e=*/(24).24,
Another useful result is Harper’s isoperimetric inequality [20,6].

Fact 5 (Harper’s isoperimetric inequality [20]) For A C Cy, let r > 0
be such that A > |Bqy(r)|. Then for every A > 0, |Ba(A,A)| > |Ba(r + A)|,
where By(A, \) denotes the set of cube points at distance at most X from a
point in A.

Next we state a relationship between asymmetric communication complexity
and cell-probe complexity. Let a function f: X x Y — U. In the asymmetric
communication complexity model there are two players, Alice and Bob. Alice
gets an input z € X and Bob gets an input y € ), and the goal is to compute
f(z,y) € U (that is, at least one player should know f(z,y) at the end of this
communication game). The complexity measure is the total number of bits
communicated by each side, and an [a, b]-protocol is one in which Alice sends
a bits and Bob sends b bits. The following observation [24] shows that lower
bounds in asymmetric communication complexity lead to lower bounds in the
cell-probe model.



Lemma 6 (Miltersen [24]) For any function f if there is a deterministic
(resp. randomized) solution in the cell probe model with parameters s, b, and
t, then there is a deterministic (resp. randomized) [t[log s|, tb]-protocol for the
corresponding communication problem.

It thus suffices to show a strong lower bound for ANNS in the asymmetric
communication complexity model. A general technique for this purpose is the
richness technique [25]. We now briefly review it. Let f: X x Y — {0,1}. We
associate a communication matrix My with the function f. The rows of M;
are indexed by the possible inputs to Alice and the columns by the possible
inputs to Bob, and the (z,y) entry of My is f(z,y). Following the notations
in [6], we say that a communication problem f is [u,v]-rich if M has at least
v columns each containing at least u ones. The richness technique is given by
the following lemma [25].

Lemma 7 (Miltersen et al. [25]) Let f be [u,v]|-rich. If f has a deter-
mianistic [a, b]-protocol then M; contains a submatriz of dimension at least
u /2972 x v /29702 containing only 1-entries.

To use this lemma to prove lower bounds for f in the asymmetric communica-
tion complexity model, we need to show: (1) My is rich enough; (2) My does
not contain any large 1-monochromatic submatrix.

2.3 The (A, B)-approzimate neighbor problem

We define the (A, 8)-approximate neighbor problem by defining its communi-
cation function f. Suppose Alice has a query = € C,; and Bob has a database
D € C} (we allow repetitions in the database). Let h(z, D) be the distance
between x and its nearest neighbor in D. A function f : x x D — {0,1}
is called a wvalid communication function for the (A, 8)-approximate neighbor
problem if:

1 if h(z, D) > A
f(z,D)=<X0 if h(z, D) < \/B;

arbitrary (0 or 1) otherwise.

Note that this definition gives a family F of functions. We will prove a com-
munication complexity lower bound that holds for every f € F. Before this
we first show a reduction from the (), §)-approximate neighbor problem to
B-ANNS.

Fact 8 Suppose there is a [a, b]-protocol for f-ANNS in the asymmetric com-



munication complexity model, then there is a [a, b+ d]-protocol for some valid
communication function f of the (X, B)-approzimate neighbor problem. This
is true for any A > 0.

To see why, suppose we have a [a, b]-protocol for S-ANNS. We run it on input
(z,D) and get a point p € D on at least one side (Alice or Bob), such that
p is a [-approximate nearest neighbor of x. In case Bob is the only one who
knows p, he sends it to Alice using d bits. Thus both sides know p after a
[a, b + d]-protocol. Alice compares H(x,p) with A and outputs f(z, D) = 1 if
and only if H(z,p) > A. The correctness of this protocol is justified as follows:
Let p* be a true nearest neighbor of z. If H(z,p*) > A then the protocol is
supposed to output 1, it does so because H(x,p) > H(z,p*) > A. On the other
hand if H(x,p*) < A/f then the protocol is supposed to output 0, it does so
because H(z,p) < fH(z,p*) < A

In view of the discussions above, a good communication lower bound for S-
ANNS follows immediately from a good communication lower bound that ap-
plies to every valid communication function for the (), 8)-approximate neigh-
bor problem.

2.4 The lower bound

Let f be any valid communication function for the (), 3)-approximate neigh-
bor problem. We prove the following lower bound for any asymmetric com-
munication protocol that computes f.

Lemma 9 Let § < \/&/20. There exists a A such that in any communica-
tion protocol that computes f, either Alice sends Q(d/B?) bits or Bob sends
Q(nd/B?) bits. In particular, for any fired e > 0 and any B up to 2L0osd)' ™
either Alice sends at least d'~°1) bits or Bob sends at least nd*°) bits.

Note that the lower bound in Lemma 9 is nearly optimal (resp. asymptotically
optimal) when 3 = d°®) (resp. when 8 = O(1)). In fact, any function of the
query and the database can be computed after Alice sends her input using d
bits or Bob sends his input using nd bits. Below is the proof of Lemma 9.

Proof: We set the relevant parameters as follows:

e n and d are large enough integers such that d = w(logn) and d is even.
e < \/E/ 20; it is also larger than any constant appearing in the proof.

e A\=4d/2—/2d1n(2n); Ao = \/B.

We look at the communication matrix M; that has 2¢ rows and 2™ columns.



Claim 10 M; is [2¢71, 2™ rich.

To see this, we fix a column (a database). For each point p in the database,
the number of queries within distance at most A from p is |By()\)| < 247! /n
by Fact 4, thus the number of queries within distance at most A from at
least one point in the database is at most 2%7!. This means that there are
at least 297! queries such that for each such a query its nearest neighbor in
the chosen database is at distance more than A\ from it. By the definition
of f, all the entries indexed by these 2?71 queries in that fixed column are
1. Claim 10 follows. The next claim is that M does not contain any large
1-monochromatic submatrix.

Claim 11 FEvery 9d-d/(1695%) s gnd—nd/(326%) g bmatriz of My contains a zero
entry.

Proof: Consider any fixed set Q of queries of cardinality 24-4/(1695%)  Let, AQ
be the largest integer such that |Bi(Ag)| < |@|. It must be the case that
Ao < d/2 — 1. Otherwise we have |Q| = 24 #(169°) > |B,(d/2 — 1)| > 24~ —
(d72) > 24-2_ 3 contradiction with 8 < v/d/20.

Let p = (Ao +1)/d, then 0 < p < 1/2. By Fact 3, |Q| < |Ba(Mg +1)| < 2¢H®),
We then have 1 — 1/(1698%) < H(p). This shows that H(p) is close to 1
for § large enough, and hence p is close to 1/2. Applying Fact 2 we have
1—(1/2—p)?> H(p) > 1 —1/(16943?), and so

1/2 —p < 1/(13P). (1)

We now consider the set Bq(Q, Ao). Recall that B4(Q, Ao) = Uyeq Balg, Mo)-
We say that a point p € Cy is good for Q if p ¢ Ba(Q, \g). We say that a
database D is good for () if every point in D is good for (). Note that, from
the above definitions, if a database D is not good for @), then there must exist
p € D and ¢ € @ such that H(p,q) < Ag. Since f is a valid communication
function, then by its definition (also recall A\ = A/3), f(g, D) = 0. This shows
that once we pick a column indexed by a “not good” database for (), there
exists a zero entry in the |@Q| x 1 submatrix formed by @) and that column, and
this is true for any (). In the following we show that for any () of cardinality
2d-d/(1695%) " the number of good databases for Q is less than 2nd—nd/(326%)
It then follows immediately that every 24-4/(1695%) 5 gnd—nd/(325%) gyhmatrix
contains at least one zero entry.

We first bound the number of points in C,; that are “not good” for @). Clearly
this number is |B4(Q, Ao)| which is at least |Bs(Ag + Ao)| by Fact 5. We have:

[Ba(Aq + Ao)| = |Ba(pd — 1+ d/(38))]



=|Ba(d/2+d/(38) — (1/2 = p)d —1)|
> |Ba(d/2+ d/(38) — d/(138) — 1)
> [Ba(d/2 + d/(45))|.

The first inequality above follows from the fact that Ay = A\/8 > d/(33), and
the second follows from inequality 1. So the number of good points for @) is at
most:

24 — |By(d/2 + d/(4B))| < |Ba(d/2 — d/(48))]
< e~ /(3267)9d
< 94-0/(326”)

The second inequality above follows from Fact 4. Since each good database
has n good points, it is immediate that the number of good databases for )
is less than 24 "4/(326%) This completes the proof of Claim 11. O

Combining Claim 10, Claim 11, Lemma 7 we then prove Lemma 9. O

In view of Fact 8, we have the same lower bound for the asymmetric communi-
cation complexity of S-ANNS. Finally by applying Lemma 6 we then establish
Theorem 1.
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