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Abstract

We investigate the problem of monotonicity reconstruc-
tion, asdened in [3], in a parallel setting. We have
oracle accessto a nonnegative real-valued function f
de ned on domain [n]¢ = f1;:::;ng?. We would like to
closely approximate f by a monotone function g. This
should be done by a procedure (a Iter ) that given as
input a point x 2 [n]¢ outputs the value of g(x), and
runs in time that is highly sublinear in n. The proce-
dure can (indeed must) be randomized, but we require
that all of the randomnessbe speci ed in advance by
a single short random seed. We construct such an im-
plemertation wherethe the time and spaceper query is
(logn)°® and the sizeof the seedis polynomial in logn
and d. Furthermore the distance of the approximating
function g from f is at most a constart multiple of the
minimum distance of any monotone function from f .

This implementation allows for parallelization: one
can initialize many copiesof the Iter with the same
short random seed,and they can autonomously handle
queries, while producing outputs that are consistert
with the sameapproximating function g.
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1 Intro duction

1.1 Online prop erty reconstruction The process
of assenbling large data setsis prone to varied sources
of error, such as measuremehn error, replication error,
and communication noise. Error correction techniques
(i.e. coding) can be usedto reduce or eliminate the
a ects of somesourcesof error, but often someresidual
errors may be unavoidable. Despite the presenceof such
inherent error, the data set may still be very useful.

One problem in using such a data set is that even
small amounts of error can signi cantly change the
behavior of algorithms that act on the data. For
example, if we do a binary seard on an array that
is supposedto be sorted, a few erroneousentries may
lead to behavior that deviates signi cantly from the
\correct" behavior.

This is an example of a more generalsituation. We
have a data set that ideally should have somespeci ed
structural property, i.e., alist of numbersthat shouldbe
sorted, a set of points that should bein convex position,
or agraphthat shouldbeatree. Algorithms that run on
the data set may rely on this property. A small amourt
of error may destroy the property, and result in the
algorithm producing wildly unexpected results, or even
crashing. In these situations, a small amount of error
may be tolerable but only if the structural property is
maintained.

These considerations motivated the formulation of
the online property reconstruction model, which was
introduced in [3]. We are given a data set, which we
think of as a function f de ned on some domain .
Ideally, f should have a specied structural property
P, but this property may not hold due to unavoidable
errors. We wish to construct online a new data set g
sud that (1) g hasproperty P and (2) d(g;f) is small,
where d(g;f) is the fraction of valuesx 2  for which
g(x) 6 f(x).

How small should d(g;f) be in condition (2)? De-

ne "t = "t (P) to be the minimum of d(h;f) over all
h that satisfy P. Of course,"; is a lower bound on the



deviation of g from f. The error blow-up of g is the
ratio d(g;f)="¢. This error blow-up can be viewed as
the price that is paid in order to restore the property
P, and we want this to be a not too large constart.

An oine reconstruction algorithm explicitly out-
puts such a g on input f. In the context of large data
sets,the explicit construction of g from f requiresa con-
siderable amount of computational overhead (at least
linear in the size of the data set). For this reason,[3]
considered online reconstruction algorithms. Suc an
algorithm, called a lter , getsasinput xi;Xz;::: of el-
emerts of preseried one at a time and must output
the sequenceof values g(x1); g(x2);::: where g(x;) is
producedin responseto X;, before knowing Xxi+1 . The
Iter canaccesghe function f via an oraclewhich given
y 2 answersf (y). The aim is to designa lter which,
given any permutation of , outputs a function g satis-
fying (1) and (2) above and furthermore producesead
successie g(x;) quickly, i.e., in time much smaller than
oG 1)

In [3], a Iter for the monotonicity property was
given. In this setting, the domain is the set [n]¢ =
2 [n]g, where [n] denotes the set

under the componert-wise (product) order. A function
f dened on is monotoneif x vy implies f (x)
f(y). The lter they constructed satis es condition
(1), has error blow-up that is bounded above by 2°(9)
(independert of n), and answers ead successie query
in time (logn)© (@,

1.2 Parallel prop erty reconstruction The Iter
for monotonicity proposed in [3] has the following
general structure. For ead successie query X;, the
lter performs a randomized algorithm to compute
o(x;). This algorithm accessed, and also needsto
accessthe answers g(x;) for i < j to the queriesasked
previously. In particular, the function g produced may
depend on both the order of the queriesas well as the
random bits usedby the algorithm.

This general structure for Iters has two potential
drawbadks: (1) It requires the storage of all previous
queriesand answers, thus incurring possibly signi cant
spaceoverheadfor the algorithm, (2) It doesnot support
a parallel implementation in which multiple copies of
the lter, having read-only accessto f are able to
handle queriesindependertly while maintaining mutual
consistency

In this paper, we proposethe following strengthened
requiremerts for a Iter. A parallel Iter for reconstruct-
ing property P is an algorithm A that hasoracle access
to a function f on domain (the \data set") and to
an auxiliary random string (the \random seed"), and

takesasinput x 2 . For xed f and , A runs deter-
ministically on input x to product an output A¢. (X).
We want A to satisfy the following properties:

1. For each f, with high probability (with respect to
the choiceof ), the function A;. should satisfy P.

2. For eacth f, with high probability (with respect
to the choice of ), the function A¢. should be
\suitably close"to f .

3. Foread x, A;. onx canbecomputedvery quickly.
4. should be \m uch smaller" than j j.

A parallel Iter can be used,trivially , as an online
Iter. In addition, such a Iter aords an obvious
parallel implementation: generateonerandom seed,and
give the same random seedto ead of the copies of
the Iter. SinceAs. is deterministic all of the parallel
copieswill behave identically.

For a parallel Iter, there are three parameters of
interest: the error blow-up, the time per query and
the number of random bits neededfor , that is, to
initialize the Iter. The memory used by a parallel
Iter is bounded by the sum of the length of and the
maximum time of a single query. By keepingtheseboth
small (e.g., much smaller than j j) we obtain an online
Iter which useslittle auxiliary space.

Having formulated the notion of a parallel Iter,
one natural question that arisesis: Is there a parallel
Iter for monotonicity (or even onethat usessublinear
spaceoverall) with performance comparableto that of
the online lter givenin [3]?

1.3 Our results In this paper, we construct a paral-
lel Iter for monotonicity for functions de ned on [n]¢
with the following performance:

The time per query is (log n)°(®.
The error blow-up is 2°(¢°) | independert of n.

The number of random bits neededto initialize the
lter is (dlogn)°® .

Comparing our lter to the online lter for mono-
tonicity of [3], we seethat our Iter achievesparallelism
while having query time and error blow-up that are sim-
ilar to (but not quite asgood) asthose obtained by [3].
We have not tried to optimize the exact constarts for
error blow-up and the exponerts in running time.



1.4 Related Work The idea of reconstruction is
connected to the issue of distance of an object to a
given property. There hasbeena large amount of work
done on property testing [10,14], which dealswith this
distance parameter. The problem of monotonicity in the
context of property testing has beenstudied in [5,6,9].
Many testers have been given for a wide variety of
combinatorial, algebraic, and geometric problems [7,
8,13,14]. More closely related to reconstruction is
the notion of tolerant property testing [12] which deals
with actually estimating the distancein sublinear time.
Sublinear algorithms for determining the distance of
a function to monotonicity have been given in [2,12].
The tester in [12] usesa data structure of intervals,
somethingthat we alsouse(although the data structure
that we useis completely di erent).

1.5 Preliminaries As stated in the introduction, we
considerdata setsas functions de ned on a xed nite
domain . A property P is a set of functions de ned on
. The distancebetweentwo functions f and g, denoted
d(f; g) is the fraction of x 2  for which f (x) 6 g(x).
For a function f and a property P, the distanceof f to
P, "t ="t (P) is the minimum of d(f ;h) for h 2 P.
For a positive integer m, [m] denotes the set
f1;2;:::;mg. Throughout this paper, = [n]¢ =

and d. We x n and d, and assume,without (much)
lossof generality that n = 2 wherek is a positive inte-
ger. s partially ordered with respect to the product
relation: x vy if andonly if x; y; for all i 2 [d].

We consider functions mapping to the nonnega-
tive reals (for simplicity of preseration). Such a func-
tion f is monotoneif f (x) f(y) whenewerx .

Elemerts of are called points. Points are generally
denoted by lower caseletters, setsof points are denoted
by upper case letters and sets of sets of points by
caligraphic letters.

As dened in the introduction, a parallel Iter
uses randomness only in the choice of the string
that initializes the lter. All probability statemerts
are made with respect to the choice of this string

In general, when we say that an event occurs
with low probability we mean that its probability is
15 j' @ i.e. superpolynomially smallin j j. Similarly,
a high probability event is one having probability 1
a5 j' ®)).

2 A high level view of the Iter

Givenafunction f on[n]?, wesay that asubsetS [n]¢
is f -admissibleif the restriction of f to S is monotone.

The rst componert of the lter isasubroutine, Sift
which takesasinput a point x 2 [n]¢ and returns accept

or reject. With high probability it satis es the following
properties -

S1 : The set of acceptedpoints is f -admissible.

S2 : The set of rejected points has size at most
C1(d)"s nY where Cy(d) is independert of n. (In
our algorithm Cy(d) = 20(4))

S3: Sift runs in time (logn)°(®,

The secondpart of the Iter is afunction Build that
takesasinput a point x 2 [n]¢ and (using the suboutine
Sift) returns a set Rep(x) of representative points for x.
This subroutine satis es -

B1 : Every point in Rep(x) is lessthan or equalto x.
B2 : Every point in Rep(x) is acceptedby Sift.
B3 : For all x;y with x vy, for each z 2 Rep(x) there

is a point z°2 Rep(y) such that z ~ z°

B4 : With high probability, the number of points x
for which x 62Rep(x) is at most C,(d) times the
number of points rejected by Sift, where C,(d) is
independert of n. (In our algorithm, Cy(d) =
20(d2)_)

B5 : Build runs in time (logn)©(®.

Our lter isthen de ned from Build asfollows:

Given x, g(x) = maxff(z) : z 2 Rep(x)g. If
Rep(x) is empty, then g(x) = 0.

Let us seethat properties [S1]-[S3]and [B1]-[B5]
ensurethat the Iter hasthe required properties.

To seethat g is monotone, let x y. By the
de nition of g, g(x) = f(z) for somez 2 Rep(x).
By property [B3], there is a z° 2 Rep(y) sud that
z 2% By [B2], both z and z° are accepted by Sift
soby [S1],f(z) f(29. By the de nition of g(y) we
have g(y) (2% sog(y) f(z9 f(2) = g(x) as
required.

To get an upper bound on the number of points
for which g(x) 6 f(x), note that x 2 Rep(x) implies
g(x) = f(x) and so by [B4], the number of points
with g(x) 6 f(x) is at most C,(d) times the number
of points rejected by Sift which, by [S2] is at most
C,(d)C1(d)"s nY asrequired.

Finally, the desired bound on the running time of
the lter follows from [B5] and [S3].

3 The one-dimensional case

In this section, we describe our parallel monotonicity
Iter for the cased = 1.



3.1 The DAG D(k) of intervals For x;y 2 [n] we
de ne the interval [x; y] to bethe setfz2 [n]:x z
yg. If | is an interval we write min(l) for its smallest
elemen and max(l) for its largest elemer; min(l) and
max(l ) arethe endmints of | and| fmin(l); max(l)g
is the interior of I. If min(l) = 1, we say | is left
extremeand if max(l) = n we say | is right extreme

Our lter makes use of a special set of intervals,
which we now de ne. For integersi landj 0, we
de ne the interval

=02 *+1(G+22 Y

The setfl! : 1 i K;0 ] st 29 s
denoted | = I (k). The setl; = I;(k), called the ith
level is the set of intervals fI{ jj ~ 0g. The ith level
cortains "+ 1 intervals ead of size2'.

An interval 1] is saidto be evenif | is evenand odd
if j isodd. Notice that the setof evenintervals at level i
comprisethe natural partition of [1; n] into o intervals
of size2', while the odd intervals at level i partition the
interval [2' ;n 2" into & 1intervals of size2'.

We de ne a DAG D = D(k) with vertex setl , with
an edgefrom interval | to interval J if J | and they
belong to adjacert levels. The DAG D (k) hask levels
and 2¢*1 k2 vertices (2K** T 1 at level i). The
interval 19 = [1;n] is the unique interval of in-degree0
and is called the root of D, and the intervals in level 1
(those having size 2) have out-degree 0 and are called
leaves

Figure 1 shows the the DAG D(3) (with edges
pointing downwards). Note that for r < s the sub-DAG
consisting of the rst r levels of D(s) is isomorphic to
D(r).

Figure 1: The DAG D (3)

Supposel and J are intervals and there is an edge
from | to J. We say that | is the parent of J and J
is a child of I . We must have jlj = 2jJj. Furthermore,
parent-child relationships fall into three categories:

min(l) = min(J). Here we say that J is the left
child of I and | is the right parent of J.

max(l) = max(J). Here we say that J is the right
child of I and | is the left parent of J.

min(J) = min(l) + jJj=2 and max(J) = max(l)
jJj=2. Here we say that J is the central child of |
and | is the central parent of J.

Every interval at leveli 2 hasexactly 3 children,
oneleft child, onecertral child and oneright child.

Every non-root interval | has either one or two
parents. If | is an odd interval, then it has one parent,
and that parent is a certral parent. If | is an even
interval and neither left-extreme nor right-extreme then
it hasoneleft parent and oneright parent. If | is left-
extreme it has only a right parent, and if it is right-
extremeit hasonly a left parent.

We now give somede nitions that will be heavily
usedin the following sections. Let | be an interval and
X be a point.

Non-left parent of |: We say that interval J is
a non-left parent of | if it is either a right parent
or a certral parent of I. We obsene that if | is
right-extreme, then it has no non-left parent, but
otherwise | hasa unique non-left parent, which we
denote by nonlef tpar(I).

Non-left path of I: We de ne the non-left path
wherefor 1 j < t, Ij+1 = nonleftpar(l;) and I;
is right-extreme.

Non-left ancestor of |: We say that J is a non-
left ancestor of | if J 2 path(l).

| is to the left of x:We say that interval | is to
the left of point x if y x forally21.

| is left-maximal for x: We say that | is left-
maximal for x if | is left of x and x belongsto the
interior of every non-left ancestorof | . For eat x
there are at most two intervals at ead level that
are left maximal for x. The intervals that are left-
maximal for n are precisely those that are right-
extreme.

upper(l): Forl of sizeat least4, wede ne upper(l)
to be the subinterval of | consisting of the greatest
jlj=4 points of I . Note that if | is a non-left parent
of an interval J, then every point in J is lessthan
every point in upper(l).

Someuseful properties of | are stated below.

I1: Every interval in |; hassize?2'.

I12: Every node of D hasat most two ancestorsat each
level; in particular ead point of [n] belongsto at most
two intervals at ead level. It follows that every node
has O(log n) ancestors.



13: f 11\ 126 ; andjlij<jlzjthenly Is.

14: For any two points x < y. there is an interval of |
containing both of sizeat most 4j[x; y]j.

I5; If A is a cortainment-free subset of | (i.e., no
member of A cortains another), then ead point X
belongsto at most 2 intervals of A.

Properties [I1], [I12] and [I3] are obvious. For
property [I4], let t bethe integersuch that 2 j[x; y]j <
2'*1 'and let j be the largest integer such that j 2t*1
x. then 1], = [} 2*1;(j + 2)2'*1] contains x and y and
haslength 2*2  4j[x; y]j.

For property [I5], note that [I3] and A being
containment-free, imply that all setsin A that contain
X must have the samesize; hencethere are at most 2 of
them.

We introduce another important de nition.

-dense: If S is a subsetof [n] and 2 [0;1], we

say that S is -densein | if jS\ Ij jlj. For
S [n],dene (S) to bethe union ofall | 2 I
that are -dense.

Lemma 3.1. For any subsetS, 2jsj.

(S)

Proof. [of Lemma 3.1]Let J be the subsetof all | 2 |

for which Siis -densein | . Let A bethe setof maximal
membersof J . Then
N [ X X

it sy

1 2A I 2A

li=j 1

123 I 2A

Since A is a containment-free subcollection of I,
by property [I5], eath elemen of S belongsto at most
2 membersof A. The nal sm is at most 2jSj, giving
the upper bound of 2jSjonj —,,; Ij. 2

3.2 The random seed Our random seed will be
interpreted as an n-ary string, i.e. a sequencese-
lected independertly from the set [n]. In the one-
dimensional case, the seedis viewed as a pair of se-

t = clog?n elemerts of [n]. Thus we use 2tlog?n bits
of randomness.
Using these strings, we de ne for ead interval |

the sequencess mod | and r mod | in I!, respec-
tively to be (s(1) mod I;:::;s(t) mod|l) and (r(1)
mod |;:::;r(t) mod I).

3.3 The subroutine Sift in one dimension The
subroutine Sift takes as input a point x and outputs
accept or reject in such a way that the set of accepted
points is f-admissible. Anticipating what we need

in the multidimensional case, we will de ne Sift in
greater generality than we needfor the one-dimensional
case. We assumethat the set of points is initially

partitioned into sets Eligible and I neligible points.
This partitioning is provided by a subroutine which, on
input X, tests whether x 2 Eligible. We will show that

Sift satisfy the following conditions:

S1% Only eligible points are accepted and, with high
probability, the set of accepted points is f-
admissible.

S2% The set of rejected points has size at most
C1("sn9 + jl neligiblg)) for someconstart C;.

S3% Sift runs in time (logn)°® T, whereT is an upper
bound on the time to test membership in Eligible.

When we use this subroutine for the one-
dimensional Iter we'll take Eligible = [n] and
I neligible = ; , but for the higher dimensional lter,
we'll needthe more generalversion.

Let us de ne a violation to be a pair (x;y) such
that x < y and f(x) > f(y), or x 2 Ineligible or
y 2 Ineligible. We also say x is a violation with y
(and vice versa).

Definition  3.1. For a point x and A [n], dene
violations (x; A) to be the fraction of points in A that
are in violation with x.

For > 0, wesaythat x is -soundif x 2 Eligible
and for all I 2 1 suchthat x 2 |, violations(x; |) <
Otherwise we say that x is -unsound.

The following lemmais similar to a result from [3].

Lemma 3.2. 1. Every -sound point belongs to
Eligible.

2. For 1=8, the set of -sound points is f-
admissible.

3. For 1=2, the numkber of -unsound points is at

most2 ("¢ n+ jl neligiblgj).
Proof. The rst part is immediate from the de nition
of -sound.

For the secondpart, it su ces to show that for eath
violation (X;y) (x < y) at least one of x and y is 1=8-
unsound. This is immediate if either x or y belongs
to I neligible, so assumethat x;y 2 Eligible. Since
f(x) > f(y), for eath z 2 [x;y] at least one of (x; z)
and (y;z) is a violation. Thus violations(x; [X; y]) +
violiations (y;[x;y]) 1. By property [I4], there is an
interval | 2 | of sizeat most 4j[x; y]j that contains [X; y],



soviolations(x; ) + violations(y;|) 1=4, and soone
of them is at least 1/8.

For the third part, by de nition of "¢, there is a
subset S of size"¢ n such that [n] S is f -admissible.
By Lemma 3.1, (S| Ineligible) has size at most
2 ("¢tn + jIneligible)), so it suces to show that
every -unsound point x belongs (S [ Ineligible).
This is true for x 2 S[ I neligible sincex belongsto an
interval | 2 | of size2,and S| | neligibleis -densein
I. If x 62S[ Ineligible, then the set of points violating
X is a subsetof S| Ineligible. Sincex is -unsound
there is an interval | containing x that cortains at
least jlj points violating x. Therefore S| | neligible
is -densein | andx 2 (S[ Ineligible). 2

We de ne a subroutine Violations which takes
as input a point x and interval I 2 | and returns
an estimate of violations(x; 1), which is obtained by
computing the fraction of points in the samples mod |
(as described in Section 3.2) that are violations with x.
Clearly Violations runs in time (logn)°® . We say
that Violations fails for x and | if jViolations (x;1)
violations(x; I )j > :01. We say that Violations fails if
it fails for somex; | wherel 21 andx 2 |, and we say
it succeedstherwise.

The subroutine Sift works as follows. On input
X, sift rejects x if for somel 2 | such that x 2 I,
Violations (x;1) :11, and acceptsx otherwise. Since
there are O(log n) intervals of | containing x, and the
sequences of sampleshas length t = (logn)°® | we
concludethat the running time of Sift is (logn)°®W

We say that Sift succeedsprovided that:

Every :1-soundpoint is accepted
Every 1=8-unsoundpoint is rejected.

From Lemma 3.2, we deducethat if Sift succeeds,
then [S1],[S2],[S3ktated in Section 2 hold.

y 3.1. If Sift suaeeds then:
1. The set of points accepted by Sift is f -admissible.

Cor ollar

2. The number of points rejected by Sift is at most
20("¢ n + jl neligible)).

Finally, we obsene that the probability that Sift
fails is very small.

Lemma 3.3. The prokability that Sift fails is
(nlogn)2 (Y, wher t is the length of the random
seuene s.

Note that for the given choiceof t, this isn '@,
This is proven using a straightforward Cherno
bound argumernt (proof in full version).

3.4 The procedure Build : 1-dimensional case
We now turn to the description of the procedure Build
(for the 1-dimensionalcase). We will usethe procedure
Sift with the trivial subroutine Eligible that accepts
every point.

Recall that Build is supposedto take as input a
point X and return a set Rep(x) consisting of (some)
eligible points lessthan or equal to x. The main in-
gredierts are a pair of proceduresSample and Refine.
Each takes as input an interval | and returns a small
subsetof points of I .

Sample(l) is de ned as follows. Consider t, as
de ned in Section3.2. If jlj t, Sample(l) = I. If
jlj > t, Sample(l) is the set of points in the sequence

in Section 3.2.

Before de ning Refine, we needa few de nitions.
For a set S, let Sift(S) denote the set of points of S
acceptedby Sift.

Now we de ne Refine. On input |, determine
Sample(Jd) for eadh J 2 path(l). If Sift(Sample(Jd)) \
upper(J) 6 ; for all J 2 path(l) then Refine(l) =
Sift(Sample(l)). Otherwise, Refine(l) = ;. An
easy reverse induction on the level of J shaows
that if Refine(l) is nonempty then Refine(J) =
Sift(Sample(J)) for all non-left ancestorsJ of I, and
henceRefine(J)\ upper(J) 6 ; for all non-left ances-
tors of I.

Finally we de ne the procedure Build. On input
X, the output Rep(x) is de ned to be the union over
all intervals | that are left-maximal with respect to
x, of Refine(l). (For the sake of de nition and
implementation, we canrede ne Refine(l) to simply be
the largest point in the presert Refine(l). We describe
Refine(l) asa set (1) to make the proof of [B3] more
conveniert, (2) to preparefor the extensionto the multi-
dimensional casewhere Refine(l) can not be taken to
be a single point.

We now verify properties [B1]-[B5] of Section 2.
Properties [B1] and [B2], that all points in Rep(x) are
lessthan or equalto x, and that ead point in Rep(x)
is acceptedby Sift, are immediate from the de nition of
Rep(x).

To prove [B3], let x; y bearbitrary points in [n] with
X yandlet z2 Rep(x). We must show that there is
az2 Reply) with z 2% Sincez 2 Rep(x), there is
an interval | that is left-maximal for x suc that z 2
Refine(l). If | is left-maximal for y then we take z°=
z. Otherwise, let J be the largest interval in path(l)
that is to the left of y ; by de nition J is left maximal
for y. SinceRefine(l) 6 ;, Refine(J)\ upper(J) 6 ;
sowe canselectz®2 Refine(J)\ upper(J). Sinced isa
non-left ancestorof |, every point in | is lessthan every



point in upper(J) (this follows by an easyinduction on
iJj), soz 2%

Next we prove [B4], bounding the number of points
for which x 2 Rep(x). We say that Sample fails for
interval | if at least half the points of upper(l) are
acceptedby Sift, but no points in Sample(l )\ upper(l)
are accepted by Sift. We say that Sample fails if
Sample fails for someinterval | of size at least 4, and
Sample succeedsdf it succeeddor all intervals | of size
at least 4, that is, if for eat sudc interval |, if at
least |l j=8 points of upper(l) are acceptedby Sift, then
Sample(l)\ upper(l) 6 ;.

Pr oposition
ity.

The proof is given in the full version of the paper.

3.1. Sample suaeeds with high prokabil-

By Proposition 3.1, Sample succeedswith high
probability. Assumingthat Sample succeedswe prove
an upper bound on the number of points x for which
X 62Rep(x). For each x 2 [2;n], the interval [x 1;x] is
left-maximal for x. If x 62Rep(x) then x 62Ref ine([x
1;x]). Therefore either Sift rejects x or there is a non-
left ancestorJd of [x 1;x] such that Sift(Sample(J))\
upper(J) = ;. Since Sample succeedsfewer than half
the points in upper(J) areacceptedby Sift, which means
at least 1/8 of the points of J are rejected by Sift.
Letting Reject be the set of points rejected by Sift,
then the set of points for which x 62Rep(x) is a subset
of i-g(Reject). By Lemma 3.1, the number of such
points is at most 16/Rejectj.

The running time of Build is bounded as follows.
For any x, there are at most 2logn intervals (at most 2
on ead level) that are left-maximal with respect to x.
For eacth such |, we compute Refine(l) which involves
computing Sample(J) for eat of the at mostlogn non-
left ancestorsJ of | and calling Sift for ead of the
points in Sample(J). Thus the running time of Build
is essetially the cost of O((log n)®) calls to Sift, sothe
overall costis (logn)°® . (No attempt has beenmade
to optimize the exponert of logn in this description.)

This completesthe description and proof of correct-
nessfor the lter in the 1-dimensionalcase.

4 A lter for multidimensional data

4.1 Boxes and lines For x;y 2 [n]¢, [x;y] denotes
the setfz : x z yg. This set is a product
of (1-dimensional) intervals [x1; Y] [Xq¢;Ya] and
is called a box. For a box B = [x;y], we write
B = B; By where B; = [x;;y;] is the interval
obtained by projecting B onto the rth coordinate axis.

A box B is dggeneate in direction r if jByj = 1,
non-degeneate in direction r if jB,j > 1, and spanning

in direction r if By = [1;n].

An r-line is a box that is spanningin dimensionr
and degeneratein every other dimension. The r-lines
partition [n]? into n9 ! sets, each of sizen. We sa
that x | yif x;y liein the samer-line andx y. The
r-line passingthrough x is denoted by x(").

There is a natural bijection betweenanr-line L and
the set[n] givenby x 2 L $ x,. Forj 2 [n] we write
jL for the corresponding point on L, andfor S  [n] we
write S_ for the corresponding subsetof L. Dene |
to bethe setof I, forl 21,1 = I (k) wasde ned in
Subsection3.1.

4.2 The random seed The random seed (which
consists of independert uniformly random elemeris
selected from [n]) is divided into 2d sequences
stiiisdirl;iiiird, eadh of length t(d) = cdlog? n (for
someconstart c).

4.3 The function Sift, multi-dimensional case
Dene, for j 2 [d] a subroutine Linesift; as follows:
On input X, Linesift; runs the one-dimensionalSift on
x with respect to the j-line x{), using the random
samples. As with Sift, Linesift; requiresan auxiliary
procedure Eligible, which we assumedoesnot usethe
random samples .

For eadh j-line L, the analysis of the one-
dimensional Sift applies to Linesift;. For ead line L,
one de nes the notion of -soundnessof a point x 2 L
with respect to the line L in the obvious way. We say
that Linesift; succeeddor aj-line L if -

Every point that is :1-sound point with respect to
L is accepted

Every point that is 1=8-unsoundwith respectto L
is rejected.

We say that Linesift; succeedsif it succeedson
every j-line. By Lemma 3.3, the probability that
Linesift; fails for a particular j -line is boundedabove by
nlogn2 (Y. Therefore the probability that Linesift;
fails on somej -line is bounded above by n4logn2 (.
For the selectedt this isn ' (9,

This holds for any choice of the auxiliary procedure
Eligible, provided that Eligible; doesnot depend on
the random string s/ .

Next we de ne Sift; for 0 j d. Siftg accepts
every input point x. For0 j  d, Sift; is obtained by
running Linesift; , taking Eligible to be Sift; ;.

Finally, Sift is de ned to be Siftq.

Let Accepted (resp., Rejected) be the set of
points accepted (resp., rejected) by Sift;. Let G be
the partition of [n]¢ into nd I classes,where points



are assignedto classesaccording to their last d |
coordinates. Two points Xx;y in the samej-line with
X <j yis aj-violation if f (x) > f (y) or one of them is
in I neligible; = Rejected 1.

Lemma 4.1. Assume that Linesifty,
Linesifty all suaeed.

Linesifts, ...,

1. For each C 2 G, the set C\ Accepted is f-
admissible.

(20*1  20)=(19)"¢n¢,

3. Let Tj be the running time of Siftj. Then T;
(logn)°0),

2. jRejected j

The proof is given in the full version of the paper.
y 4.1. With high prokability :

1. The function f restricted to the set of points ac-
cepted by Sift is monotone.

Cor ollar

2. The number of points rejected by Sift is at most
204+ " nd,

4.4 The DAG Y(k) Beforedescribingthe function
B uil d, we needsomeadditional de nitions.

We considerthe setB = B(k)q to be the setof of all
boxesof the form B = B, Bq whereead1 B; 2 | (k)
(the set of intervals de ned for the one-dimensional
case).Foreach r 2 [d], wede ne an equivalencerelation
onB: forB;C2B,B , CifBj=Cforallj 6 r.For
ead r-equivalenceclassC, the mapping taking B 2 C
to B, is a bijection betweenC and I (k).

We dene adag = 9(k) on vertex set B as
follows: (B;C) isin  if and only if for somer 2 [d]
B ,Cand(B;C/) 2 D, whereD isthe DAG de ned
for the one-dimensionalcase. In this casewe say that
B is an r-parent of C. We adapt the terminology from
the one-dimensionalcase,|If B is an r-parent of C we
say that C is the (left,right,central) r-child of B if C,
is the (left,right,central) child of B,, and we say that B
is the (left,right,central,non-left) r-parent of C if B, is
the (left,right,central,non-left) parent of C,.

For a point x and box B we say that B is to the
left of x if for eadh j 2 [d], B;j is to the left of x;. We
sa&y that B is left-maximal for x if for eadj 2 [d], B;
is left-maximal for x; .

We say that a a box C is a non-left ancestor of B
if for all j 2 [d], C; is a non-left ancestor of B; with
respect to the one-dimensionaldag D. Intuitiv ely, a
non-left ancestorof B is obtained by repeatedly taking
a non-left parent along somedirection. The number of
non-left ancestorsof B is (log n)°(¥ sinceany interval
in I hasat most O(log n) non-left ancestors.

45 The function Build multi-dimensional
case We now turn to the description of the procedure
Build. We will make use of the multi-dimensional
version of Sift.

Recall that Build takes as input a point x and
returns a set Rep(x) of points. Similar to the one-
dimensional case, Build will use a pair of procedures
Sample and Refine, which take asinput a box B 2 B
and returns a small subsetof points of B. The procedure
Ref ine only returns points that are acceptedby Sift.

For a segmen S of sizeat least 4, de ne upper(S)
to be the set consisting of the largest jSj=4 points in S.

Sample(B) is de ned as follows. Remenber t =
cdlog®n, for sucien tly large constart c. If jBj t,
Sample(B) = B. If jBj > t, SamBIe(B) is de ned
to be the product set Sample(B) = ?:1 Sample (B)
where Sample (B) is the set of points of the form r! (i)
mod B; where ri ranges over points in the sequence
. We also de ne the set Lines (B) consisting
of all linesL (in oneof the d coordinate directions) such
that jL\ Bj 4andL\ Sample(B) 6 ;.

Next we de ne Refine. On input B, the algorithm
considersall non-left ancestorsC of B in decreasing
order of size. For eath such C, the algorithm con-
structs Refine(C) Sample(C), and a set of lines
BadLines(C) Lines(C).

Refine(C) is dened to be the set of x 2
Sample(C) that are (i) acceptedby Sift, and (i) not
contained in any line L that isin BadLines(P) for some
non-left parent P of C.

BadLines(C) is the setof thoselinesL 2 Lines (C)
of sizeat least 4 such that upper(L\ C)\ Refine(C) is
empty. Note that BadLines(C) contains BadLines (P),
for any non-left parent of C. Let us again explain
how Refine(B) is determined. Let C be the largest
non-left ancestor of B. The set Refine(C) can be
easily constructed by running Sift on every point in
Sample(C). This is usedto determine BadLines(C).
Now consider the child C° of C which is a non-left
ancestorof B. We throw away any point of Sample(C9
that liesin aline of BadLines(C) or is rejected by Sift.
After nding BadLines(CY, we move to the relevant
child of C%and soon until we reach B.

We can now de ne the procedureBuild. On input
X, the output Rep(x) is dened to be the union of
Refine(B) over all boxesthat are left-maximal for x.

We now verify properties [B1]-[B5] of Section 2.
Properties [B1] and [B2], that all points in Rep(x) are
lessthan or equalto x, and that ead point in Rep(x)
is acceptedby Sift, areimmediate from the de nition of
Rep(x).

To prove [B3], let x; y be arbitrary points in [n] with

y and let z 2 Rep(x). We must show that there is



az’2 Rep(y) with z  z% Sincez 2 Rep(x), there is
an interval | that is left-maximal for x such that z 2
Refine(l). If | is left-maximal for y then we take z°=
z. Otherwise, let J be the largest interval in path(l)
that is to the left of y ; by de nition J is left maximal
for y. SinceRefine(l) 6 ;, Refine(J)\ upper(J) 6 ;
sowe canselectz®2 Refine(J)\ upper(J). Sincel isa
non-left ancestorof | , every point in | is lessthan every
point in upper(J) (this follows by an easyinduction on
iJj), soz z°%

To prove [B3], let x;y be arbitrary points in [n]d
with x y and let z 2 Rep(x). We must show that
thereisaz®2 Rep(y) with z  z% It su ces to consider
the casethat x andy dier only in one coordinate, say
coordinate j, sincethe generalcasewill then follow by
an easyinduction onthe number of coordinatesin which
x andy dier.

Since z 2 Rep(x), there is a box B with z 2
Refine(B), sudch that B is a left-maximal for x. De ne
the box C sudh that C; = B; for i 6 j and C; is equal
to the largest non-left ancestorof B; that is left of y;.
It followsthat C is left-maximal for vy.

Let L be the j-line through z. We claim that
upper(L\ C)\ Refine(C) 6 ;; if sowe canselectz®to
be any elemen of upper(L\ C)\ Refined(C) and then
z z%and z° 2 Rep(y). Suppose for cortradiction,
upper(L\ C)\ Refine(C) = ;, then by de nition L
belongsto BadLines(C). A simple induction shows
that for every j -descendan C%of C, L\ Refine(C9 = ;,
but this contradicts that z 2 B (since B is descendai
of C).

Finally we cometo the proof of [B4]. This is the
hardest part and we break it into a separatesubsection.

4.6 Proof that Build satises [B4] We want to
get an upper bound on the number of points x for
which x 62Rep(x) that holds with high probability. We
assumethroughout this analysisthat the random strings

succeedqin the sensede ned earlier.)
Let A(x) be the box [x1 1;x1] [x2 1;x2]
[X¢ 1;xg]. A(X) is left-maximal for x and so
Ref ine (A(x)) Rep(x). Soit suces to prove an
upper bound on the number of x for which x 62
Refine (A(x)).

For each box C, we de ne Lines{C), Refine{C)
and BadLines{C) in a way that parallels Lines (C),
Refine(C) and BadLines(C), the key di erence being
that we look over all points in C not just those in
Sample(C). LinesqC) is the set of all lines L sud
that jL\ Cj 4. Refine)C) is de ned to be the set
of x 2 C that are (i) acceptedby Sift, and (ii) not
contained in any line L that is in BadLinesY(P) for

somenon-left parent P of C. BadLinesYC) is the set
of thoselines L 2 Lines {C) of sizeat least 4 sud that
jL\ (C RefineqC))j jL\ Cj=8.
being xed, the functions Refine® Lines® and
BadLinesYP) are deterministic.

We say that Build succeedsif for all boxes B,
BadLines(B) BadLinesqB).

Lemma 4.2. The probability that Build fails is at most
no(do (1)

The proof is given in the full version of the paper.

Pr oposition 4.1. If Build suaeedsthen for each point
x, RefineqA(x)) Refine(A(x)).

Proof. Sample(A(x)) = A(x), and therefore y 62
Refine(A(x)) meansthat y is rejected by Sift or y be-
longsto BadLines (P) for somenon-left parent of A(x).
Since Build succeeds,BadLines(P) BadLines(P)
and soy 62Ref ine{A(x)). 2

Sonow it remainsto nd an upper bound on the
sizeof [ x(A(x) Refine(A(x)).

In Section 3.1, we dened (S) to be the union
of all intervals | 2 | for which jS\ [j5l]j We
adapt this de nition to the multidimensional setting.
Forj 2 [d], let '(S) bethe union overall j-linesL, of
the union of all | 2| (L), for which jS\ IjFl]

Let  (S)= o '(S) and ¥(S)isde ned by
(8)= (S)and X(S)= ( * X9).
We will show:
Lemma 4.3. SX A(x) Refineqx) d(S) wher S

is the set of points rejected by Sift and = 2 (4*2)

Assuming the lemma, we nish the proof of prop-
erty [B4]. By Lemma3.1, '(S) (2=)jSj, and there-
fore  (S) (2d=)jSj. Thus 9(S) (2d=)9jSj
which for the givenvalue of is 2°(¢*) times the number
of points rejected by Sift.

Soit remainsto prove Lemma 4.3.

Pro of of Lemma 4.3. We need some additional
de nitions. A cylinder is a box that for ead direction
j, is either degenerateor full. We say that C isa J-
cylinder if J is the set of full directions.

For j 2 [d], an ([n] fjg)-cylinder is also called
a j-hyperplane. For r 2 [n] we write H;(r) for the j-
hyperplane consisting of all points x with x; = r.

Note that there is a natural bijection betweena J-
cylinder C and the set [n}?1. Using this bijection, we
cande ne afamily of boxesB(C) contained in C and a
digraph ( C). Thus eadh box B 2 B(C) hasthe form



B, Bq where Bj = C; is a singleton for j 62J
andB; 21 forj 2 J. We write Cyl(B) for the unique
cylinder C such that B 2 B(C), this is alsothe unique
smallestcylinder containing B. We call C the cylinder-
type of B. The dimensionality of a box B, dim(B) is
the number of non-degeneratedirections.

We will nhow de ne a set BadBoxes of boxes. The
set BadBoxes is de ned as follows. Consider boxes
in increasing order of dimensionality. In other words,
take boxes B and B such that Cyl(B) is a J-cylinder
and Cyl(B9 is a J%cylinder. If jJj < jJY, then
B is considered before B®. For boxes of the same
dimensionality, we considerthem in decreasingorder of
size. Initially we consider O-dimensional boxes (points)
and declare such a box to be bad if and only if the
point is rejected by Sift. For a box B of dimension
at least 1, we put B 2 BadBoxes if (1) There is a
box BP of the same cylinder type as B that contains
B and is in BadBoxes. (Note that B° is considered
beforeB.) or (2) There is a non-degeneratedirection |
of B such that for at least 1=29*2 of the valuesr 2 Bj,
Hj(r)\ B 2 BadBoxes. (Note that ead box H; (r)\ B
has lower dimension than B and is considered before
B).

The lemma will follow from:

P1 For any full-dimensional box B 2 B, if x 2 B
Refine{B) there is a cylinder C containing x such
that that B\ C 2 BadBoxes.

S

P2 B 2B adB oxes B d(S)

Pro of of [P1] : Weprove[P1] by reverseinduction
onjBj. If B = [n]4, then x 2 B RefineqB) means
that x is rejected by Sift, in which casewe take C to be
the singleton cylinder fxg. By de nition, fxg= B\ C
belongsto BadBoxes.

SupposejBj < nd. If x is rejected by Sift we again
take C = fxg. Otherwise, sincex 2 B Refine{B),
there is a parent P of B and line L 2 BadLines{P)
with x 2 P\ L. Let j be the direction of L. Let
S=L\ (P Refined{P)). SinceL 2 BadLinesq(P),
iSj jL\ Pj=8. By induction, for eathy 2 S thereis a
cylinder C(y) such that C(y)\ P 2 BadBoxes. Let J(y)

bethe setof directions for which C(y) is non-degenerate.

If there existsay 2 S sucthat j 2 J(y), then C(y)\ B
is alsoin BadBoxesand x 2 C(y)\ B asrequired. So
assumej 62J(y) forally 2 S. Ford [d] fjg, let
SWJ) = fy 2 S:J(y) = Jg. By a simple averaging
argumert, there must be a J [d fjg sudh that
iS@)j jSj=2¢ 1 jL\ Pj=29*2. Extending C(y) in
direction j givesthe samecylinder C for all y 2 S(J ).
We then have P\ C 2 BadBoxes since for 1=29*2 of
r2 P, P\ C\ Hj(r) 2 BadBoxes. But then B\ C

has the samecylinder type asP \ C and sois alsoin
BadBoxes. This completesthe proof of [P1].

Pro of of [P2] We claim that for all B 2
BadBoxes, we have B 1(S) wherej = dim(B).
The proofis a straightforward induction onj = dim(B),
and is given in the full version of the paper.
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