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Abstract. We revisit classical geometric search problems under the assumption
of rational coordinates. Our main result is a tight bound for point separation, ie,
to determine whethet given points lie on one side of a query line. We show that
with polynomial storage the query time@(log b/ log log b), whereb is the bit
length of the rationals used in specifying the line and the points. The lower bound
holds in Yao's cell probe model with storagerif/") and word size in®"). By
duality, this provides a tight lower bound on the complexity on the polygon point
enclosure problem: given a polygon in the plane, is a query point in it?

1 Introduction

Preprocess points in the plane, using”(!) storage, so that one can quickly tell whether

a query line passes entirely below or above the points. Jdiigt separatiorproblem is

dual to deciding whether a query point lies inside a convex polygon. As is well known,
this can be done i®(logn) query time andD(n) storage, which is optimal in the
algebraic decision tree modéll([8,9]. This is suitable for infinite-precision computati-
ons [3.,4,20], but it does not allow for bucketing or any form of hashing. Unfortunately,
these happen to be essential devices in practice. In fact, the computational geometry
literature is rife with examples of speed-ups derived from finite-precision encodings of
point coordinates, eg, range searching on a grid [17], nearest neighbor searching [11,12],
segment intersection [13], point locatidn [16].

To prove lower bounds is usually difficult; even more so when hashing is allowed.
Algebraic models are inadequate and one must turn to more general frameworks such as
the cell probe model [18] or, in the case of range searching, the arithmetic miodeél [7,19].
As a searching (rather than computing) problem, point separation lends itself naturally
to the cell probe model and this is where we confine our discussion. Our main interest
is in pinpointing what sort of query time can or cannot be achieved with polynomial
storage. Note that some restriction on storage is essential since constant query time is
trivially achieved with exponential space.

Let P be a set of points in the plane, whose coordinates are rationals of thegggm
wherep andq areb-bit integers. A cell probe algorithm for point separation consists of a
table of sizen®, with each cell holding up to? bits, for some arbitrarily large constants
¢, d. A query is answered by looking up a certain number of cells and outputting yes or

* This work was supported in part by NSF Grant CCR-96-23768, ARO Grant DAAH04-96-1-
0181, NEC Research Institute, Ecole Polytechnique, and INRIA.

J. Nésetil (Ed.): ESA'99, LNCS 1643, pp. 350=3b5, 1999.
(© Springer-Verlag Berlin Heidelberg 1999



Geometric Searching over the Rationals 355

no, depending on the information gathered. For lower bound purposes, the query time
counts only the number of cells that are looked up during the computation.

Theorem 1. Given any cell-probe algorithm for point separation, there exist an input
of n points and a query line that requir@(log b/ log log b) time. The lower bound is
tight.

The upper bound can be achieved on a standard unit-cost RAM. Take the convex
hull of the points and, given the query line, search for the edges whose slopes are nearest
that of the line. Following local examination of the relative heights of the line and
edge endpoints, conclude whether there is point separation or not. This is elementary
computational geometry and details can be skipped. The main point is that the problem
reduces to predecessor searching with respect to slopes (rational numbetsiover
bits), which can be done optimally using a recent algorithm of Beame and Fich [2]. Their
algorithm preprocessesintegers in0, N1, so that the predecessor of any query integer
can be found irO(log log N/ log loglog N) time, usingn®!) storage. By appropriate
scaling and truncation, their scheme can be used for predecessor searching over the
rationals, with the query time becomig(log b/ log log b), for rationals withO(b)-bit
numerators and denominators.

2 The Complexity of Point Separation

The input consists of a sét of n points inR?, which is encoded in a tablE of size

n¢, wherec is an arbitrarily large constant. To simplify the notation we can replace

by max{¢, d}, and require that each cell should hold at most ¢ bits. A cell probe
algorithm is characterized by a table assignment procedure (ie, a function mapping any
P to an assignment of the tabléto actual values) together with an infinite sequence of
functionsf;, f2, etc. Given aquery(ie, a certain line ilR?), we evaluate the indef (¢)

and look up the table entf§[f, (¢)]. If T[f1(¢)] encodes whethetseparates the point

set or not, we answer the query and terminate. Otherwise, we eval(&t&[f1(¢)])

and look up the entr¥'[ f2(¢, T'[f1(¢)])], and we iterate in this fashion until a cell probe
finally reveals the desired answer. Note that such a framework is so general it easily
encompasses every known solution to the point separation problem.

We use Miltersen’s reformulation[15] of a cell probe algorithm as a communication
complexity game between two players([14]. Alice chooses & sef candidate queries
(ie, a set of lines in the plane), while Bob decides on a colledpaf n-point sets. Note
that each paif?, P) € £ x P; specifies a problem instance. Alice and Bob’s task is then
to exhibit a problem instandg, P) € £; x P; that required2(log b/ log log b) probes
in T' to answer. They do that by simulating each probe by a round in a communication
complexity game.

The n¢ possible values of the indek (¢) partition £, into equivalence classes.
Alice chooses one of them and sends to Bob the corresponding vafu@ pfOf all the
possible2™ assignments of the entf¥[f; (¢)] Bob chooses one of them and narrows
down his candidate sé®; to the setP; of point sets leading to that chosen value of
T[f1(¢)]. Bob sends back to Alice his choice 8 f1(¢)]. Knowing ¢ and T'[f;(¢)],

Alice chooses a value fof; (¢, T'[f1(¢)]) and communicates it to Bob, etc. Each round
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k produces a new paj’;1, Pr+1) With the property that, for all queries ify,; and
all point sets inP;1, Bob and Alice exchange the same information during the first
k rounds, which are thus unable to distinguish among any of the problem instances in
L1 X Pry1-

We say a query line (resp. point setaiiveat the beginning of roundif it belongs
to L. (resp.P). The setl;, x Py is calledunresolvedf it contains at least two problem
instanceq¢, P) and (¢', P") with different yes/no outcomes: in such a case, Bob and
Alice need to proceed with rourkd and the cost of the protocol (ie, the minimum number
of rounds necessary) is at ledstWe show that for some suitable= n(b), given any
cell probe table assignment procedure, there exist a startingy sgtquery lines and a
starting collectiorP; of n-point sets in the plane that allow Bob and Alice to produce a
nested sequence of unresolved sets

L1 xPr2---2 L X Py,

wheret = O(log b/ loglogb).

The protocol between Bob and Alice builds on our earlier work on approximate
searching over the Hamming cuhé [5], which itself borrows ideas from the work of
Ajtai [1] on predecessor searching. A protocol for predecessor queries of a similar flavor
was recently devised independently by Beame and Eich [2].

2.1 Points and Lines

Let p; denote the pointi,i*), and giveni < j, leta;; = 1(i + j,i* + j%) andb;; =
((¢ +4)/2,47). Any of Bob’sn-point setsP is of the form

P = {pilaXi1i27pi2aXi2i37 DR 7pis_1ins_lisapis }a

for somei; < --- < i5, Wheren = 2s — 1 and X denotes the symbal or b (not
necessarily the same one throughout the sequence). Phaan be specified by an
index setl = I(P) = {i1,... ,is} consisting ofs distinctb-bit integers and a bit vector
o = o(P) of lengths — 1 specifying theX's. For technical reasons, we require that all
the integers of the index sétbe even.

The starting query sef; consists of the lines of the forny, = 2kx — k2, for all
odd b-bit integersk. Note that this is the equation of the line throughtangent to
the parabolay = 2. The number of bits needed to encode any point coordinate or
line coefficient is2b (and notb, a minor technicality). Note that the problem does not
become suddenly easier with other representations sueh asgy = 1, and that for
the purposes of our lower bound, all such representations are essentially equivalent. The
following is immediate.

Lemma 2. Letp;; andp;,,, be two points of” and let/ be the liney = 2kz — k2,
wherei; < k < i;41. The linel separates the point sét if and only if the symbak
in X is of typeb.

t5ij41
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<—__— query lines

Fig. 1. A set P with n = 7 points and two queries with different answers.

2.2 A Hierarchy of Tree Contractions

Keeping control of Alice query lines is quite simple. The same cannot be said of Bob’s
point sets. Not only Bob’s collections of point sets must be kept large but they must
include point sets of all shape (but not size; remember that theimsigdixed). This
variety is meant to make the algorithm’s task more difficult. Some point sets must
stretch widely with big gaps between consecutive points, while others must be confined
to narrow intervals. For this reason, we cannot define point sets by picking points at
random uniformly. Instead, we use a tree and a hierarchy of contractions of subtrees to
define intervals from which we can specify the point sets.

Consider the perfect binary tree whose leaves (hodes of dgptirrespond to the
integerd) through2® — 1, and let7; denote its subtree of depthsharing its root, whefe

_ | _logb 2
t= {QIOglong and d=|c"logb| @)

We assume throughout that the bit sizand the constantare both suitably large.
Note thath greatly exceeds® and so the tre; is well defined. Given a node of the
tree 7y, let 71 (v) denote its subtree of depiti— rooted at. Contractall the edges of
T1 except those whose (lower) incident node happens to be a I€gf of, for some
nodew of depth at mostl’ — d‘~! and divisible byd?—!. This transforms the tre®;
into a smaller one, denotéd, of depthd. Note that the depth-one subtree formed by an
internal node of ¢4, and its2¢" " children forms a contraction of the trée(v) (Fig2).

Repeating this process leads to the constructiotf;ofor 1 < k& < t. Given an
internal nodev of U, _1, the depth-one tree formed hyand its children is associated
with the subtred;,_, (v), which now plays the role of; earlier, and is renamef.. For
any nodeu: € T;, of depth at most' —*+! — d*~* and divisible byi*~*, let 7, (v) denote

L All logarithms are to the base two.
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Fig. 2. The tre€7; and its contraction intd; .

the subtree of;, of depthd’~* rooted atu: as before, turn the leaves Bf(u) into the
children ofu by contracting the relevant edges. This transfofipgito the desired tree
U, of depthd.

The contraction process is the same folkadt ¢, but not fork = ¢. We simply make
all the leaves of; into the children of the root and remove the other internal nodes, which
produces a depth-one trggwith 2¢ leaves. Althoug!y}, is defined nondeterministically,
it is always a perfectly balanced binary tree of degith**!.

Lemma 3. Any internal node of any/;, has exactlyzd“k children if k < ¢, and 2¢
childrenifk = t.

A - S
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\V \
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Fig. 3. The hierarchy of trees.
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2.3 A Product Space Construction

We define anyP, by means of a distributio®;. We specify a lower bound on the
probability that a random point sét. drawn fromDy, is active prior to round, ie,
belongs taPy.

e DistributionD,: Arandomp; is defined by picking a random index ge{more on this
below) and, independently, a random bit veetpuniformly distributed in{0, 1}~ I,

is defined recursively interms @4, . . . , I;. Eachliy, is defined with respect to a certain
treeld;.. Any nodev in anyly, is naturally associated with an interval of integers between
0 and2? — 1 of size larger than any fixed constant (go back to the noaofe7; to which

it corresponds to see why): call the smallest even integer in that intervadahepoint

of v. We define a random index shtby settingk = 1 in the procedure below:

— For k = t, a randomI;, (within some7;) is formed by the mark points af®

nodes selected at random, uniformly without replacement, among the leaves of the

depth-one treéf;.

— Fork < t, arandoml;, (within someT7}) is defined in two stages:

[1] For eachj = 1,2,...,d — 1, choosew® nodes ofi4, of depthj at random,
uniformly without replacement, among the nodes of depthat are not des-
cendants of nodes chosen at lower depthj}. The (d — 1)w® nodes selected
are said to b@icked byr;,.

[2] Foreach node picked byi}, recursively choose a randakp, ; within 7,1 =
Tr(v). The union of theséd — 1)w® setsly; forms a randont;, within 7.

Note that a randon®; (drawn) fromD; is active with probabilityl since no in-
formation has been exchanged yet between Bob and Alice. We see by induction that a
randomI}, consists ofs = (d — 1)!~*w®(~*+1) integers. Setting = 1, and using the
fact thatn = 2s — 1, we have the identity

n=2(d—-1)""tw - 1. 2

e DistributionD;,:  We enforce the following

e point set invariant: For anyl < k < t, a randomP; from D, is active
with probability at leasp—".

By abuse of terminology, we say thBt € D, if sampling fromD;, producesP;, with
nonzero probability. Once the probability of a point set is zero in sPpdt remains
so in all subsequent distributiod; (j > k), or put differently,

Dy 2 2 Ds.

Let P, = (I1,01) be an input point sefp;,, X;,is,- - , Xi._yi., i} in D1. In the
recursive construction df, if v is a node ot{;, picked byI}, in step [1], let{iq, ... ,ip}
be thel;;, defined recursively withiff; 11 = 7x(v). The set

def
Pl'l) = {piaaXiaia+1a ce 7Xib,1ibapib }
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is called thev-projectionof P;. Similarly, one may also refer to theprojection of any
P; (j < k), which might be empty. Obviously, it is possible to speak of a randgm
(with v fixed), independently of any;, as the point set formed by a randdmand a
uniformly distributed random bit vectar;, of size|I;| — 1. It is this distribution that
will be understood in any further reference to a randem
Assume that we have already defirgg, for & < ¢. A distributionDy, is associated
with a specific tre€f;.. To defineDy, 1, we must first choose a noadn I/, and make
Tri+1 = Tr(v) our reference tree fdPy11. Any n-point set ofD;, whose probability is
not explicitly set below is assigned probability zero unfgr ;. Consider each possible
point setP, in turn (for v fixed), and apply the following rule:
— If Py, is thev-projection of someP; in P, then take or@sucth, and set its
probability underDy, , ; to be that of pickingP,, randomly.
— Otherwise, take onB;, € D;, whosev-projectionisP,,, and again setits probability
underDy, to be that of picking?|, randomly.
During that roundk, Bob reduces the collection of active point set€ip,; to form
Pr+1- To summarize, a rando, is defined with reference to a specific trée Note
that the distributiorD;, is isomorphic to that of a randoi,,,, for fixedv € U, or
equivalently, a randorfi/y, o), whereoy, is a uniformly distributed random bit vector
of size|I;| — 1.

2.4 Alice’s Query Lines

As the game progresses; decreases in size to produce the nested sequénce

--- D L,. Prior to roundk, the currently active query sg}; is associated with the same
reference tred;, used to define a randoi,. As we observed in the last section, each
node ofi;, corresponds to a unique interval of integergir®). By abuse of notation,
we also let’;, designate the set of integeislefining the lineg = 2jx — j2 in the set.
We maintain the following:

e query invariant: For anyl < k < t, the fraction of the leaves i, whose
intervals intersecty, is at leastl /b.

Lemma 4. If £, andP; satisfy their respective invariant, theh x P, is unresolved.

Proof. Suppose thaf, satisfies the query invariant and thiatx P, is not unresolved:
we show thatP; must then violate the point set invariant. For each leaf/ofvhose
interval intersects,, pick onej; € £, in that interval. By Lemma&l3 and the query
invariant, this gives us a sequenge< - - - < j,, of length

2d
> .
m> 3)
Given P, € D;, we define thespreadof P;, denoted spredd;), as the number of
intervals of the fornij;, j,11] (0 < ¢ < m) that intersect the index sétP;) (Fig[d); for
consistency we writgy = 0 andy,,,1 = 2° — 1. Suppose that the spreg#] is defined

2 It does not matter which one, but it has to be unique.
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by some fixed se$ of size less tham*. Of them + 1 candidate interval§j;, j;+1], a
randomI; must then avoidn + 1 — |S| of them. Although such an interval may not
always enclose a whole leaf interval, it does contain at least one mark point, and so the
choice ofl; is confined to at mos2? — m — 1 + | S| leaves ol4;. Thus, the probability

that the spread is defined Byis bounded by

<2d+|SJU;m—1)/<ZZ> (- m;d\Sl)“’s.

Summing over allS’s of size less tham?, it follows from (3) that

Prob {sprea(ﬁPt) < “ﬂ <> (m;— 1) (1 - %)ws <o v 4)

k<w?

Fig. 4.A spread of3 determined byjo, ji], [j2, 73], [j4, J5]-

Suppose now that the spread is at leaktThen
Pt = {pi1 ) Xi1i27pi27Xi2i3a s 7pi5717Xi571i57pis }

includes a subseP* of at leastw* — 1 pointsp;, every one of which can be paired
with a liney = 2kx — k2 of L, wherei; < k < i;4;. Pick a randonP; from D,, and

let = denote the event: “all queries frofy give the same answer yes/no with respect
to point setP;.” By Lemmal2, theX;, ;. ,’s are all of the forma;, ;, ., or all of the
formb;, ;,., (no mix). As we observed earlie®, is isomorphic to the distribution of a
random(1;, o;), whereo, is a string ofw® — 1 bits (drawn uniformly, independently).
The constraint on th&’s reduces the choice of a randdmby a factor of at Iea§w4—2,
and hence,

Prob [E| spreadP;) > wﬂ < 92w’ (5)
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Putting togethe{#5), we find

Prob[ Z] = Prob[ = | spreadP;) < w*] - Prob[spreadP;) < w*]
+ Prob[ = | spreadP;) > w* | - Prob[spreadP;) > w*]
< 2—11)4 + 22—1114 < 2—w2

which violates the point set invariant.

During the k-th round, Alice chooses an index in Bob’s table. As we discussed
earlier, the set ofi¢ possible choices partitions her current query&ginto as many
equivalence classes. An internal nadef U}, is calledheavyif one (or more) of these
classes intersects the intervals associated with a fraction atlldast the children of
v. The following is a variant of a result of Ajtdi[1].

Lemma 5. The union of the intervals associated with the heavy nodég abntains
at least a fractionl /2b of the leaves’intervals.

Proof. Fix an equivalence class and color the node&,ofvhose intervals intersect it.
Mark every non-root colored node that is heavy with respect to the equivalence class.
Then, mark every descendantlify of a marked node. LeV be the number of leaves

in Uy, and letV; be the number of leaves b, whose depth-ancestor irif), is colored

and unmarked (we includeas one of its ancestors). Fpr> 1, an unmarked, colored,
depths node is the child of an unmarked, colored, depth-(1) node that is not heavy

for the chosen class, and 85 < N;_;/b. We haveN; < N and, for anyj > 0,

N

N; < =

Repeating this argument for all the other equivalence classes, we find that all the
unmarked, colored nodes (at a fixed depth 0) are ancestors of at most N/’ —*
leaves. This implies that the number of unmarked, colored leaves is abfégh? 1 <
N/2b. (This follows from [1[2).) The query invariant guarantees that at [¥gsteaves
of Uy, are colored and so at leaSY/2b are both colored and marked. It follows that the
marked nodes whose parents are unmarked are themselves are ancestors 6f A2beast
leaves: all these nodes are heavy.

Alice’s strategy is to keep her active query sets as “entangled” as possible with Bob’s
point sets. Put differently, ideally the two should form a low-discrepancy set syistem [6]
(at least in the one-way sense). The next result says that this is true on at least one level
of Uy, where many heavy nodes end up being picked by a rangom

Lemma 6. Forany0 < k < t, thereisadepth (0 < j < d) such that, with probability
at Ieast2‘w2‘1, a randompP,, from Dy, is active and its index sdf, picks at leastv?
heavy depth-nodes in its associatdd,.
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Proof. Recall thatD, is isomorphic to a randorfYy, o). Fix o, once and for all. The
heavy nodes dff;, are ancestors of at least a fractibf2b of the leaves (Lemnia 5). It
follows that, for somé < j < d, at least a fraction /2bd of the nodes of deptlj are
heavy. Among thesd, may pick only those that are not picked further up in the tree:
this caveat rules out fewer thalw® candidate nodes, which by Lemiida 3, represents a
fraction at mostiw® /2¢ of all the nodes of deptfi. So, it appears that among the set of
depths nodes that may be picked Wy, the fractiona of heavy ones satisfies

a > (ﬁ—dw%ﬁl)/(l—dw%*d) > ﬁ

The index setl;, picks w® depths nodes ofif;, at random with no replacement. By
Hoeffding’s classical bound5[10], the probability that the number of heavy ones picked
exceeds the lemma’s targetwof is at least

1— 672105((171/102)2 >1-— 27103.

It follows from the point set invariant and the independencdo0énd o} that, with
probability at leasR %" — 2‘“’3, a randompP;, is active and its index sd, picks at
leastw® heavy depthi nodes in its associatéd,. O

2.5 Probability Amplification

During thek-th round, Bob sends to Alice the contents of the €&l (¢, T'[f1 ()], . . . )]
The 2" possible values partition the current collectiBp of active point sets into as
many equivalence classes. We exploit the product nature of the distriliytitmamplify
the probability of being active by projecting the distribution on one of its factors.

Lemma?7. For any0 < k < t, there exists a heavy nodeof U such that, with
probability at leastl /2, a randomPy_; drawn from the distributiorDy ; associated
with 71 = Tk (v) belongs toPy.

Proof. We refer to the depth in Lemma[. Letp|s denote the conditional probability
that a randon®;, from D;, belongs tdP;, given thatS is exactly the set of heavy nodes
of depthj picked byI,. Summing over all subsefs of heavy depthf nodes of size at
leastb?,

Z Prob[.S = set of heavy deptly-nodes picked by, | - p|s
g

is the sum, over alb, of the probability thatP, € P, and thatS is precisely the set
of heavy nodes of depthpicked by its index sef;. By Lemmd®, this sum is at least
2-w*~1 and thereforgg. > 2-v’~1 for some seS* of at leastw? heavy nodes of
depthj.

Because a randoi, whosel}, picksv consists of a randor{¥; 1, o4.+1) drawn at
nodev independently of the rest ¢fy., o1 ), itsv-projection has a distribution isomorphic
to that of (I;41, ok+1), Which is alsoDy 1. The same is true even if the distribution on
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Py is conditioned upon havin§ as the set of heavy depthaodes picked byy.. If Py
belongs taP;, then itsv-projection maps to a unique sBt; € Dy also inPy.

Letp), denote the probability that a randadf, ; drawn from the distributio®; , ;
associated witl;+1 = Tx(v) belongs tdP;. It follows that

Disx < H Dlw-

veES*

Since|S*| > w3, it follows that

/187
Pl > (2—1112—1) > %a

for somev € S*. O

Both query and point set invariants are trivially satisfied before rauAdsume now
that they hold at the opening of routtd< ¢. Letv denote the node @f;, in Lemma.Y.
Thenc possible ways of indexing into the tabilepartition Alice’s query set;, into as
many equivalence classes. Because heavy, the intervals associated with a fraction
at leastl /b of its children intersect a particular equivalence class. Alice chooses such
a class and the query lines in it as her new queryCset;. The treels;.; is naturally
derived from7;1 = Tx(v), and the query invariant is satisfied at the beginning of
roundk + 1.

Upon receiving the index from Alice, Bob must choose the contents of the table entry
while staying consistent with past choices. By Lenitha 7, a ranéfpm from Dj,
(distribution associated witfy_ 1) is active at the beginning of rouridwith probability
at least a half. There ag’ choices for the table entry, and so for at least one of them,
with probability at leasf1/2)2=" > 2~* a random point set from,, ; is active at
the beginning of round and produces a table with that specific entry value. These point
sets constitute the newly active collectiBy,.1, and the point set invariant still holds at
the beginning of round + 1.

To show thatt rounds are needed, we must prove thatx Py is unresolved, for
anyk < t. In fact, because of the nesting structure of these products, it suffices to show
that£; x P; is unresolved, which follows from Lemna 4. This proves the lower bound
of Theorenf 1L.O
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