On the Convergence of the Hegselmann-Krause System
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ABSTRACT

We study convergence of the following discrete-time non-
linear dynamical system: n agents are located in R? and at
every time step, each moves synchronously to the average
location of all agents within a unit distance of it. This pop-
ularly studied system was introduced by Krause to model
the dynamics of opinion formation and is often referred to
as the Hegselmann-Krause model. We prove the first poly-
nomial time bound for the convergence of this system in
arbitrary dimensions. This improves on the bound of O™
resulting from a more general theorem of Chazelle [4]. Also,
we show a quadratic lower bound and improve the upper
bound for one-dimensional systems to O(n®).

Categories and Subject Descriptors

F.2.2 [Nonnumerical Algorithms and Problems]|: Ge-
ometrical problems and computations
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1. INTRODUCTION

Lately, there has been a surge of attention given to network-
based dynamical systems, in which agents interact accord-
ing to local rules via a dynamic communication graph [7].
Much of the previous work has focused on the exogenous
case, where the communication topology is decoupled from
the evolution of the system. We refer interested readers to [3]
for a good overview of research in this area. In the more com-
mon, endogenous version, the communication graph changes
over time according to the current states. The feedback loop
between dynamics and topology creates considerable difficul-
ties, and efforts have been underway to build an algorithmic
calculus within the broad framework of influence systems [5].
This work investigates the complexity of Hegselmann-Krause
systems (abbreviated as HK system from now on), a popular
model of opinion dynamics that has proven highly influential
over the years [1, 8, 9, 11, 13] and stands as the archetype
of a diffusive influence system [6]. In the d-dimensional ver-
sion of the model, each agent has an opinion represented as
a point in RY. Two agents are neighbors if they are within
unit distance from each other. At every time step, each
agent moves synchronously to the mass center of its neigh-
bors.

HK systems are known to converge [10, 12, 16], meaning
that they eventually come to a full stop. The convergence
time has been bounded by n°™ time and conjectured to
be polynomial [4]. In the case d = 1, it was shown to be
O(n®) [14] and later improved to O(n*) [18]. The contri-
bution of this work is threefold: first, we prove that the
convergence time is indeed polynomial in n, regardless of
the dimension; second, we lower the one-dimensional bound
from O(n*) to O(n?); third, we establish a quadratic lower
bound, which improves the known bound of Q(n) [14]. We
also consider noisy variants of the model.

The bidirectionality of the system plays a crucial role in
the proof, as it should. Indeed, it is known from [5] that
allowing different radii and averaging weights for the agents
can prevent the convergence of the communication graph.
Our proofs are an elementary mix of geometric and algebraic
techniques. Much of the current technology for HK systems
centers around products of stochastic matrices. This work
injects a geometric perspective that, we believe, will be nec-
essary for further progress on the more difficult directional
case.



2. PRELIMINARIES

We formally define the discrete-time HK system in dimen-
sion d as follows. There are n agents. For every t € Z>°
and for every i € [n], the position of agent i at time ¢ is
xi(t) € R The positions at t = 0 are given and, thereafter,
are updated synchronously according to the following rule:

x;(t)
. (1)

itllx; () —x; (£)]| <1
Xi(t+1):JHX(> x5 (Ol

Jillxi (B)—x; () [|<1

Here, || - || denotes the Euclidean norm. We say that agents
1 and j are neighbors at time ¢ if ||x;(¢) — x;(¢)|| < 1, and
we denote the neighborhood at time t of agent ¢ by N;(t) =
{j : i and j neighbors at time ¢t}. Note that if i € N;(¢),
then j € Ni(t). Also for a given x € R? we define the
weight of x at time t to be wy(x) = |{i : x;(t) = x}|. Note
that at any given ¢, 0 < wi(x) < n for all x € R? and
that the sum of all weights equals n. Also, let the weight of
agent i at time t denote we(x;(t)). The weight of an agent
is monotonically non-decreasing with time. The system is
said to have converged at time ¢ if x;(¢t + 1) = x;(¢) for all
i € [n].

In the case of one dimension, one can observe that order
is preserved:

PROPOSITION 2.1  (LEMMA 2 IN [11]). The HK system
in dimension 1 preserves order of positions. That is, for
any i,j € [n], if ;(0) < x;(0), then x;(t) < x;(t) for all
t>0.

For this reason, in one dimension, we can number the agents
from 1 to n such that z1(t) < z2(t) < -+ < x,(¢) for all
t > 0. The one-dimensional system also has the following
decomposability property:

PROPOSITION 2.2  (PROPOSITION 2 IN [3]). Supposed =
1. If at time t, and for some i € [n], |xiy1(t) — zi(t)] > 1,
then for all t' >t also, |xiy1(t") — zs(t')] > 1. So, the sys-
tem can be decomposed into two subsystems, one consisting
of agents {1,...,i} and the other of agents {i + 1,...,n},
each evolving independently after time t. [

Therefore, if at time ¢, an agent has no neighbor strictly to
its left and no neighbor strictly to its right, it never moves
subsequently, and we say that the agent has frozen at time
t.

This decomposability property is not true in higher di-
mensions. For instance, consider the two-dimensional HK
system with agents at positions (0,0), (1,0) and (!/2, 1); the
third agent does not neighbor any other agent at ¢ = 0, but
this is not so at ¢t = 1.

3. CONVERGENCE IN ONE DIMENSION

THEOREM 3.1. The HK system in 1 dimension converges
within O(n®) time steps.

PROOF. Recall that we number the agents such that z;(t) <
z;41(t) for all ¢ and all ¢ € [1,n — 1]. Suppose the system
has not already converged at time ¢, and let £(¢) denote the
leftmost non-frozen agent, i.e., the least ¢ > 1 such that
{zi(t) : i € Ne(t)} # {xe(t)}. Note that at time ¢, agent £(t)
must have at least one neighbor strictly to its right and no

neighbor strictly to its left (because any neighbor strictly to
the left would violate minimality of £).
The following lemma is the heart of our proof.

LEMMA 3.2. For every t > 0, by time t + 2, agent £(t)
increases in weight, or gets frozen, or moves to the right by
at least #

PRrROOF. Fix t, let £ = £(t), and let r = min{j : z;(t) >
x¢(t)} be the leftmost agent that is strictly right of agent £.
Agent r is a neighbor of ¢ because ¢ has at least one neighbor
strictly to its right. If AVy(t) = N;(t), agent £ at time ¢ + 1
moves to the same location as agent r does and increases
its weight. So, suppose otherwise. Since £ has no neighbor
strictly to its left, r also does not have any neighbor strictly
left of ¢. Hence, there must exist s € N, (t) \ Ne(t) strictly
to the right of 7.

We now show . (t+ 1) > z¢(t) + L. Observe that @4 (t) —
xe(t) > 1. So, if § = xr(t) — z¢(t) and k = [N, (t)|, then
agent r moves to the left by at most:

1

§-(k—1)—(1—-0)-1 1
k =9 k <9 n
If z¢(t + 1) > we(t) + 5, we are already done. Otherwise,
@(t + 1) — xe(t + 1) > 5. By Proposition 2.2, agent ¢
still has no neighbor strictly to its left at time ¢t + 1. If
zr(t + 1) — z¢(t + 1) > 1, then agent £ gets frozen at time
t+ 1. Otherwise, o~ < z,(t+ 1) — z¢(t + 1) < 1, and so:

2n
> b 1
T on|N(t+1)] T 2n2

xe(t + 2) — xg(t +1)
O

We can assume z,(0) — z1(0) < n without loss of gen-
erality, because otherwise, by Proposition 2.2, the system
can be decomposed into independently evolving subsystems.
So, zn(t) — z1(t) < n for all t. Now, apply Lemma 3.2 at
t=0,2,4,... as long as the system has not converged and
£(t) exists. £(t) can increase in weight only at most n times.
Also, because £(t) is non-decreasing with t, zoy2)(t +2) >
Zg+)(t + 2) and, hence, the third case in Lemma 3.2 can
occur only at most 2n® times. Thus, after t > 2(n + 2n%),
Lemma 3.2 cannot be applied, and the system must have
converged.

3.1 Noisy neighborhoods

In this subsection, we study an extension to a noisy version
of the HK model. We consider the following system HK,
where n € (0,1) is a parameter. There are n agents, and
each agent has an associated left-neighborhood parameter n;
that is in the interval (0,7). The positions at ¢ = 0 are
given, and then, the positions are updated according to the
following rule:

;(t)
Ji—1+ni<z; () —=; (1)<1
1

Ji—14m; <z () —z; (¢)<1

zi(t+1) = (2)

One can interpret the 7;’s as noise acting on the left side
of each agent’s neighborhood. We can prove the following
extension of Theorem 3.1 to HK,,.

THEOREM 3.3. For fized n € (0,1), the HK,, system con-
verges within O(n®) time steps.



Proor. The proof proceeds similarly to that of Theo-
rem 3.1. We say that agent j is a neighbor of agent i at
time ¢ if —1 4+ 7 < x;(t) — x4(t) < 1. Conceptually, the
main complicating issue is that being neighbors is no longer
a symmetric relation. Also, Proposition 2.1 is no longer true
as order may not be preserved by the dynamics.

Let £(t) denote the leftmost agent at time ¢ that neighbors
at least one agent positioned strictly to its right. Notice
that this implies there is no k such that 0 < z,) — zx <
1, because agent k would neighbor £(t) and hence violate
the minimality of £(t). We prove the following analog of
Lemma 3.2.

LEMMA 3.4. For every t > 0, by time t + 2, agent {(t)
increases in weight, or gets frozen, or moves to the right by
at least #

PROOF. Let £ = £(t) and let r be the leftmost neighbor of
L. Iy (t)—xe(t) > 1—ny, then zp(t4+1) > Q=nr)/n > A=n)/n,
and we are already done. So, assume otherwise.

Then, agent ¢ is a neighbor of agent r. Since ¢ has no
neighbor strictly to its left within a distance of 1, r also has
no neighbor strictly to the left of /. Now, we can use the
same argument as in the proof of Lemma 3.2 to argue that
either agent ¢ freezes at time ¢+ 1 or at time ¢ 4 2, it moves
to the right by at least ﬁ |

The rest of the proof can be finished in exactly the same
way as the proof of Theorem 3.1.

By symmetry, Theorem 3.3 also applies when the right
side of each agent’s neighborhood is perturbed and the left
side is fixed. The case when both sides are perturbed re-
mains open; convergence for such heterogeneous HK systems
is conjectured [15].

4. CONVERGENCE IN HIGH DIMENSIONS

In this section, we consider the HK system in d dimensions
with n agents and d > 2. We show that the convergence time
is polynomial in both n and d.

The proof follows from a sequence of lemmas. The first
lemma asserts that there is some vector a such that tak-
ing the projection of agents on a does not bring two non-
neighbors too close together.

LEMMA 4.1. For every t, there exists a unit vector a such
L xi(t)—x;(t)
[ENOEEIO]]

that for any two agents i,j, we have |a
Q(n=2d71).

ProoF. Let d;; = ‘xi(t)_xj(t) We can view d;; as

[x; (t)—x; ()
a point on S¢7!, the unit ball in RY. The set of points
on S with dot product with d; ; of absolute value at

most O(n~2d™") has area nc-2/2 The area of S¢*

nZd-T((d—2)/2)"
lngTd//;). There are (g) pairs ,j, and so, by a volume

argument, there exists a point a € S?~! such that for all ¢
and j, |di; -a] = Q(n~2d7Y). O

is

The next lemma analyzes the one-dimensional system formed

by projecting onto a and shows a lower bound on the total
movement in each step.

LEMMA 4.2. Assume that at time t, the system has not
converged. One of the following cases happens.

— Two agents move to the same location at time t + 1.

- Some agent moves by at least Q(n"*d ™).

PRrROOF. Let a be a unit vector satisfying Lemma 4.1 and
j be the agent with minimum x;(¢) - a among agents with
neighbor at time ¢. Consider two cases.

Case 1.
4 has a neighbor 4 such that (x;(t)—x;(t))-a = Q(n=3d™").
Because (x5 (t)—x;(t))-a > 0 Vk, j must move by Q(n~"*d ™).

Case 2.

All neighbors i of j satisfy (x;(t) —x;(t))-a = O(n~3d™").
If none of them has any neighbor that is not j or j’s neigh-
bors, then they all move to the same location at time t + 1.
Otherwise, some neighbor ¢ of j has a neighbor k that is not
a neighbor of j. Then (xx(t) — x;(t)) -a = Q(n"2d™"'). We
have

xi(t+1)-a
(k) =% (1) -a+ (n = 1)(x; (1) —xi(t) -a

>x;i(t) -a+ -

>xi(t) + Q(nd™)

Thus i moves by at least Q(n"3d™'). O

We now use the following special case of a result from [17]
to show the existence of a potential function which is strictly
decreasing as long as some agent moves. The proof is in-
cluded for completeness.

THEOREM 4.3  ([17], THEOREM 2). Let f/; : R?xR?* —
R be defined as follows: f!;(z,z') = ||z — 2’| if ||xi(t) —
x;(t)|| <1 and fi;(z,2') =1 otherwise. Let

V(t)= D fi(xi),x;(1)
i,j€[n]

Then V' is non-increasing along the trajectory of the system.
In fact:

V() — V(t+1)
> 3 kit +1) = xi(8), %, () — x;(t + 1))

i,gif} ;71

> Z‘ll\xz'(t +1) = xi(t)]?

PrOOF. First, notice that ffjl(xi(t +1),x;(t+ 1)) <
Jis(xi(t+1),x;(¢t + 1)) Vi, j. Next, we will show

D A5 oxa(8), %, (1)) = £y (ealt + 1), 3, (¢ 4+ 1)
= 2

s3€ln]:ff ;#1

Fig (it +1) = xi(t), %;(8) — x;(t +1))

Let F : (RH)" x (RY)™ — R be defined as F(x,y) =
Ei,j:fi7j$1 fi;(xi,y;). Then x(t +1) = argming F(x(t),y).
We can also view F' as 2 matrices A, B and F(x,y) =
xTAx + yT Ay — 2xT By where A, B are symmetric and A



is positive semidefinite. We have x(t + 1) = A™' Bx(t).

F(x,x) — F(A™'Bx, A" Bx)
=2x"(BA™'(A-B)A"'B+ A— B)x
=2x"(BA"'B—-BA 'BA™'B+ A - B)x
=2x"(I - BA™")(A+ B)(I — A"'B)x
=F((I-A'B)x,—(I — A"'B)x)

|

THEOREM 4.4. The system converges in poly(n,d) time.

PROOF. There are at most n time steps where two agents
move to the same place. In all other time steps, by Lemma 4.2,
some agent moves by at least Q(n~*d™'). We have V(0) <
n? and V(t) > 0 Vt. Therefore, by Theorem 4.3, the number
of time steps before the system converges is O(n'°d?). O

S. LOWER BOUND

In this section, we give an instance of an HK system that
requires (n?) steps to converge. Our example is in two
dimensions, and we know of no example that takes longer
time even when the number of dimensions is large. The
previous best lower bound on the convergence time [14] was
Q(n), which is achieved by m points on a line with unit
distance spacing between each pair of consecutive points.
This is still the worst example we know of in one dimension.

Our lower bound is achieved by the following system.
There are n agents in the system and initially, they are lo-
cated at vertices of a regular n-gon with side length I; = 1.
Label the agents clockwise around the polygon from 0 to
n — 1. Let O be the center of the polygon and A; be the
location of agent i. For notational convenience, all index
computation is done modulo n (so if ¢ = 0 then A;_; is
An_1).

THEOREM 5.1. The system described above requires at least
Q(n?) steps to converge.

PRrOOF. We will prove by induction that for all ¢ < n?/28,
A;’s are vertices of a regular n-gon with side length I, >
1-2)"

By the initial state of the system, the invariant holds for
t = 1. Assume that it holds before step t = k, we will show
it holds before step t = k + 1 < n?/28.

We analyze the movement of agent i from A; to A} in one
step (see Figure 1). Note that ZA;0A;11 = %’T For any
jé&{i—1,4,9+ 1}, we have

SIH(ZAZOAJ)

OA, sin(‘%’)
- sin(L"*‘l))

s sm(M) sin(4r)

m(n—4)
2n )

AiA; =

sin(2%) sin(
2 2
s 4
22 |1 - — 11— —
>1

Thus, for j & {i—1,4,i+1}, agents ¢ and j are not neighbors.
A; moves to the centroid of A;, A;—1, Ai;+1 and by symmetry,

Figure 1: In one time step, agent i moves from A;
to Ai, the centroid of Ai, Aifl, Ai+1

the locations of the agents are vertices of a new regular n-
gon centered at O and with a smaller side length [511. We
have

OA;
lky1 = lk

1 2HA;

30A4;

21y, sin(Z) sin(2T)
1- w(n— 2)” lk

3l sin( ( )
(1 )

Thus, the system requires at least n?/28 steps to con-
verge. [

6. DISCUSSION

In this paper, we analyzed the convergence rate of the ho-
mogeneous HK system in arbitrary dimensions. The system
is shown to converge in polynomial time, but can take at
least a quadratic number of steps in the worst case. Getting
tight bounds on the convergence time of the system, even in
just one dimension, remains an interesting open problem.

A particularly interesting challenge is to analyze the het-
erogeneous version of the HK system, i.e. when the neigh-
borhood radii of all the agents are not necessarily the same
[15]. New ideas are needed to understand the behavior of
this system in particular, and directional systems in general.
Our analysis of a noisy variant of homogeneous HK system
is a step towards studying more complicated directional sys-
tems.

Beyond convergence rate, the behavior of the homoge-
neous HK system is still full of mysteries. Most notable
perhaps is the 2R conjecture [2]: when agents are drawn uni-
formly at random on an interval, they converge to clusters
at distance close to twice the minimum possible inter-cluster
distance. Resolving this conjecture remains well beyond our
understanding of the system.
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