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Abstract Here and elsewhere in this paper, thenotation is used to
suppress polylog™*) factors.

Semidefinite programming (SDP) relaxations appear in ~ Much attention was focused on SDP as a result of the
many recent approximation algorithms but the only gen- work of Goemans and Williamson [15], who used SDP to
eral technique for solving such SDP relaxations is via inte- design new approximation algorithms for several NP-hard
rior point methods. We use a Lagrangian-relaxation based problems such as MxCuT, MAX 2-SaT, and Max 3-
technique (modified from the papers of Plotkin, Shmoys, SAT. In subsequent years, SDP-based approximation algo-
and Tardos (PST), and Klein and Lu) to derive faster al- rithms were designed for coloririgcolorable graphs, Mx
gorithms for approximately solving several families of SDP DicuT, etc. Then progress halted for a few years, until
relaxations. The algorithms are based upon some improve-recent work of Arora, Rao, Vazirani [8] that gave a new
ments to the PST ideas — which lead to new results even folO(y/log n)-approximation for 8ARSESTCUT. The ideas
their framework— as well as improvements in approximate of this paper have been quickly extended to derive similar
eigenvalue computations by using random sampling. approximation algorithms for Mi 2CNF DELETION, MIN
UNCUT, DIRECTED SPARSESTCUT, and DRECTEDBAL -
ANCED SEPARATORIN [2] and NON-UNIFORM SPARSEST
CuT in [11, 7]. These new results rely on the so-called
triangle inequalityconstraints, which impose a constraint
for everytriple of points. Thus the number of constraints
Semidefinite programming (SDP) solves the following m = O(n?), and the time to solve such SDP}$n*5).

1. Introduction

general problem: In addition to these well-known approximation algo-
rithms, SDP has also proved useful in a host of other set-
mince X tings. For instance, Linial, London, and Rabinovich [23]
AjeX >b; j=12...,m observe that given am-point metric space, finding its
X =0 1) minimum-distortion embedding int& is a SDP withm =

O(n?) constraints, which take8(n*) time to solve. Recent
Here X ¢ R"™™" is a matrix of variables and approximatiop algorithms focut norm of the mgtrix [4],
Ay, Ay A € R"™™. Here. forn x n matricesA and and for certain subcases of correlation clustering [10], use
) ) ) ™m . ’

B, A e B is their inner product treating them as vectors in & type of SDPs withn = O(n), and hence require time
R™, andA = 0 is notation for “4 is positive semidefinite”.

O(n3%). (An intriguing aspect of this work is that the
The first polynomial-time algorithm (strictly speaking, proof that the integrality gap of the SDP used in [4£161)
an approximation algorithm that computes the solution up

uses the famousrothendieck inequalitfrom analysis.)
. A R Halperin and Hazan [17] showed that a biologipabba-

to any desired accuraeyin time polynomial inlog é) used . L . :

the Ellipsoid method [16] but faster interior-point methods mt%:sﬂr;:é:gg gfr%t;er(}tHAg;zzs:g)hgzlcgaﬁn{Te]az;zsn be

were later given by Alizadeh [3], and Nesterov and Ne- q plotyp y Pe,

mirovskii [24]. The running time of Alizadeh’s algorithm

solved using SDP withn = O(n?). Chazelle, Kings-
is O(y/m(m + n®)L) whereL is an input size parameter. ford, and Singh [12] use an SDP fside chain positioning

(SCP), a problem in genomics.
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the use of general-purpose interior point methods. Eventail in Sections 1.1 and 2, the main reason has to do with
problem-specific approaches would be very useful, but theythe width parameter, which is a value > 0 such that
too seem hard to come by. the linear functions appearing in the constraints take val-
A similar situation developed in the past decade in the ues in the rangé—p, p]. Then the number of iterations in
case of linear programming, after LPs were used to de-the PST/MW framework is proportional {&#. (Aside: In
sign many approximation algorithms. Subsequent improve-the PST packing-covering framework, the range of values
ments to running times for these algorithms fall into two was|0, p], in which case the number of iterations(gp).
broad camps: (A) Eliminating use of LP in favor of a di- This issue is discussed in [6].) Unfortunately, the width is
rect, combinatorial algorithm that uses the same intuition large in most of the SDP relaxations mentioned above —
(in many cases, the same proof of the approximation ratio);the SDPs considered by Klein-Lu happened to be among
(B) Solving the LP approximately instead of exactly. Typ- the few where this problem is manageable.
ically this uses some version of the classitagrangian
relaxationidea. Kleinet al[21] showed how to do this for Our first contribution is to modify the MW technique to
a specific multicommodity flow LP, and Plotkin, Shmoys, handle some of these high-width SDPs. Our technique is a
and Tardos [25] generalized the method to the family of hybrid of the MW technique and an “exterior point” (i.e.,
packing/coverind Ps. Later, Garg and 8hemann [14] and  Ellipsoid-like method) of Vaidya [26]; this lowers the de-
Fleischer [13] improved the running times further for flow pendence on the width and is very efficient so long as there
LPs. A recent survey [6] by the authors of the current paperonly “a few” constraints with high width . (Actually the
points out that all such algorithms are a subcase of a moreVaidya algorithm is overkill in most instances, where the
general, widely useful, and older framework they called number of high-width constraints is a small constant, and
Multiplicative Weights Update methaalgorithms. From  one can use simpler ideas, based on binary search, that are
now on we refer to this as tHdW framework reminiscent of fixed-dimension LP algorithms.) Formally
Speedups of type (A) and (B) for SDP-based algorithms One needs a two-level implementation of the multiplicative
are not easy. Speedups of type (A) have proved difficult update idea, that combines the original constraints into new,
because unlike LP-based approximation algorithms, the apsmaller number of constraints. While this makes intuitive
proximation ratio of SDP-based algorithms is proved by an- sense —MW methods excel at handling many low-width
alyzing aroundingalgorithm rather than by comparing to constraints and exterior point methods excel at handling a
the dual. The lone exception we are aware of is the notionfew, high-width constraints—this hybrid technique appears
of expander flowstudied by Arora, Rao, and Vazirani (this o be new. (Itis related though to the observation in [25] that
was presented as an alternative to their more well-knowntheir packing-covering problems are solvable in polynomial
rounding approach that proved useful in most subsequentime using the dual ellipsoid method.)
papers). However, the duality-based framework of ARV )
also found one use: it was instrumental in the design of  1he above ideas can be used to prove new results about
a combinatorial,0(v/Iog n)-approximation algorithm for the general PST framework as well; these are described in
(uniform) SPARSESTCUT and ran inD(n?) time [5], asig- ~ S€ction 5.
nificant improvement over th@(n*%) running time for the L ,
interior point algorithm. Interestingly, this algorithm was Our second contribution is to use a better technique
also derived in the MW framework. However, the duality- for eigenvalue/eigenvector computations than the power

based framework from [8] has vet to be extended to prob- method, namely, the Lanczos algorithm. This is the method

lems other than uniform B\RSESTCUT, though this may of choice among numerical analysts, but has not been used

yet happen. Thus improvements of type (A) have not beenm theory papers thus far because worst-case analysis for it

forthcoming for the other problems is hard to find in the literature. We adapt an analysis for
Klein and Lu [20] initiated study of algorithms of type positive semidefinite matrices from [22] to our needs (see

(B) for SDPs. They adapted the PST/MW framework Lemma 2).

to approximately solve SDPs that arose in the algorithms

of Goemans-Williamson and Karger, Motwani, and Su- rithm by first sparsifyingthe matrix viarandom sampling

dan. The KIem-Lu_approa_ch reduces_ SDP solving to a our sparsification is quite similar to that of [1], though we
sequence of approximate eigenvalue/eigenvector computa-

. X o . get bounds that are more suitable to our applications. In
tions, which can be done efficiently using the well-known . X

comparison to [1], our sampling performs better or worse
power method

depending on some parameters of the input matrix. The de-
tails are in the full version of the paper and the sampling
Our work.  While the Klein-Lu work seemed promising, itself may be useful for efficiently computing low rank ap-
further progress then stalled. As we discuss in some de-proximations of matrices.

Then we suggest further speeding up the Lanczos algo-



1.1. Overview of our results

Our algorithms assume a feasibility version of the SDP
(2). Here, we implicitly perform a binary search on the op-
timum and the objective is converted to a constraint in the

standard way. We also assume an additional constraint, &

bound on the trace of the solution:
Aj [ ] X
> X

X

> by

R

i=1,2,....m

<

Y

0 )

The upper bound on the track,(X) = >, Xj;, is usu-
ally absent in the textbooks, but is natural for relaxation
SDPs. For instance, in combinatorial optimization, usu-
ally we have some unit vectors,, vy, ..., v, associated
with, say, the nodes in a graph, aid; = v; - v;. Then
Tr(X) = n. In any casejlr (X) for the optimumX can
usually be “guessed” by binary search.

We wish to solve the SDP approximately up to a given
tolerances, by which we mean that either we find a solution
X which satisfies all the constraints up to an additive error
ofe,i.e.AjeX —b; > —eforj=1,2,...,m,orconclude
correctly that the SDP is infeasible.

As in the case of LP solving (PST, etc.), the Multiplica-
tive Weights Update idea for solving SDPs is to perform
several iterations, indexed by “time"of the following. As-

sociate a non-negative Weighﬁt) with constraintj, where

Zj w](-t) = 1. A high current weight for a constraint in-
dicates that it was not “satisfied” too well in the past, and
is therefore should receive higher priority in the next step.
The optimization problem for the next step is to

maXZw](-t)(Aj o X —b;)
J

X =0
ZXu‘SR

Problem
Previous bes{  This paper | Improvement
MAXQP
O(n3?) O(Zrs For N = o(n?)
xmin{N, 221) | or a* = w(-L)
HAPLOFREQ
O(n?) 0 (L) Q(n'?)
SCP
A 4 A ’nl'sN 71,3"rJ
O(n) O( =45 ) Q( N )
EMBEDDING
O(n%) 0 (dniss) For dpmin = w(n =94
SPARSESTCUT
O(n*?) ‘ O(”—s) ‘ Fore = w(n=97%)
MIN UNCUT, BALANCED SEPARATOR, ETC.
O(n*5) O (n) Fore = w(-=)

Figure 1. Summary table of results.

Our new contributions to this approach, including the
issue of managing the high-width constraints, and of fast
eigenvalue computations, were already discussed earlier.
Now we describe our main new results. The main point to
stress is that in practice our algorithm may run even faster
than the worst-case estimates we provide later on. Through-
out the paper we carefully list times in terms of num-
ber of eigenvalue/eigevector computations required, and
these tend run much faster than our worst-case estimate in
Lemma 2. By contrast, each iteration of Alizadeh’s SDP
solver require€holesky decompositiphe. a factorization
of a positive semidefinite matriX asX = VV7 for some
matrix V. The fastest algorithms for this requit@(n?)
time.

The SDPs we apply our approach to include four
relaxations of graph partitioning problems: AMQP,
SPARSEST CUT, MIN UNCUT and BALANCED SEPA-
RATOR, two SDPs arising from computational biology:

This is actually an eigenvalue problem in disguise, since the HAPLOFREQ,SCP, and a metric embedding formulation

optimum is attained at aX that has rank. Thus the La-

EMBEDDING. The running times we obtain are shown in

grangian relaxation idea would be to solve this eigenvalue Figure 1. We use the notation* for the optimum of a

problem, and update the weights according to the usual
multiplicative update rule, for some constaht
wi™ — w1 - B(A; X, — b)) /2

7

where X; was the solution to the eigenvalue problem (ex-
pressed as a rankpositive semidefinite matrix) at timg
andZ! is the normalization factor to make the weights sum
to 1. Then if3 is small enough, the average’", | X;

given SDP. In this extended abstract we detail only some
of the applications, the rest appear in the full version.

The worst-case running time is a functionsofln some
cases, there are also dependencies upon other problem para-
meters. For instance, BEMBEDDING, Where one is seeking
the minimum distortion embedding infg, thee is benign,
say0.1. However, there is a dependence on the aspect ra-
tio; in other words, minimum squared internode distance

is guaranteed to converge to a near-feasible solution to thei,,;,, where sum of squares of ég) internode distances is

original SDP (assuming a feasible solution exists).

normalized ton2. Our algorithm provides a speedup when



dmin is at leastn=04. (This is still an interesting set of
metrics.) Likewise, our algorithm for X QP provides
speedups when either of the following two conditions are
true: (a) the number of nonzero entries in the mattixs

N = o(n?) or (b) the optimun* is at Ieastﬁ with the
normalization); ; |A;;| = 1. Again, this is an interesting
class of matrices.

For problems such as (uniformpSRSESTCUT, BAL-
ANCED SEPARATOR and MIN 2CNF DeLETION, the
current approximation algorithms require a very snzall
namely,o*/ |E|. We improve upon existing SDP solvers
when this is at least//n.

As already noted, in practice our algorithms may run
faster.

2. An illustration of the method

In this section, we give more details of the method by il-
lustrating its application to the SDP (A% QP) given below.

P ={X =0, >, X; < n}. We rewrite the SDP as a
feasibility problem for the binary search as follows:

1

—AeX —-12>0

«

1-X5 >0
X eP

i=1,2,...,n

®3)

We now need to estimate thgdth of each constraint. This
is defined as the maximum absolute value it can take for
X € P. More specifically, for a generic constraint of the
type A e X — b > 0 whereX € P, assume that the range
of values thatd e X — b can take i§—¢, p] or [—p, {] where
1 < ¢ < p. Thenp is called the width of the constraint. In
(3), the range of the constraiAtd e X — 1 > 0 for X € P
is [~ 2, 2], so the width is”. The range of the constraint
1-X;; >0for X € Pis|[—n,1], so the width is.

Note that an additive error eftranslates to a multiplica-
tive error of1 — O(e) to the objective, assuming the binary
search guessed the value of the optimum to within a factor

This SDP arises in many algorithms such as approximatingof 1 + .

MAx CuT, maximizing the correlation in correlation clus-
tering, approximating the €rNorm of a matrix, approxi-

Step Ill: The Multiplicative Weights Update algorithm.

mating the Grothendieck constant of a graph, etc. See [10]Lagrangian relaxation algorithms assume that there is an al-

for a discussion.

maxA e X
X <1
X =0

i=1,2,....n

(MAXQP)

We assume here that digg)) > 0. Let N > n be the num-
ber of non-zero entries of. We wish to get a multiplicative

1 — O(e) approximation to the optimum value of the SDP.
Note that Alizadeh’s interior point method solves the SDP
in O(n?) time.

Step I: Bounding the optimum and trace. We compute
bounds on the optimum of the SDR*. For simplic-
ity, assume}_, . [A;;| = 1, this amounts to scaling the
optimum by a fixed quantity. LefX* be the optimum
solution.  Since X* is positive semidefinite, for any
i, 7, (XZ-*j)2 < XX < 1, s0|X5] < 1. Thus,
af = Ae X* = Zij AUXZ*] < Zij |AZJ| = 1. Con-

SON(Ai;

versely, the solutionX specified byX; T) and

X,;; = 1is positive semidefinite, and achieves an objective

value of%. This gives a lower bound on. We also
compute a bound ofir (X). In this case, this is simply

Step II: Reduction to feasibility problem. We “guess”
the value ofa using binary search in the range computed
in Step I. Leta be our current guess. Define a convex set

4

gorithm, ORACLE, to solve the following relaxed feasibility
problem: given non-negative weighisy, wq, wo, ..., w,
on the constraints such thitj?zo w; = 1, consider the
weighted combination of constraim&)(iA e X — 1)+
S wi(l — X;;). Then QRACLE either finds anX € P
which makes this combinatior —$ or declares correctly
that noX € P makes the combination non-negative.

In the latter case, we declare infeasibility of (3) since
otherwise any feasible solution would make the weighted
combination of constraints non-negative, a contradiction. If
the former case holds whenever theAZLE is presented a
set of weights, then we can get arapproximate solution
to (3), as given in the following theorem, proved in the full
version of the paper:

Theorem 1 Consider the general SDP (2). LBt= {X =

0, >, Xis < R}. Assume that for any, A; ¢ X — b; lies
in one of the rangeB-/, p], [—p, £]. Also, assume that there
is an algorithm,ORACLE, which runs in time&lgace, and
given any set of non-negative weights, ws, . .., w,, on
the constraints summing to 1, either finds&nc P which
makes the weighted combinatidy”, w;(A; e X —b;) >
—5 or declares correctly that n& € P makes this combi-
nation non-negative. Then there is an algorithm which runs
in O(ﬁ%’ (Toracle+m)) time and either gets anapproximate
solution to (2) or concludes that it is infeasible.

Step IV: ORACLE from eigenvector computations. Note
that the QRACLE of Theorem 1 needs to maximize the
weighted combination of constraiftS’” | w;(A;e X —b;)



over the seP of all positive semidefinite matrice whose
trace is bounded by?. We show in section 3 that this
amounts to approximately computing the largest eigenvec-
tor of the matrixC' = 3°7" | w;(A; — %I) up to tolerance
§ = 55. DefineTe,(C, d) to be the time needed for this. In
Lemma 1, we show thayace = O(Tey(C, 0)).

Getting back to our example, SDP @M QP), we have
the following parameters¥ p =, m n + 1,
R n.  The running time from Theorem 1 is
O(%(Toracle + n)) which is worse than Alizadeh’s
algorithm fora = o(n=%2%) even without factoring in
Toracle We show how to improve the running time in the

next step.

Step V: Inner and Outer SDPs. Now we indicate our
width reduction technique. Observe that there is a single
constraint%AoX —1 > 0, which has high width¥). The
other constraints have width boundedrhyThis happensin
all our applications: we will find a constant sized set of con-
straints of high width and the rest will have low width. We
devise a hybrid algorithm, using the multiplicative update
method to handle the low width constraints and an exterior
point algorithm to handle the (few) high width constraints.
The idea is to push the high width constraibm e X —
1 > 0, into the convex set, to create a new convex set
Q={X€P, LAe X —1 > 0}, and run the Mul-
tiplicative Weights Update algorithm of Theorem 1 on the
other constraints ovap. We call this theouter SDP
The ORACLE now gets a weighted combination of the
constraintsy ", w;(1— X;;), and needs to find aki € Q
which makes this> —5 or declare that no suck’ makes

the combination non-negative. This can be achieved by ap-

proximately solving the 2 constraint SDP of the form

Zn:wi<1 — X“> Z 0
i=1

leXfl >0
o
X eP

We call this thanner SDP. The ORACLE for this SDP needs
to optimize a weighted combination afl constraints over
P, this is identical to the one we had in Step IV.

We solve the inner SDP using an exterior point algo-
rithm. The observation is that theRACLE yields a separa-
tion hyperplane for the dual problem, and so we can apply
Vaidya’'s algorithm. Recall that» is the number of con-
straints. LetM(m) = O(m?3°) be the time needed to
multiply two m x m matrices.

Theorem 2 With the setup as in Theorem 1, there is an al-
gorithm which produces aa approximate solution to the
general SDP (2) or declares correctly its infeasibility in

time

O(mlog(p) - Toracle + m log(p) M(mlog(p)))

Note that this algorithm has poor dependence on the
number of constraints but handles high width very well. In
our example, the number of constraints in the inner SDP
is just 2, and the width is polynn) from the trace bound.
Thus, the algorithm of Theorem 2 solves itG}(Torade) =
O(Teu(C, £)) time.

In all our applications, we have a constant sized set of
constraints with much higher (yet, polynomial) width than
the rest. Let the other, low width, constraints take values in

the rangg—(r, pr] or [~pr, (L].

Corollary 1 With the given setup, the hybrid algorithm
which composes an outer and inner SDP runs in time
Lrpr

JCAINCENE)

For SDP (Max QP), this yields the following theorem,
which will be proved in section 4.1;

Theorem 3 A multiplicative 1 — O(e) approximation to
SDP(MAXxQP)can be obtained in time
O <n1.5
9

n1.5

)

2.5 ca*

- min {N,
This running time is never worse than tbén3-%) running
time of Alizadeh’s interior point algorithm. It is asymptoti-
cally faster if the matrix4 is not dense, i.eN = o(n?), or
if a* = w(ﬁ)

We note here the special case of the MCuT SDP. For
this problem, the matrix4 is the combinatorial Laplacian
of the input graph, divided bym. We note that the bound
o* > % is easily obtained from the greedy algorithm. Thus,
our algorithm runs in ime& (n'-> - min{ N, n'-}).

The best algorithm for solving the Mk CuT SDP is due
to Klein and Lu [20], with running timeD(nN). Our al-
gorithm is a./n factor worse whenV = o(n?). How-
ever, our algorithm solves the much more general problem
(MaxQP) and the approach of [20] does not extend to this
general problem.

3. Implementing ORACLE using the approxi-
mate eigenvector computations

In this section, we present lemmas which describe how
to efficiently implement the ®AcLE of Theorem 1 using
approximate eigenvector computations. The proofs appear
in the full version.



Lemma 1 Suppose we have a procedure that given a ma-4.1. SDP relaxations of Quadratic Programs

trix C € R™*"™ and a toleranced > 0, computes a unit

vectorz which satisfies:” Cz > —6, in timeTe(C, ), or Our first application is the SDP (Mk QP) that we used
declares correctly thaC' is negative definite. Then using to illustrate the method, and we complete the proof of The-
this procedure once witlh’ = Y™ w;(A; — %) and  orem 3.

_ & ;
§ = 5= we can implemerDRACLE. PROOF [Theorem 3]

We apply Corollary 1. The range of the constraints of
the outer SDP, vizl — X;; > 0for1 < i < n, is[-n,1]
for X € Q. Thus/;, = 1,pr, = n. Now we bound the
running time of the eigenvector computation procedure for
the ORACLE.

Given non-negative weightsg, w, . . . , w, which sum
to 1, the matrixC' from Lemma 1 in this case iso(+ A —
Lemma2 Let C € R"™*" be a matrix withN non-zero 1) + 31" w;(21 — e;el’), wheree; is thei™ standard
entries and eigenvalues, > Ao > ... > \,. Letd > 0 basis vector, and = .
be a given error parameter. Let = max{hiillm, ﬁ} To apply Lemma 2, we need to bound the most negative
Then the Lanczos algorithm with a random start applied to €igenvaluej,,, of C. Observe thalr (C) = wo (1 Tr (4) —
the matrixC' + AT yields with high probability a unitvector 1) > —1. SinceTr(C) = >, \;, we conclude that
x which satisfies:” Cz > —4 or declares correctly tha€' (n = 1)A1 + A, > —1. This implies that ifi\,,| > 2, then
is negative definite in tim&e,(C, §) :O(%). )\14;\7|l)\n| > 4, Otherwise, if|\,| < 2, then P > .

_ _ Thus,y = max{%ﬁ/\l, ﬁ} > £, and by Lemma 2,
The parametet in Lemma 2 is unknown of course, but ) 1A AT N
in applications we will derive lower bounds for it. The the eigenvector procedure tak@gN =) time.

lemma shows that the running time of th@ & LE depends If we apply the sparsification procedure of Lemma
on the sparsity of”, i.e. the number on non-zero entries in 3, then the relevant parameters a&fe= }_, |C;;| =

it. We provide a randomized sparsification procedure with O(% >~ |4i;|) = O(%) (recall -, |4;;| = 1). Thus

Thus, we need to approximately compute the top eigen-
vector of the matrix which represents the weighted combi-
nation of the constraints. The Lanczos algorithm with a ran-
dom starting vector is the most efficient algorithm for find-
ing extreme eigenvectors. The running time for the Lanczos
algorithm used in our context is the following:

the following guarantee: the sparsification procedure yields a matrixwith O( ”El(f )
Lemma3 Let C € R"*" be a matrix withN' non-zero  N°n-Zero entries. Overall, thilrémnlng time of the Lanczos

entries and lets = >~ |C;;|. Letd > 0 be a given error algorithm become®(min{N, ©.-} - \/Z) as stated.
parameter. Then there is a randomized procedure which  Putting everything together, the final running time of the
runs in O(N) time and with high probability produces a @lgorithm becomes

matrix C’ such thatA’ has O(@) non-zero entries and _(nts nlb
for all unit vectorsz € R", we havez”Cz — 27C'z| < <€25 - min {N7 o })
0(9).

O
Thus,C’ can be used in place &f in the Lanczos algo-
rithm, if it turns out to be sparser: the decision for specific 4.2. SDP relaxations of biological probability esti-
applications depends on the relative valueé,\fosﬁnd@. mation problems

4. Applications The following SDP arises in the context of certain bio-
logical probability estimation problems, such as in finding

In this section, we describe applications of the method haplotype frequencies. See [17] for a discussion.

to the following representative problems: AMQP and max AeX
HAPLOFREQ, EMBEDDING, and $ARSESTCUT. More
applications of the method to SCP, 1M UNcuUT, MIN ZXM =1
2CNF DeLETION and related problems can be found in the i
full version of the paper. Xij >0 1<4,j<n
These examples demonstrate the strengths and limita- X =0 (HAPLOFREQ)

tions of the method. It should be noted that the method does

not automatically yield faster algorithm; additional fine- We assume here that is a non-negative matrix. This SDP
tuning (mostly in terms of bounding large negative eigen- is a natural relaxation in certain problems where a proba-
values) is necessary for specific applications. bility distribution is required. Intuitively, we want to find a



probability distribution{p1, ps, ..., p,} which maximizes
the objectivezij A;jpip;j. In the SDP relaxation, th&;;
variables represemtp;.

We apply our method to this problem. Step | requires

>_;; |Ci;] can be as large d3(n?), sparsification does not
help here.

Finally, the total running time comes f@(%). O

For comparison, the best known interior point algorithm

that we bound the optimum and the trace. Let the optimum solves this SDP i) (n?) time.

to this SDP be denoted*. We claim thaix* is in the range
max;;{A;;} - [,1]. The upper bound is trivial since the
objective is a convex combination of thé; values. Let
Ay be the maximaH;;. Then the lower bound is obtained
by taking the unit vector: = 1(e; + ex), wheree; is the
i standard basis vector, and lettiAgbe the positive semi-
definite matrixuu”. Since allA;; are non-negative, this
solution has value at Iea§t4;€l.

The trace ofX is trivially bounded byl from the first
constraint. Note also that w.l.o.g. we can relax the first
constraint to b -, X;; < 1, in the optimum the sum ob-
viously equalsl since all the quantities are non-negative.
Let V be the number of non-zero entriesAf
Theorem 4 SDP (HAPLOFREQ) can be approximated up
to a multiplicative error ofl — O(e) in O(Zf—_’:) time.

PrROOF. According to step Il, we “guesst using binary
search and write the following feasibility SDP. Hef@,is
the convex sefX > 0,% . X;; <1}

1
—AeX —-12>0
@
1= Xi; >0
ij
Xi; >0 1<i4,5<n
X cP

The width of the first constraintis: -, |A;[)? = O(n?).
This is the high width constraint which we will put into the
inner SDP. The width for the rest of the constraint®d ),
these constitute the outer SDP. Thés, = pr = 1, and

6 = 5. Let C represent the weighted combination of the
constraints for the @AcLE. According to Corollary 1, the
SDP can be: approximately inON(Ei2 T (CL5) 4+ n?))
time.

It remains to estimaté., (C, 5). The matrixC is of the
form wo(£A — I) + wi(I — J) + 3, wi; Eij, whereJ
is the all 1's matrix, andvg, w1, w;; for 1 < 4,5 < n are
non-negative weights summing to 1.

To bound the most negative eigenvalue,, of C, we
use the Gershgorin circle theorem [18], which implies that
[An| < max;{>_,|Cy;|}. For the matrixC, the domi-
nant contributors to this maximum are the matriced
and.J. For anyi, we have}_, 1]A4;;] < 4n sincea >
1 max;; Aj;. Also, for anyi, >°,|Ji;| = n. Thus, the
bound on\,|is O(n).

Thus, they of Lemma 2 is> (%), and hence
Teo(C,5) = O(”j;) because” is a dense matrix. Since

4.3. Embedding of finite metric spaces intd,

Given a finite metric space am points specified by the
pairwise distancegD;; }, embedding intd, with minimum
distortion amounts to solving the following mathematical
program. For convenience of notation, dgf = ij.

min «
dij < lvi —vil]* < - dy
v; € R™

1<i<j<n
1<i:<n
(EMBEDDING)

By Bourgain’s theorem [9] the minimum distortion is
O(logn). Thus, the optimum value* of SDP EVBED-
DING is O(log? n). We assume that the distances are scaled
so that),; d;; = n?. We claim that this implies that
there is an optimal solution, vy, ..., v, which satisfies

i llvill? < a*n: we may assume that the optimal solu-
tion satisfiesy |, v; = 0, otherwise we can shift the origin

to the sum of the vectors; this does not change the pairwise
distances|v; — v;||*. Thus we havevn® = a* 3°, . d;; >

> v = v5] > = n 32, [|uil[*. The claim follows.

Theorem 5 SDP (EMBEDDING) can be approximated up

to al + O(e) multiplicative factor iné(ﬁ;_s) time.

PROOF. Guessa using binary search, and formulate
the following SDP. Define the convex st = {X >

[e%

T(Xll_2X2J+XjJ)_1ZO 1<i<ji<n
)
1
1—E(X“—2X”+XJJ)ZO 1<i<ji<n
X eP 4)

SinceX > 0, the expressiofX;; — 2X;; + X,;) is al-
ways positive. The bound on the trace implies that these
terms are bounded byn. Hence the width of the con-
straints of SDP (4) is bounded by, < O(4%) = O(z%),
wheredmin = min;;j{d;;}. Also, {;, = 1, m = 2n?,
andd = 5. Let C be the matrix representing the
weighted combination of all the constraints. Thus,an
approximate solution to the SDP can be found in time

(2 [0+ oo (C, 55)]).

The most negative eigenvalue @f \,,, can be bounded
in absolute value b@(ﬁ). This is because all constraints




have onlyO(1) terms, each bounded in absolute value by

SinceC is a convex combination of
the constraints, we conclude that for &l > |Gl =

O(ﬁ), and this bounds$\,,| by the Gershgorin circle the-
orem. Thus, by Lemma 2[5 (C, £) can be bounded by

O(\]/VEL) whereN is the number of non-zero entries@h

O(z%) = Og)-

Sparsification could potentially reduce the number of

matrix entries. SinceS > Gyl = O( -), SO

by Lemma 3 the number of entrles could be feduced to

O(E;mjn).

Thus the total running time comes to
3 3.5

~ . n
O(mm{d25 55 J15525

mln

)

Here, just as in the embeddings problem from the pre-
vious section, we make the assumption thafv; = 0
w.l.0.g. Then the constraint, ; [|v; — v;||* < n is equiva-
lentto)", ||vs|* < 1.

Sincezi X;; =1, for anyz, j, ‘X”| < W/Xiinj <1
Thus, the width of the first constraint @(n?). The width
for the rest of the constraints (1). Since there are®
constraints anyway, for the®ACLE we solve the eigenvec-
tor problem up to arbitrary precision using a standard algo-
rithm such as QR, which runs in® time as well. Finally,
using the inner and outer SDPs of Corollary 1,the SDP can
be approximated up toin time:

~ nS
-0(%)

~ 1 .
O(; . [Toracle+ nﬂ)

For comparison, interior point methods can solve this O

SDP in timeO(n*). Note that in order to improve over the

running time of interior point methods, the first expression 5. Extensions to the PST framework

is always better.
a

4.4. SDP relaxation of Sparsest Cut
For a graphG =

(V,E) with V = {1,2,...,n}, the

following SDP arises as a relaxation for the Sparsest Cut

problem in [8]:

min Z |Jvi — v;])?

{ig}eE
lloi = vl + [Jv = vkl |* = JJo; —wel[* = 0,5,k € [n]
Yo =yl =n
i<j
(SPARSESTCUT)

Note that the RHS of the last constraintigather than
1 as in [8]. This effectively scales the range of the opti-
mum,a*, to be[0, n]. We desire an additive approximate
solution.

Theorem 6 SDP(SPARSESTCUT) can be approximated
up to an additive erroe in O( ) time.

PROOF. As usual, we gues& using binary search, and
write the following SDP, with the convex sé& = {X >

O, Zi X” = 1}
@ — Z (Xii —

ijEeE
(X” — 2Xij + ij) + (X“ —2X + ka-)

—(Xjj = 2Xjk + Xpx) 2 0

X eP

2Xi5 + Xj5) = 0

In this section we outline how the techniques discussed
earlier can be applied to extend and in some cases improve
running times for algorithms in the PST framework. In the
PST framework, we have the following kind of feasibility
problem:

GENERAL FEASIBILITY: 3?7z € P such that
Az > b, whereAd € R™*™ andP is a convex set.

We assume that we have an algorithnRA@LE, which
given non-negative weights; , wo, . .., w,, summing tol,
finds anz € P which makes the weighted combination
doim wi(Ajz —bj) > —35 or declares correctly that no
suchz makes the combination non-negative. &t
be the running time of the oracle. We wish to devise an
algorithm which finds an: € P that satisfies all the con-
straints up to an additive error ef or declares correctly
that the system is infeasible. If for eveny € P, each
Az € [—p, p] then the PST algorithm solves this in time

O(gé (Toracte +m)).

5.1. Composition of Lagrangian Relaxation Algo-
rithms

Now we consider systems where “a few” of the con-
straints have high width and the rest do not.

We can extend the MW algorithm to this setting without
incurring a high penalty for the high width constraints. We
separate the fewn, high width constraints, which have
width pyr. These constitute the inner feasibility problem as
in Step V of Section 2. The rest of the;, = m — my
constraints have low width;, and take values in one of the



ranges|—/r, pr] or [—pr,?r]. These constitute the outer
feasibility problem.

The outer problem will be solved using the Multiplica-
tive Weights Update algorithm while the inner problem wiill
be solved using Vaidya’'s exterior point algorithm. We get
the following theorem:

Theorem 7 Then there is an algorithm which either gets

an ¢ approximate solution t&SENERAL FEASIBILITY or
declares correctly its infeasibility in time

~(LLpL
0( Z

+ mpylog(pg)M(mu log(pH))> +my

l (mH 1Og(PH)Toracle

)

5.2. Mixed packing and covering constraints

Mixed packing and covering problems are defined as fol-
lows. The widthp is defined as above.

MIXED PACKING-COVERING  J?z € P such that
Az < bandAz > b, whered € R™*", A € Rm=">n,
b,b > 0 andP is a convex set such thatz, Az > 0 for
r € P.

The original PST paper showed howst@pproximately
solve (i.e. RHS of constraints violated by a at most a factor
of 1 £ €) mixed packing and covering formulations in time

proportional to the width squared. For the special case of

linear programming, Young [27] provides an algorithm that

is independent of the width completely. Recently Jansen

[19] obtained an approximation algorithm for general frac-
tional mixed covering and packing problems that is inde-
pendent of the width, at the expense of an extra factat of
the number of constraints, in the running time.

Our generalized proof for the multiplicative weights up-

6. Conclusions and Future Work

We have designed new hybrid Lagrangian relaxation al-
gorithms for solving SDPs. Our ideas are general though we
customize them for some interesting SDPs. Each iteration
step is an approximate eigenvector computation, which is
very efficient in practice, even though the theoretical worst
case bounds listed here do not show this. (Even so, our
worst-case bounds provide speedups for specific SDPs over
interior point methods.) In every iteration of the interior
point algorithm, one needs to compute the Cholesky de-
composition of a positive semidefinite matrix. This takes
much asO(n?) time, whereas the top eigenvector of a ma-
trix can be computed much more efficiently. This is where
our method gets an edge over interior point methods.

Another advantage of our method is that the Cholesky
decomposition of the final solution is obtained automati-
cally because the solution is a convex combination of many
rank 1 matrices. Typically, the first step of rounding in ap-
proximation algorithms relying on SDP is to compute the
Cholesky decomposition of the optimal solution, and this
step comes for free as noted.

The chief limitation of this method is from the polyno-
mial dependence ob. Some applications (such as general
SPARSESTCUT) requirese to be very tiny and then this
method is rendered useless. The main goal of future work
will be to reduce the dependence én It is expected that
ideas which helped us reduce the dependence on the width
may help here.

Our hybrid approach for the PST/MW framework may
also be useful for other convex optimization problems.
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