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Abstract

With recenimprovementsn methoddor theacquisitionandrenderingof 3D modelsthe
needfor retrieval of modelsfrom large repositorieof 3D shapediasgainedprominence
in the graphicsandvision communities.A variety of methodshave beenproposedhat
enabletheef cient queryingof modelrepositoriegor adesired3D shape Many of these
methodausea 3D modelasa queryandattemptto retrieve modelsfrom thedatabasé¢hat
have asimilar shape.

In this thesis,we begin by introducinga new shapedescriptorthatis well suitedto
thetaskof 3D modelretrieval. The descriptoris designedo enableef cient comparison
of 3D shapesandis constructedo approximatethe performanceof a standardmetric
for comparing3D models therebysatisfyingthe requirementsf ef ciency anddiscrim-
inability thatarenecessarfor aneffective, real-timeshapeetrieval system We compare
our descriptorto other existing descriptorsn empirical retrieval experiments,demon-
stratingthatthe new shapedescriptomprovidesimprovedretrieval accurag andis better
suitedto thetaskof shapamatching.

Oneof thespeci c challengesn matching3D shapesrisedrom thefactthatin mary
applications modelsshouldbe consideredo be the sameif they differ by a similarity
transformation. Thusin orderto matchtwo models,a measureof similarity needsto
be computedat the optimal translation,scaleandrotation. In this thesis,we review a
numberof approache$or addressinghe alignmentchallengeandprovide nev methods
for addressinghis issuethatgive riseto bettershapematchingalgorithms.

Additionally, we presentwo generamethoddgor improving theperformancef mary
extant 3D modelmatchingalgorithmsby providing a generalframenork for augment-
ing existing shaperepresentationwith global shapeinformationcharacterizingsalient

shapeproperties.The rst approacHeveragesymmetryinformationto augmentexist-



ing representationwith informationcharacterizingamodel's self-similarity. Thesecond
approachfactorsthe shapematchingequationasthe disjoint productof anisotroy and
geometriccomparisons— improving the matchingperformanceof mary shapemetrics

by facilitatingthetaskof shaperegistration.

In orderto describeéhe symmetrieof a 3D model,we presenthe symmetrydescrip-
tor, a collectionof sphericaffunctionscharacterizinghe symmetriesof a model. These
sphericafunctionsareindexedby thetype of symmetry (e.g.re ective symmetry axial
symmetry -fold rotationalsymmetry etc.) with thevalueat eachpoint giving a contin-
uousmeasuref the symmetryof a modelaboutthe correspondingxis. We describean
ef cient signalprocessingnethodfor computingthesedescriptorsgiving the symmetry
descriptorof sphericaland3D shaperepresentations order time,where isthe

bandwidthof the sphericalor 3D representation.

Usingtheobsenationthatit is easierto establisicorrespondencdsetweertwo mod-
elsthatareisotropicthanbetweenwo modelswith differentanisotropicscaleswe pro-
vide aniterative approacHor transformingananisotropic3D modelinto anisotropicone.
Two 3D modelscanthenbe comparedy transformingeachmodelinto anisotropicone
andthenusingoneof the existantshapematchingalgorithmsto obtaina shapeepresen-
tationof eachof theisotropicmodels.We prove thattheiterative approachs guaranteed

to convergeto anisotropicmodel,andshawv thatin practicethe corvergences ef cient.

For both thesemethods,we showv that mary of the existing shaperepresentations
canbeaugmenteavith the obtainedglobalshapdanformation(eithersymmetryor initial
anisotropicscale).We provide empiricalresultsdemonstratinghatthe new, augmented
representatioms morediscriminating— providing a representatioof a 3D modelthat
givesrise to improved matchingperformancean shaperetrieval experiments. Finally,

sincethe augmentatiorof both symmetryandanisotropy informationcanbe donein a
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pre-processingtep,andsincethe augmentatiomoesnot signi cantly increaseéhe com-
plexity of theshapeaepresentationshenew shapeepresentationsrovide morediscrimi-
natingmatchingperformanceavithouteffectingtheef ciency of retrieval — makingthem
particularyvalueable€or applicationghatseekto retrieve modelsfrom large repositories

of 3D shapes.
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Chapter 1

Intr oduction

Overthelastfew decadesthe proliferationof the World Wide Web hasresultedn acon-
solidatedrepostitoryof a massof information. As aresultof thisinformationrevolution
we have reachedpointwheremuchof thedatathatwe seekis availablethroughourweb
browsers.We cannow go online andwith a few keystrokes nd the weatheythe news,
dictionaryde nitions, biographiesjournal articles,restauranteviews, etc. In this con-
text, oneof thechallenge®f dataretrieval hasshiftedto the designof effective methods
for nding desiredinformation: “Giventhe large amountof informationout there,how
dol actually nd whatl amlookingfor?” To addresshis challengeanumberof different
searchengines(e.g. Google[19], Yahoo[65], etc.) have beenestablishedhatallow a

userto specifya simple,textual queryandreturndocumentsvith matchingcontent.

More recently tools for acquiringandvisualizing 3D modelshave becomeintegral
componentsf dataprocessingn anumberof disciplinesjncludingmedicine chemistry
architectureand entertainment.With the increasedavailability of thesetools, we have
witnessednexplosionin thenumberof available3D models resultingin the creationof

a large numberof online repositoriesof 3D shapeg446, 3, 48,12, 51, 2, 1, 41, 13, 61].
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Theability to retrieve existing modelsfrom theserepositoriedacilitatesthe tasksof pro-
fessionalsn elds rangingfrom entertainmento scienti ¢ researchby allowing themto
obtaindesirednodelsquickly withoutrequiringthe expenditureof largeamountf time
modelinga 3D shape.Thus,aswe hadinitially witnessedwith text, the proliferationof
3D contentin the World Wide Web haschangedhe focusfrom the challengeof gener
ating new models— a time consumingendeaor that may take hoursor days— to the

challengeof retrieving existing ones.

To satisfythis needavarietyof retrieval methodshave beenproposedhatenablethe
ef cient queryingof modelrepositoriedor a desired3D shapemary of which usea 3D
modelasa queryandattemptto retrieve modelswith matchingshaperom the database.
An exampleof suchan applicationis shavn in Figurel.1. The userspeci esa caras
a query model (top left). The systemthen compareghe queryto every modelin the

databasereturingpointersto the modelsthataremostsimilar (right).

As in mary databaseetrieval applicationsthealgorithmsfor matching3D shapesire
motivatedby two principalconcernsFirst, the algorithmsneedgo be discriminating—
effectively distinguishingoetweerdifferentclasse®f shapesndreturningthosemodels
in the databas¢hat mostcloselyapproximatehe onesthata userwould want. Second,
the algorithmsneedto be ef cient in both spaceandtime. In particular sincemary of
theexistantrepositoriesndex thousandspr eventensof thousand®f models the stored
representationf a 3D modelneedgo be compactandtheretrieval time needgo befast

enoughto returnresultsin realtime.

In practice addressingherun-timeef ciency requrements donewith theassistance
of ashapedescriptor The shapedescriptoris anabstractiorof the 3D model,capturing
salientshapdanformationin astructurethatis well-suitedfor comparisonln mary shape

matchingapplicationstheshapeadescriptorepresenta 3D modelby a x ed-dimensional
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Figurel.1l: An exampleof 3D modelretrieval. Theuserspeci®es 3D queryto thesearctengine
(top left). Thesearchenginethencompareshe queryto every modelin the databaseandreturns
snapshotsf themodelsthataremostsimilar to the query(right).

vector andcomparingtwo modelsamountgo the computationof the distancebetween

two pointsin Euclideanspace Sincethedistancebetweertwo pointsis easyto compute,

the underlyingmatchingis ef cient andthe real-timerequirement®f aretrieval system

canbe satis ed. In practice the shapedescriptors incorporatednto the searchengine

asshavn in Figure1.2. In a pre-processingtepthe shapedescriptorof eachmodel

in the databases computed(step1). Then, at run time, a queryis presentedo the

systemjts shapealescriptolis computedstep2), thequerydescriptolis comparedgainst
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Figurel.2: A shapedescriptoris incorporatednto theretrieval algorithmin thefollowing man-
ner: In the preprocessingtagethe shapedescriptorof every modelin the databasés computed
(stepl). Then,whena queryis presentedo the databaseits shapedescriptoris computedstep

2). The querydescriptoris comparedagainstthe databaselescriptordstep3) andthe closest
matchesarereturned.

the descriptorsof the modelsin the databasgstep 3), and the databasenodelswith

descriptorghataremostsimilar to thequerydescriptorarereturnedasmatches.

In orderfor the shapedescriptorto be useful,it musteffectively distinguishbetween
different classesf shape. One of the challengeghat is uniqueto the areaof shape
matching,s thatin mary applicationsve consideithe shapeof a modelto beunchanged
if themodelis actedon by a similarity transformationsConsideyfor example,the cow
in Figurel.3.If we applytranslationsscalespr rotationsto themodelwe nd thatwhile
its posemay changethe underlyingshaperemainsthe same.Thus,the classof a shape
doesnot changewith alignmentand one of the challengesof 3D modelretrieval is to

match3D shape®ffectively acrosshe spaceof rigid bodytransformations.

In thisthesiswe provide nev methoddor addressinghe shapematchingproblemby

separatelyconsideringhe challengef representatiomndalignment. We provide nev
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Figure 1.3: Oneof the challengesf 3D modelmatchingstemsfrom the fact that translation,
scale androtationarenotoperationghatchangehe shapeof themodel. Thus,in orderto beable
to matchmodelseffectively, we needto matchthemover the spaceof thesetransformations.

methoddor representin@D modelsin aconciseanddescripve mannerandwe new ap-
proachegor matchingmodelsacrosdifferentalignments Speci cally, thecontributions
of this thesisto the areaof shapematchingarefour-fold. First, we presenta new shape
descriptorthat is more discriminatingthan previous descriptors. Second we review a
numberof approachefor addressinghe alignmentchallengeandprovide nev methods
for addressinghis issuethat give rise to bettershapematchingalgorithms. Third, we
provide a generalmethodfor computingthe symmetriesof a 3D modelandshov how
the symmetriescan be usedto augmentshapeinformation, providing a more discrimi-
natingrepresentatioof shapethatis bettersuitedfor retrieval tasks. Fourth, we shav
thattheshapematchingequatiorcanbefactoredasthedisjoint productof anisotroy and
geometriccomparisons— improving the matchingperformanceof mary shapemetrics

by facilitatingthetaskof shaperegistration.
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1.1 ShapeDescriptors

In orderto satisfythe real-timerequirement®f a retrieval system the shapedescriptor
is often designedio be a vectorin x ed dimensionalspace. This reducesthe task of

comparingtwo modelsto the simplecomputationof the normed-diferencebetweerthe
associatedectors. The ef cacy of a shapedescriptorcanbe evaluatedby considering

two separateuestions:

How muchinformationis lostin representing 3D modelwith its shapedescriptor?

Whatis the meaningof the normed-diferencebetweerntwo shapedescriptors?

We nd thatin practice,mostof the previous approachefocuson the rst task,de-
signinga shapedlescriptotthatis loss-lesssothata descriptorcanbeinvertedto getback
the original 3D model. However, theseapproachesendto ignorethe secondtaskand
asa result,the measureof modelsimilarity obtainedby comparingtwo shapedescrip-
torsis often not representate of the similarity betweenthe underlyingshapes.In this
thesiswe provide a new, invertible shapedescriptorthatis designedso thatthe distance
betweentwo shapedescriptorcharacterizethe minimum sumof squaredistancese-
tweenpointson the surfacesof the two models.We provide empiricalevaluationof the
shapedescriptoy demonstratingts improved precisionin retrieval tasksover existing
descriptorsandshaow thattheretrieval performancef thenew descriptorcloselyapprox-
imatesthe performanceobtainedusing the minimum sum of squareddistancesametric.
Thus,the new descriptorprovidesthe ef cacy of a standardshapemetric, while main-

taingthe comparisorfacility of avectorbasedshapeepresentation.
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1.2 Alignment

Oneof the speci c challengedacedin the areaof shapematchingis thatin mary ap-
plications,a shapeandits imageundera similarity transformatiorare consideredo be
the same. Thus, the challengein comparingtwo shapeds to nd the bestmeasureof
similarity overthe spaceof all transformationsln generaltherearethreedifferentways

to addresghis challenge:

Exhaustive Search: Shapesare comparedat every possiblealignmentand the
measuref similarity at the optimalalignment(i.e. the alignmentminimizing the
distancebetweertwo models)is usedasthe measuref similarity betweerthetwo

models.

Normalization: Shapesreplacedinto a canonicakoordinatdrame(normalizing
for translation,scaleand rotation) and two shapesare assumedo be optimally
alignedwheneachis in its own frame. Thus,the bestmeasuref similarity canbe

foundwithout explicitly trying all possibletransformations.

Invariance: Shapesredescribedn atransformation-igariantmanneysothatary
transformatiorof a shapewill bedescribedn the sameway, andthe bestmeasure

of similarity is obtainedat anytransformation.

In practice,exhaustvely searchingfor the transformationminimizing the measure
of similarity is computationallyprohibitive, resultingin retrieval algorithmsthatareill-
suitedfor the taskof large databaseetrieval. In this thesis,we review methodsor nor-
malizingfor translatiorandscaleandprovide a spectrunof approachefor resolvingthe
rotationalalignmentproblem. We discusghe relative meritsof the differentapproaches

by characterizingheir effectson discriminabilityandef ciency of shapematching.Ad-
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ditionally, we provide severalnew methoddor addressingherotationalalignmentprob-
lemandshov how thesemethodsaddresspeci c¢ limitations of existing approacheand
demonstrateheir utility in shapematchingby evaluatingtheir implicationsin empirical

retrieval experiments.

1.3 Symmetry

In orderto describethe symmetriesof a 3D model,we presenthe symmetrydescriptot
acollectionof sphericaffunctionsthatrepresent 3D modelasa collectionof spherical
functionsthat give the measureof a model's re ective and rotational symmetry with
respecto every axispassinghroughthe centerof mass.Thus,thedescriptorcanbeused
notonly to identify axesof perfectsymmetrybut alsoto measurehequality of symmetry
with respecto ary axis. Speci cally, themeasuref -fold symmetryof amodelaround
someaxisis de ned to bethe magnitudeof the projectionof the modelontothe spaceof

modelshaving thatsymmetry

Figure 1.4 shaws a visualizationof the SymmetryDescriptorsof two models. The
descriptorsarerepresentetly scalingpointson theunit spheren proportionto the mea-
sureof symmetry sothat pointscorrespondingo axesof nearsymmetryare pushedout
from the origin and points correspondingo axes of nearanti-symmetryare pulled in
to the origin. Thus,for the 2-fold (respectrely -fold) symmetrydescriptorspeaksin
the descriptorcorrespondo axesof nearperfect2-fold (respectrely -fold) rotational
symmetry Similarly, for the re ective symmetrydescriptorspeakscorrespondo unit

vectorsperpendiculato planesof nearperfectre ective symmetry
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Figurel.4: A visualizationof the symmetrydescriptordor a stoolandaniris. Thevisualization
is obtainedby scalingunit vectorson the spheran proportionto the measuref symmetryabout
thevector Thus,peakdn thedescriptoicorrespondo axesof rotationalsymmetryandorthogonal
planesof re ectve symmetry

1.4 Anisotropy

We alsoproposea novel methodfor matching3D modelsthatfactorsthe shapematching
eguationasthedisjoint productof anisotroly andgeometriccomparisonsWe provide a

generaimethodfor computingthefactoredsimilarity metricandshov how thisapproach
canbe appliedto improve the matchingperformanceof mary existing shapematching

methods.

Thekey ideaof our approachs basedon the obsenationthatmuchof the challenge
of shapematchingis in the establishingof correspondenceandthatif two modelsare
both isotropic,thenit is easierto establishcorrespondencdsetweenthem. Figure 1.5
demonstratethis for modelsof an armchairanda sofa. Whenthe modelsare at their
initial anisotropicscales(shovn on the left), it is dif cult to establishcorrespondences
betweersimilar regions.Methodssuchasassociatingo apointononemodelthenearest

point on the other(commonlyusedin ICP-typeapproachegl0]) will mappointsonthe

9



Figurel.5: Whentwo modelshave differentanisotropicscaleq(left), it is harderto establistcor
rectcorrespondencdsetweerthetwo. Thus,matchingmethodghatdependon correspondences
for evaluatingmodelsimilarity will beinaccuratan this case.In contrastwhenthe modelsare
transformedso that eachis isotropic (right), the correspondenceare more accurateand, as a
result,the measuref shapesimilarity is morediscriminating.

cornersof the armchairto pointsin the middle of the sofa, pointson the bottomof the
arm-restof thearmchairto pointson thetop of thearm-restof the sofa, etc. Thus,mary
poor correspondencewill be establishedresultingin aninaccuratemeasureof shape
similarity. If insteadbothmodelsarerescaledo beisotropic(shavn on theright), then
the correspondencesstablishedvould moreaccuratelyre ect correspondingegionsin

theshape.

Thisobsenationmotivatesusto designashapeamatchingparadignthatcompareswo
modelsby (1) transformingeachof theminto anisotropicmodel,(2) comparinghegeo-
metricsimilarity of theisotropicmodelsand(3) de ning themeasuref modelsimilarity
asafunctionof boththesimilarity of theisotropicmodelsandthedifferencen theirini-

tial anisotropicscales.Figure 1.6 demonstratethis procesdor two differentmodelsof
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Figurel.6: Ourapproaclhis to comparewo modelsby rescalingeachmodelsothatit is isotropic
andthende®ningthe distancebetweentwo modelsasthe productof the distancebetweenthe
isotropicmodelsandthe differencebetweertheirinitial anisotropicscales.

atable. Eachtableis representedy its isotropicversionandits initial anisotropicscale,
representedyy the covarianceellipsoid of the original model. The distancebetweerthe
two tablesis thende ned asthe productof the distancebetweerthe isotropictablesand

thedistancebetweertheinitial anisotropicscales.

For both thesemethods,we shov how mary of the existing shaperepresentations
canbeaugmenteavith the obtainedglobalshapdanformation(eithersymmetryor initial
anisotropicscale).We provide empiricalresultsdemonstratinghatthe new, augmented
representatioms morediscriminating— providing a representatiof a 3D modelthat
givesrise to markedly improved matchingperformancan shaperetrieval experiments.
Finally, sincetheaugmentatiolf bothsymmetryandanisotropy informationcanbedone

in a pre-processingtep,andsincethe augmentatiordoesnot signi cantly increasethe
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compleity of theshapeepresentationshenew shapeepresentationgrovide moredis-
criminatingmatchingperformanceavithout effectingtheef ciency of retrieval — making
themparticularyvalueabldor applicationghatseekto retrieve modelsfrom largerepos-
itoriesof 3D shapes.

Theremaindeof thethesisis structuredasfollows. In Chapter2 we review previous
work in the areasof shapedescriptors symmetrydetectionand shaperegistration. In
Chapter3 we presenta new shapedescriptorand evaluateits ef cacy in tasksof shape
retrieval, comparingt to both previousdescriptorsandmorecomplex shapemetrics.In
Chapterd we review methoddor addressinghe shapealignmentproblem,focusingon
approachesor transformingexisting rotation-\ariantdescriptoranto rotation-irvariant
descriptorsWe discusghe bene tsandlimitations of variousexisting methodsandpro-
vide a new hybrid normalization/inariancetechniquefor addressinghe rotationalign-
mentproblem. We presenbur symmetrydescriptorin Chapters, providing an ef cient
methodfor computingit, discussingsomeof its propertiesanddemonstratingts empiri-
calefcacy in improving retrieval performancef anumberof differentshapedescriptors.
In Chapter6 we presentour methodfor anisotroy factorization,providing an iterative
methodfor transformingan anisotropicmodelinto anisotropicone,andshov how this
approactcanbe usedto furtherimprove retrieval performance Finally, we concludein

Chapter7 by reviewing our work anddiscussingpossiblevenuedor futureresearch.
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Chapter 2

Background and Related Work

2.1 ShapeDescriptors

Traditionalmethodsfor retrieval of modelsfrom large repositorieocus on designing
a methodfor de ning a measureof similarity betweena query modeland every tamget
modelin the database.The modelsin the databasere then sortedby this measureof

similarity, andthe nearestnodelsarereturnedasmatches.

In the context of matching3D shapesthe mostcommonapproachis to establish
correspondencdsetweenthe query modelandthe taget model,andthento de ne the
measuref similarity in termsof the distancedetweencorrespondingpoints. Two gen-
eral classe®f methodshave beenproposedhat computea measuref shapesimilarity
by explicitly establishinguchcorrespondence3he rst approachs alocalone,seeking
to establishcorrespondencdsetweerpairsof pointson thetwo models,andthende n-
ing the measuref shapesimilarity asthe sumof the squaredlistancedetweernpairsof
pointsin correspondencl, 35, 10, 69, 26, 8, 40, 17]. The secondmethodis moregen-

eral, decomposing modelinto constituentparts,andthenrepresentinghe modelasa
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graphcharacterizingherelationshipbetweerthedifferentsegmentq53, 54, 44, 22,52].
Correspondencdsetweentwo modelscanthenbe establishedising subgraphsomor
phismtechniqueswhich simultaneouslyde ne the correspondencdsetweerthe nodes

of thetwo graphrepresentationgndgive the quality of the correspondences.

For both of theseapproachesthe establishingof correspondences a dif cult and
time consumingtask that needsto be performedon a perpairof-modelsbasis. Thus,
muchof the necessargomputationcanonly be performedat run time, oncea queryis
speci ed. This makesthesemethodsmpracticalfor the retrieval of modelsfrom large

databasesyhereef cient comparisonis essential.

The computationatompleity of establishingcorrespondencesetweemrmodelshas
motivateda large body of researctin theareaof shapelescriptorsThegenerabpproach
of thesamethodss to de ne amappingirom thespaceof modelsnto a x ed-dimensional
vectorspaceandthento de ne themeasuref similarity betweertwo modelsasthedis-
tancebetweertheircorrespondinglescriptor$23,27,14,9, 5,43,63,18]. Thisapproach
hastheadvantageof addressinghecorrespondengaroblemonapermodelbasisallow-
ing for the computationof descriptorgn anof ine process.Thus,correspondencese
establisheahot betweertwo models but betweera singlemodelandthe coefcients of a
x eddimensionalector Then,atruntime, the descriptorof the queryis computedand
comparedgainsthe (pre-computedilescriptorf all themodelsin thedatabasegiving
riseto methodghatcansatisfythe ef ciency requirement®f interactve searchWe give
a detaileddescriptionof a numberof thesetypesof shapedescriptordelon, anda more

generakurnwey of shapeadescriptorcanbefoundin [45, 4, 60,59].
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2.1.1 ExtendedGaussianimage (EGI)

The extendedGaussianmageis a shapedescriptorthat representsa 3D model by a
sphericalfunction. The EGI wasinitially proposedoy Hornin [23] andis obtainedby
having eachtrianglevote on the bin correspondingo its normaldirection,with a weight
equalto the areaof the triangle. The extendedGaussianmage hasseveral important
propertiesthat make it usefulfor shapeanalysisand matching. First, it is invariantto
translation.Secondthe EGI scalesandrotateswith themodel. Third, for corvex models

theEGI is aninvertiblerepresentation.

2.1.2 Complex Extended Gaussianimage (CEGI)

Thecomple extendedGaussianmageis a generalizatiorof the EGI, proposedy Kang
etal. in [27]. Ratherthanjustvoting with a real valueequalto the areaof the triangle,
this methodvoteswith a complex numberwhoseamplitudeis equalto the areaof the
triangleandwhosecomplex phasds equalto the normaldistanceof thetrianglefrom the
origin. This approachresultsin a representatiof a 3D modelthat rotatesand scales
with the3D model,andwhich exhibits a simplephase-shiftvhenactedon by translation.
Thus, it is particularlywell suitedfor applicationsin which onewould like to register
two similar modelsin differentposesasthe challengeof solving for the optimal rota-
tion andtranslationcanbe decoupledoy rst solving for the optimal rotationusingthe
complex normof the CEGI, andthenseparatelolvingfor the optimaltranslation— ef-
fectively decomposing 6D optimizationprobleminto two independen8D optimization

problems.
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2.1.3 ShapeHistograms

Motivatedby the challengeof usingshapematchingtechniquedo addresghe challenge
of proteinmatching Ankerstetal. [5] developedthreedifferentmethoddor representing
3D modelsin termsof thedistribution of surfacepointsasafunctionof distancerom the
centerof massandsphericalangle.Whenonly the distancerom the surfaceis usedthe
Shellsdescriptolis obtainedwhenonly thesphericabngleis usedthe Sectos descriptor

is obtainedandwhenbothareusedthe Shellsand Sectos descriptoris obtained.

Shells

The Shellsdescriptorrepresenta 3D modelby a one-dimensionatistogramgiving the
distribution of distance®f surfacepointsfrom the centerof mass.This representatiors
invariantto rotationsincethedistanceof a pointfrom the centerof massdoesnotchange
whenthe modelis rotatedaboutits center While scaletransformationsct non-trivially
ontherepresentatiorscalingthe domainof therepresentationatherthanthe histogram
valuesascale-normalizetepresentationanbeobtainedusingwell-establishednethods
thatwe will describen Chapterd. In Chapted we will shav thatthe shellsdescriptotis
a speci c instanceof anapproackfor obtainingrotation-irvariantrepresentationsf 3D
models,and can be generalizedo obtain a two-dimensionarotatation-ivariantrepre-

sentatiorwith improvedretrieval performance.

Sectors

The Sectorsdescriptorrepresents& 3D modelby a sphericalhistogram,giving the dis-
tribution of surfacepointsasa function of sphericalangle. This representatiorscales
and rotateswith the modeland exhibits no informationloss whenthe initial modelis

starshaped.
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Shellsand Sectors

Combiningthe ShellsandSectorgepresentatiominkerstetal. provide a shapedescrip-
tor that represent@ 3D model by a collection of sphericalfunctions. Eachspherical
functionis obtainedby intersectinghe modelwith a thin sphericalshell centeredat the
origin andthencomputingthe Sectorsrepresentationf the intersection. The resultant

descriptomivesriseto athree-dimensionakpresentatiothatrotateswith the model.

2.1.4 ShapeDistrib ution (D2)

In [43], Osadaet al. presenta generalizatiorof the Shellsmethodby generatinga his-
togramof distancesetweenpairsof pointson the surfaceof a model. Similar to the
Shellsrepresentationthe D2 descriptoris a one-dimensionalfotation-irvariantrepre-
sentatiorof 3D shapesFurthermorethe binningof distancedetweerpairsof pointson
the surfaceof the modelresultsin a shaperepresentatiothatis alsoinvariantto transla-
tion. In Chapterd we will show that,aswith the Shellsrepresentatiorthe D2 descriptor
canbe generalizedo obtaina two-dimensionakepresentationvith improved retrieval

performance.

2.1.5 Spherical Extent Function

Initially describedn [11] though rst usedin databaseetrieval applicationsby Vranic
etal. in [63], this descriptorrepresent& 3D model by a sphericalfunction giving the
maximaldistancefrom the centerof massasafunctionof sphericalngle.Similarto the
Sectorsdescriptoy this function scalesandrotateswith the modelandis invertible for
starshapednodels.

From the standpointof shapematching,this descriptorrevolutionizesthe notion of

17



model similarity. In particular when comparingthe sphericalextent functionsof two
differentmodels the measuref similarity is de ned asthe sumof distancesalongrays
throughthe origin, that pointson the surfaceof onemodelneedto be movedin orderto
lie onthesurfaceof the secondmodel. Thus,comparingtwo modelswith this descriptor
givesa measuref theamountof “work” thatneedgo be performedn orderdeformone

3D modelinto another

2.1.6 Radial Spherical Extent Function

Usingthe methodologyof Ankerstetal., Vranic proposes method[62] for obtaininga
higherdimensionakhapeaepresentatioby combiningthe sphericakxtentfunctionwith

the ShellsrepresentationThe resultantdescriptoy obtainedoy computingthe spherical
extentfunctionof therestrictionof the modelto concentricshellsaboutthe origin, gives
riseto arepresentationf a 3D modelasa collectionof sphericalfunctionsthat rotates

with the shape.

2.2 Registration

A speci ¢ challengethatshapedescriptorapproacheseedto addresss thatin the con-
text of 3D shapematching,a modelandits imageundera similarity transformatiorare
consideredo be the same. In theory this issueis addressedh one of threemanners:
(1) Two modelsare comparedoy exhaustivelysearchingover the spaceof transforma-
tions,andcomparingthe modelsat the optimalalignment.(2) Eachmodelis normalized
by placingit into its own canonicalcoordinatesystemandthenthe shapedescriptorof
thealignment-normalizedhodelis computed(3) Themappingis choserto beinvariant

to similarity transformationsothatthe sameshapedescriptoris de ned for every orien-
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tationof a singlemodel. In practice exhaustvely searchingor the optimalalignmentis
computationallyprohibitive,andshaperetrieval methodsdependn eithernormalization

or invarianceto addresshe alignmentproblem.

Methodsfor normalizingamodel'stranslatiorandscalearebasedn[24, 25]. In this
work, the authorsdescribea methodfor solving for the alignmentminimizing the sum
of squaredifferencedbetweertwo orderedpoint sets.While the solutionfor the optimal
rotationdependsn the explicit correspondencketweerthe two point sets,the optimal
translationandscalecanbe computedon a permodelbasis,with the optimaltranslation
beingtheonethattransformsamodel's centerof masgo theorigin, andtheoptimalscale
giving riseto a modelwhosemeanvariancefrom the origin is equalto one. Thus,these
methodsfor normalizingfor translationand scalecanbe usedfor aligning modelson a
permodelbasisin the pre-processingtage,guaranteeinghat the query andtarget are

optimally alignedindependenodf whatthe querymodelis.

Methodsfor addressingotationalsimilarity have eithertakenthe normalizationap-
proach.aligninga modelsothatits principalaxestransformto the -, -, and -axes,or
have obtainedrotation-irvariantrepresentationgy usingsignalprocessindechniqueso
discardsphericalphaseand obtaina collection of amplitudesthat areindependenbf a

model'salignment11, 31].

In Chapterd we provide a moredetaileddescriptionof thesenormalizationrmethods,
analyzingthe strengthsandlimitations of differentmethoddor addressinghe challenge

of optimalrotationalignment.
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2.3 Symmetry

Early approache$o symmetrydetectionfocusedon detectingthe symmetriesof planar
pointsety6, 64, 21]. Thesemethodgeducedhesymmetrydetectiorproblemto adetec-
tion of symmetryin circularstrings,andusedef cient substringalgorithms(e.g.,[32]) to
detecthesymmetriedy searchindor theappearancef a stringwithin its concatenation
with itself. While thesemethodshadthe theoreticaladvantageof ef ciently evaluating
all possiblesymmetriesthey wereimpracticalin empiricalsettingssincethey werealgo-
rithmsthat could only identify the perfectsymmetriesof a model. Thusif a symmetric
modelhadevenasmallamountof noise thesemethodsvouldfail to identify its symme-

tries.

In orderto addresghis issue,Zabrodsk et al. [66, 67, 68] de ned a continuous
measureof symmetrywhich transformedhe discretequestion: “Does a model have a
givensymmetry?”to the continuousguestion:*How muchof a givensymmetrydoesa
modelhave?” The measureof symmetrywasde ned asthe minimum amountof work
neededo transformamodelinto asymmetricomodel,measureésthesumof thesquared
distanceshatpointswould needto bemoved. Thisapproachmadeit possibleto evaluate
symmetriesn the presencef noise,but sufferedfrom the factthatit dependedn the
establishmenof point correspondence$Vhile this issuecould be addresseth the case
of 2D curveswith uniform sampling,it madeit dif cult to generalizéhe methodto 3D

whereuniformly samplingsurfacess oftenimpossible.

With theadwentof shapealescriptorsamethodbecamevailablefor matchingmodels
withoutexplicitly esablishingorrespondencesdtheadwantageof thecanonicaparam-
eterizatiorwasleveragedn a numberof symmetrydetectionalgorithms[42, 58]. These

methodausedthefactthatthe covarianceellipsoid of a 3D modelrotateswith themodel,
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so that a model could only have symmetrieswhereits covarianceellipsoid had them.
Sincethe only axesof symmetryof anondegeneratellipsoid have to alignwith its prin-
cipal axes, this provided an ef cient way to identify candidateaxes of symmetry The
actualquality of anaxisasan axis of symmetrywould thenbe measuredy comparing
the shapedescriptorof the modelwith the shapedescriptorsof the rotationsandre ec-
tions of the modelaboutthe candidateaxis. This methodhadthe advantageof providing
acontinuousmeasuref symmetryfor candidateaxesof symmetrywithout necessitating
the establishmenof point correspondence&urthermorethe methodwasa generalone
that could be appliedto wide classof shapedescriptors.However, the methods depen-
denceon PCA for the identi cation of candidateaxes could only guaranteeghe correct

identi cation of symmetryaxesfor modelswith perfectsymmetry

Motivatedby the easeof evaluatingsymmetryusing shapedescriptorsandthe ef-
ciency of exhaustve searchprovided by early substringmatchingapproachesef -
cient methodsfor evaluatingthe symmetriesof a 2D model, at every symmetry were
developed. The key idea of theseapproachesvas the generalizatiorof discretesub-
string matchingto continuouscorrelationwith the FastFourier Transform.Thesemeth-
ods[57, 39 computethe symmetriesof a model by using correlationto comparethe
shapedescriptorof a 2D modelwith all of its rotationsandre ections. This approach
wasagenerabnethatcould be appliedto any shapedescriptorthatrepresented model

with afunctionde ned eitheronacircle, or in 2D.

Thedependencef thesemethodson the FFT madethemhardto generalizdo shape
descriptordhatrepresented 3D modelwith eithera sphericalfunctionor a functionin
3D.In [28, 29] amethodis describedor computingthe measuref re ective symmetries
for all planegassinghroughtheorigin. Forasphericablescriptoiof size (respec-

tively 3D function of size ) the methodcomputeshe measure®sf re ective sym-
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metryin (respectrely ) time. Theefciency of this approach
reliesontheuseof the FFT to computecorrelationwith respecto asingleaxisef ciently
anda generalizatiorof this approacho generalsymmetrydetectionwould resultin al-
gorithmsthathave compleity for sphericafunctionsand for
3D functions.

In Chapter5, we shav how the analogsof the FastFourier Transformand FastIn-
verseFourier Transformon the sphere,namelythe Fast Harmonic Transformand the
FastlnverseWignerD Transformcanbeusedto computethe measuref all symmetries
efciently. In particular we describea methodfor computingthe measureof all re ec-
tive and rotationalsymmetriesof both sphericalfunctionsand 3D functionsin
time, therebyproviding amethodfor computingall symmetrieof a modelaboutits cen-
ter of massin lesstime than previous methodsrequiredto computeonly the re ective

symmetries.
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Chapter 3

ShapeDescriptors

Thedif culty of establishingcorrespondencdsetweenwo shapesandthe needfor ef-
cient matchinghasmotivatedresearchn the developmentof shapedescriptos. These
arerespresentationsf a 3D modelas x ed dimensionalectorsthat arewell suitedfor
shapematchingandretrieval tasksasthey reducethe task of modelcomparisorto the
computatiorof the Euclideandistancebetweerntwo vectors.

In orderto be effective asarepresentationf a 3D model,the shapedescriptomeeds
to be discriminating,effectively differentiatingbetweensimilar anddis-similarmodels.

To this end,the shapedescriptomeeddo satisfytwo properties:

1. Invertibility : The mappingfrom the spaceof modelsto the spaceof shapede-
scriptorsneeddo be approximatelyinvertible,sothatthe shapedescriptorsof two

modelsarenearlyidenticalonly if the modelsthemselesaresimilar.

2. Isometry: The mappingfrom the spaceof modelsto the spaceof shapedescrip-
torsneeddo approximateanisometry sothatthe Euclideandistancebetweerthe
shapedescriptorsof two modelsgivesa meaningfulmeasureof the similarity of

theunderlyingshapes.
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In our researchyve have found thatwhile mary shapedescriptorssatisfytheinvert-
ibility property they do notapproximatasometries As aresultthe shapemetricde ned
by the Euclideandistancebetweentheseshapedescriptorsloesnot provide sufciently
effective discriminationbetweemmodels.In this chapterwe presentanew shapedescrip-
tor having thepropertythatthedistancebetweertheshapealescriptorof two modelscor-
respondgo theamountof work neededo transformonemodelinto the other We begin
by describingthe shapemetric characterizinghe amountof work neededo transform
onemodelinto another We thenshowv how this metriccanbe analyticallycomputedand
we provide a shapedescriptorthat approximateghis metric. We concludeby provid-
ing experimentakesultsthatdemonstratéhe empiricallimitations of the previousshape
descriptorsandshaov that the matchingperformanceobtainedusing our newv shapede-
scriptoris comparablein ef cacy, to the matchingperformancebtainedwith the shape

metric.

3.1 ShapeSimilarity

The notion of shapesimilarity thatwe would lik e to useis basedon the sumof squared
distance$SSD)for modelsalignedin thesamecoordinatesystem.Speci cally, wede ne
the distancebetweentwo modelsasthe sumof squareddistancedrom every point on
one surfaceto the closestpoint on the other andvice-versa. This de nition of shape
similarity givesa measureof the extent to which eachmodelis a subsetof the other
andis commonlyusedin shapeegistrationtechniquesuchasthelterative ClosestPoint
algorithmpresentedy BeslandMcKay[10].

While a directapproachor computingthe minimum SSDwould requirea complex

integrationover the surfacesof the models we presenta nev methodfor computingthis
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distancethatis easyto implement.For eachmodel in the databasewe representhe
modelby two voxel grids, and . The rst voxel grid, , Is the rasterizatiorof
theboundarywith value atavoxel if thevoxelintersectsheboundaryandvalue if it
doesnot. Thesecondroxel grid, is the(square EuclidearDistanceTransformof the
boundarywith thevalueat a voxel equalto the squareof thedistancdo the nearespoint
on theboundary In orderto comparegwo models and we simply setthe distance

betweerthetwo of themto be equalto:

thedot productof therasterizatiorof the rst modelwith the squaredlistanceransform
of the second,plus the dot productof the rasterizationof the secondmodel with the
squared-distandeansfromof the rst. Thedotproduct Is equalto theintegral
overthesurfaceof  of thesquarelistancdransformof . Thus,it is preciselyequalto
theminimumsumof squaredlistanceshatpointsonthesurfaceof = needto bemoved
in to orderto lie onthesurfaceof . Figure3.1demonstratethis procesgor computing

the similarity betweertwo models.

While this methodprovidesa directmeandor computingthe minimum SSD, it can-
not be useddirectly to designa shapedescriptorasthe methodfor comparisorinvolves
summingthe asymmetricdot productsof two vectorsratherthancomputingEuclidean
distances. Consequentlygeneralinvarianceand symmetrymethods(as discussedn
Chapters4 and 5) cannotbe appliedto this shaperepresentationjmiting its practical
ef cacy in mary applicationsln the next sectionwe shav thatthis dot-productepresen-
tationcanbe approximatedvith a shapedescriptoysothatthe minimum sumof squared

distancedetweenwo surfacescanbe approximatedy the Euclideandistancebetween
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Figure3.1: Two modelsarecomparedy computingthevoxel rasterizatiorandsquaredlistance
transformof eachone, and then de®ningthe distancemeasureof model similarity as the dot
productof the rasterizationof the ®rst with the distancetransformof the second plus the dot
productof the distancetransformof the ®rst with the rasterizatiorof the second.The resultant
valueis equalto the minimum sumof squareddistanceghat points on eachmodelneedto be

movedin orderto lie ontheothermodel.

their correspondinghapedescriptorsThus,we provide amatchingmethodghathasthe

discriminatingpower of a commonshapemetric while maintainingthe simplicity of a
vectorbasedepresentation.
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3.2 GaussianEuclidean DistanceTransform

Sincewe compargwo modelshy computingthedistanceébetweertheir shapealescriptors,
we choosea 3D voxel representatiorthat describesnot only wherethe points on the
modelare,but alsohow faranarbitrarypointis from the model. Furthermorethevalues
of the voxel grid shouldfall off to zerofor voxels further from the model, allowing us
to treatthe voxel grid asa samplingof a compactlysupportedunction andto restrict
the domainover which we integrate. To addresgheseissueswe de ne the voxel grid
asa samplingof anexponentiallydecayingeuclideanDistanceTransform.In particular
givenamodel wede ne its GaussiarEuclideanDistanceTransformto bethefunction

with:

where is the EuclideanDistanceTransform giving thedistancefrom to the

nearespointonthemodel .

The advantageof this shapedescriptorare three-fold. First, iso-surficingmethods
suchasmarchingcubegq37] canbeusedto getbackthe surfaceof themodel,sothatthe
shapealescriptoiis invertible. Secondthe  differencebetweertwo Gaussiarkuclidean
DistanceTransformgyivesa measuref the proximity of the two underlyingsurfacesto
eachother providing a mappingfrom shape-spaci® descriptorspacehatapproximates
anisometry Finally, this descriptorallows usto compareacrossa wide classof mod-
els,includingmodelsthatarenot topologicallyconsistentmodelsthat have cracks,and

modelswith ipped triangles.

In orderto maintainthecontext of sphericakhapedescriptorstheGaussiarcuclidean
DistanceTransformis representetby a collectionof sphericafunctionsobtainedby re-

stricting the 3D functionto concentricspheresaboutthe origin. Thatis, givena shape
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descriptor de ned in the Cartesiarcoordinatesystemwe reparameterizéne function

in termsof radiusandsphericalangleto obtain:

wherethefactorof accountdor the changeof variable sothatgiventwo descrip-

tors and ,weget:

3.3 Retrieval Performance

Oneof the motivationsfor the designof the GaussiarEuclideanDistanceTransformis
the limitation of earliertechniquesn de ning shapedescriptorsvhosedifferencecor-
responddo the distancebetweenthe underlyingshapes.In orderto evaluatehow well
the GaussiarkuclideanDistanceTransformapproximateshe underlyingminimumSSD
metric,we comparedheretrieval performancef our shapedescriptorwith theretrieval
performancenbtainedwhenmodelsimilarity wascomputedoy explicitly evaluatingthe
sumof squaredlistanceshapeametric.

In orderto evaluatetheretrieval performancef agivenshapedescriptorwe measure
how well it classi esmodelswithin a testdatabase.The databasavas provided by the
PrincetonShapeBenchmark[47], and consistsof 1814 modelsdecomposednto two
groupsof roughly 900 models,correspondindo training andtestdatasets Eachgroup
is provided with a classi cation, associatingeachof the modelsto one of roughly 90

distinct classes.Classi cation performancenvas measuredising precision/recalplots,
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Figure 3.2: Comparisorof the precisionof differentshapedescriptordn classi®catiorexperi-
mentsrun with thetestdataseof the PrincetonShapeBenchmark.Note thatthe minimum sum
of squaredlistancesnetric givesthe bestmatchingresultswith performancehatis very closely
approximatedy the GaussiartuclideanDistanceTransformdescriptor

which give the percentagef retrieved informationthatis relevantasa function of the
percentagef relevantinformationretrieved. Thatis, for eachtarget modelin class
andary number of top matches,recall” representshe ratio of modelsin class
returnedwithin thetop  matcheswhile “precision” indicatesthe ratio of the top
matcheghatarein class . Thus,plotsthatappeaishiftedup indicatesuperiorretrieval

results.

We computedheprecisionversugecallresultsfor thetestdatasetisingtheminimum
SSDmetric,the GaussiarEuclideanDistanceTransformdescriptoy andthe descriptors
reviewedin Chapter2. Theplotsfor theseretrieval experimentsareshovn in Figure3.2.
In orderto addresghe alignmentproblemin a uniform manney we normalizedall the
modelsfor translationandscaleusingcenterof massandmeanvarianceasdescribedn
Chapterd. For all but the ShellsandD2 descriptorswe solvedfor rotationby comput-

ing thedifferencebetweerdescriptorsatall rotations,andusedthe measuref similarity
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obtainedattheoptimalrotation,asdescribedn AppendixA. (TheShellsandD2 descrip-
tors arerotation-irvariantby designandhencewe do not needto solve for the optimal
rotation.However, attheendof Chapterd, we showv thatboththe ShellsandD2 descrip-
tors canbe obtainedfrom moredescriptve, rotation-\arying, 3D histogramsIn orderto
decoupleheissueof discriminabilityfrom theissueof alignmentFigure3.2 alsoshawvs

theretrieval resultsfor thesehistograms.)

Theresultsshovnin Figure3.2validatethefactthatfor ashapealescriptoto beeffec-
tiveit notonly hasto provide adescriptve representationf a3D model,but it alsohasto
be structuredn sucha mannersothatthe distancebetweertwo descriptorsorresponds
to a meaningfulmeasureof modelsimilarity. For example,if we considermary of the
histogranmbasediescriptorsywe nd thatoftenthesedescriptorsontainenoughnforma-
tion to reconstructhe model. Speci cally, the EGl andComplex EGI areinvertible for
convex modelsandthe Sectorsand Shellsrepresentatiolcan be usedto reconstructhe
model (up to the resolutionof the bins). However, the normeddifferencebetweentwo
suchdescriptoroonly compareghe valueswithin eachbin. Thus,the normeddifference
betweerthesehistogramdescriptorss not effective at capturingtheintra-classvariations
thatwould resultin votesbeingcastinto nearbybins. While theselimitations could be
addressedby usinga non-normedneasurenf similarity, suchasthe EarthMover's Dis-
tance[49], theresultingcomparisorbecomesnuchmoreexpensve for sphericabnd3D

histogramsandasaresultmatchingcanno longerbe performedn realtime.

Similarly, the SphericalExtent Functioncaptureghe maximal extent of the model
alongraysthroughtheorigin. Thus,the normeddifferencebetweerthe SphericaExtent
Functionsof two differentmodelsgivesa measureof how far, alongthe x edrays,the
modelsneedto be deformedin orderto transformone modelinto the other However,

this descriptordoesnottake into accountdeformationsn thetangentiadirectionsandas
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aresultits performances noticeablyworsethanthe performanceof the minimum SSD
metric.

The GaussiarEuclideanDistanceTransform by contrastjs designedo give amea-
sureof similarity capturingthe proximity of onesurfaceto another A surfacepoint ef-
fectsnot only the voxel cell correspondingdo its location,but alsomary adjacentoxels
(speci cally, thevoxelsin the Voronoicell associatedo the point). As a result,the Eu-
clideandistancebetweerntwo GaussiareuclideanDistanceTransformgivesa meaning-
ful characterizatiof the distancebetweerntwo surfacesandwe nd thatthe precision
of this shapedescriptoris nearlyequialentto that of the minimum SSD metric. Thus,
the GaussiarEuclideanDistanceTransformprovidesan ef cient and effective method
for representin@D models— providing the simplicity of a vectorbasedrepresentation

without sacri cing discriminability.
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Chapter 4

ShapeRegistration

Oneof theprincipalchallenge$acedin the areaof shapematchingis thatin mary appli-
cations,a shapeandits imageundera similarity transformatiorareconsideredo bethe
same.Thus,the challengen comparingtwo shapess to nd the bestmeasurenf simi-
larity overthe spaceof all transformationsThreedifferentmethodshave beenproposed

to addresghis challenge:

Exhaustive Search: In orderto matchtwo shapesthe shapesare comparedat
every transformatiorand the measureof similarity at the optimal transformation
(i.e. the oneminimizing the similarity measure)s usedasthe measureof shape
similarity. While this approactprovidesthe correctanswerit is oftentoo slow to

beof practicalusein retrieval tasks.

Normalization: Eachshapeis placedinto a canonicalcoordinateframe andtwo
shapesareassumedo beoptimally alignedwheneachis in its own frame.In some
caseghis methodcanbe provento provide the optimal alignmenttherebygiving
the optimal measureof similarity without incurring the costof exhaustve search.

However, in the casethat normalizationdoesnot provide the optimal alignment,
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this approachhampergetrieval performancédecausesegardlesf the shapemet-
ric used,ascomparingwo modelsat thewrongalignmentresultsin aninaccurate

measuref similarity.

Invariance: Shapesredescribedn atransformation-igariantmanneysothatary
transformatiorof a shapewill bedescribedn the sameway, andthe bestmeasure
of similarity is obtainedat any transformation.In general this methodobtainsa
transformation-imariantrepresentatiotvy discardingalignment-dependershape
information,resultingin smallershapeepresentationthatrequirelessstorageand
canbecomparednoreef ciently. However, it is oftenthe casethatthesemethods
alsodiscardinformationthatis not dependenbn the alignmentof the models,and

theresultingrepresentatiors lessdiscriminating.

In this chapterwe review a numberof approache$or addressinghe alignmentis-
sue.We shaw thattraditionalmethodgor the normalizationof translationandscalecan
be shown to be provably optimal, while methoddor rotationnormalizationdo not have
this property To this end,we review the limitations of traditionalmethodsfor rotation-
normalization,we describealternatemethodsfor obtainingrotation-irvariantrepresen-
tations,and presenta numberof nev methodsfor improving someof the existing ap-

proaches.

4.1 Translation and ScaleNormalization

Initial work in 3D surfacealignmentis motivatedby the challengeof aligningpoint sets:
Giventwo point sets and whatarethe

optimalsimilarity transformations and (consistingof translationscaleandrotation)
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thatminimizesthe sumof squaredistances:

Methodsfor solvingfor thetransformationprove thattranslation scale androtation
componentganbe solved for independentlyj24, 25] andin this sectionwe review the

solutionsfor translatiorandscale.

4.1.1 Optimal Translation

Lemma4.1.1 Giventwo point sets, and
, the sumof squaeddistancess minimizedwhenead point setis translatedso that

its centoid is at theorigin.

Proof: Suppos¢hatwe havetranslatedhepointsets and sothatthecentroidof each
is attheorigin. It sufces to shav thatany (non-trivial) translationof the point setscan
only increasghesumof squaredistancesTo show this,welet and bearny translation
vectorsandset to bethesumof squaralistancebetweerthetranslategointsets

and

Sinceboth and aretranslatedsothattheir centroidis attheorigin, this gives:
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sothatthe minimumsumof squaredistancess realizedwhen andin particulay
when and areeachtranslatedo their centroidthey areoptimally alignedfor trans-
lation. Sincerotationsandscale x theorigin, it follows thatthe optimaltranslationcan

be computedndependendf scaleor rotation. |

4.1.2 Optimal Scale

Oneof thedif culties with computingthe optimalscalefor aligningtwo pointsets and
is thatis notclearhow to posetheproblem.A directapproactwould seekto minimize

the sumof squaredistance®ver all scalingsof thetwo point setsindependently:

However, this functionis alwaysminimizedat , giving a distanceof between
thetwo point sets.Thus,the challengeof posingthe scaleproblemis thatasopposedo
translationandrotation,scalingis notanisometryandasaresultthe“size” of apointset
changeswith scale.

In orderto addresghis challenge we posethe scaleproblemin a norm-preserving
fashion,seekingto nd the scalesthat minimize the distancebetweentwo point sets
while satisfyingthe condition that the overall size of the point setsremainsconstant.
This formulationof the problemis similar in motivationto the onepresentedby Horn et
al. [25] andresultsin the samesolution— two point setsare optimally scalealignedif
eachis normalizedto have meanvarianceequalto one. We shaw this by rst proving a
moregeneraktatementor arbitraryvectors,from which the optimal scaleresultfollows

asacorollary.

Lemma4.1.2 Giventwovectos and , if ead vectorhasnormequalto one thenthe
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minimumsumof squaeddistances:

subjectto the norm-pieservingconstaint:

is realizedwhen andthevectos are in fact optimally scale-aligned.

Proof: Applying the methodof Lagrangemultipliers, it follows thatthe extremaof the

function , subjectto the constraint , occurwhen:

Assumingthat thisreducedo:

andsubstitutingoackinto the constraint we get:

Thus, the function , Subjectto the constraint hasan ex-

tremumat . Sincethesecondderivativeof satis es:
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it followsthatattheoptimalscaleoccurswhen andthevectors and minimize

the sumof squareadifferencessubjectto the norm-preservingondition.

(Notethatif , We cansubstitutethe constraint into

to obtain sothatary valuesof and satifyingthe constraint
alsominimize the sumof squaredlistances.In particular if then is
minimizedandthevectors and areoptimally scale-aligned.) |

As acorollaryof theabove lemma,it follows directly that:

Corollary 4.1.3 Giventwo point sets, and

. If themeanvarianceof ead pointsetis equalto , thesumof squaeddistances

subjectto thenorm-pieservingconstaint:

is minimizedwhen andhencethe pointsare optimally scale-aligned.

Thesemethodsfor translationand scalenormalizationhave the propertythat they
provide the optimaltranslationandscalefor a singlemodel,independentf the modelit
will be comparedagainst.Thus,they provide a meangor comparingtwo modelsat the
optimaltranslatiorandscalewithout necessitatingnexhaustve searchover the spaceof
all possibletransformations.

It shouldbe notedthat while thesemethodsare gauranteedo minimize the sum of

squareglistancesndependentf correspondencehey do not necessarilyminimize the

37



differencebetweerntwo shapelescriptorsHowever, we have foundthatin whole-object-
to-whole-objecshapanatchingapplicationsthesenormalizationgprovide astable hear

optimal,solutionfor the transformatiorminimizing the distancebetweenmodels.

4.2 Rotation

While methoddor normalizingfor translationandscaleon a permodelbasishave been
describedanalagousnethodsfor normalizingfor rotation do not exist. Methodsfor
computingthe optimalrotationalalignmentbetweerntwo models[24, 25] dependon the
existanceof correspondencdsetweertwo modelsanddonotprovideameandor putting
a singlemodelinto a canonicalcoordinateframethat guaranteegptimal alignmentfor
matching.In generaltherotationalignmentproblemis addresseth oneof threeways:
(1) exhaustve search(2) normalization,or (3) invariance.In the following subsections

we describeheseapproaches moredetail.

4.2.1 Exhaustive Search

For shapedescriptorghatrepresena 3D modelaseithera sphericalfunction,or a func-
tionin 3D, oneapproacHor adressingherotationalalignmentproblemis to exhaustvely
searchfor the rotation/re ectionminimizing the differencebetweendescriptors.While
themethoddescribedn AppendixA providesa meandor implementingthe exhaustve
searchijt is still too slow to be usedin databaseetrieval applicationswherethe

correlationof a descriptomeedgo be computedor every descriptorin thedatabase.
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4.2.2 Rotation Normalization with PCA

Thetraditionalmethodfor adressinghealignmentproblemnormalizesa modelfor rota-
tion by usingthe principalaxesof themodelto placeit into acanonicatoordinaterame.
In particular givenatriangulatedsurface in 3D, thecovariancematrix  is computed

by setting

wherethe integral is summedover all trianglesin the model. Sincethis matrix is sym-
metric, SVD canbe usedto computeits eigervalues(or principal directions),andthe
modelis rotatedso thatthe -axis mapsto the eigervectorwith largesteigervalue,the

-axismapsto theeigervectorwith secondargesteigervalue,andthe -axismapsto the
eigervectorwith smallesteigervalue.

In our researchye have found rotationnormalizationvia PCA-alignmentdoesnot
provide a robust normalizationfor mary matchingapplications. The causefor this is
two-fold: First, the eigervectorsare only de ned up to a multiple of . Thus,there
is ambiguity in choosingwhich direction of the eigervectorto choose,and matching
performances hamperedf thewrongdirectionis chosen Secondthereis no gaurantee
that whentwo modelsare eachalignedto their own principal axesthenthey are also

optimally pair-wisealigned.

Exhaustive Search for Axial Ambiguity

One approachto addressinghe ambiguityin the direction of the principal axesis to
searchover the 8 possiblechoicesof axesandusethe measureof similarity at the best
alignment.While this bruteforce approachprovidesa resolutionto the axial ambiguity

it comesatthe costof increasedcomparisortime. At the endof this chaptemwve describe
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an implementatiorof this exhaustve searchapproachthat givesthe measureof model
similarity at eachof the eight possibleaxial ips without increasingthe computational

compleity of modelcomparison.

Normalizing for Axial Ambiguity

Anotherapproachis to normalizefor the ambiguity by using a consistentmethodfor
choosinghedirectionof theaxis. Tal etal. [16] proposea methodfor resolvingthis am-
biguity usingforward weighting. For eachof the threeeigervectors, , they
computethe areaof the intersectionof the model with the positive half-space

andalign with  if the areais more than half the areaof the model,
andwith if the areais less. Oneof the dif culties of usingthis methodin practice
is that often the areain the positive and negative half-spacesre nearly equal,making
this approactunstable.Thus,it is oftenthe casethattwo modelsthataresimilar arenot
alignedsimilarly, resultingin hamperedetrieval performance.

Figure 4.1 demonstratesn examplewherethis methodfor disambiguatinghe di-
rectionof the principal axescanfail. Thoughthe two modelsare similar, the direction
for the -axisis choseninconsistently As aresult,any matchingthatwould occurwith
the modelsat this alignmentwould make the modelsseemlesssimilar thanthey are. In
this example,the forward weighting approactfails becausehe areaof the half of the
modelresidingoverthepositve -axisis nearlyequalto theareaof the half of themodel

residingoverthenggative -axis.

4.2.3 Invariant to Rotation

While themethodslescribedbove provide differentapproachewo resole axialambigu-

ity, they donotadresghefactthatin somecasesheaxesde ned by PCAareinconsistent.
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Figure4.1: An exampleof a situationin which the forward weightingapproacHails. Despite
the factthatthe two modelsare similar, the choiceof the positive vs. negative directionfor the
principalaxesis inconsistenandthetwo modelsarenot correctlyaligned.

An exampleof this misalignmenis shavn in Figure4.2. Despitethefactthatthemodels
in eachpairaresimilar, the principalaxesde ned by PCA arenot consistentresultingin
theincorrectregistrationof themodelsin eachpair. The gure shonvstwo differenttypes
of misalignmenthatcanoccur In the rst threepairs,themodelsaremisalignedbecause
the -, -, and -axesarepermuted.Thus,thoughthe principal axesarecomputedcor-
rectly, their orderingbasedon the magnitudeof the correspondinggigervalueresultsin
misalignedmodels.Thistypeof misalignmentanbeaddressetly searchingverthesix
differentpermutationgor the oneminmizing the distancebetweemmodels. The second
threepairsdemonstrata moregenerakexampleof thefailure of PCA. For thesemodels,
theeigervectorsde nedfor onemodeldo notoverlapwith theeigervectorsfor theother
andno permutatiorof axeswould give the correctalignment.

Oneof thereasongor thefailure of PCAin aligning 3D modelsresultsfrom thefact
thatwhenthe covariancematrix is degenerate(i.e. eigenspacearemulti-dimensional)
a uniquesetof principal axes cannotbe established.Therearetwo casesn which the
covariancematrix canbedegenerateFirst, it is possiblefor all threeeigervectorsto have

the sameeigervalue. In this casethe covariancematrix is a multiple of the idenity and
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Figure4.2: An exampleof asituationin whichthe PCA alignmentfails. Despitethefactthatthe
pairsof modelsaresimilar, the principalaxesareinconsistenandthe modelsin eachpairarenot
correctlyaligned.

ary rotationof the modelwill alignthe -, -, and -axeswith the principal directions.
Secondjt possiblefor two eigervectors, and to havethesameeigervalue andthe
third eigervector to have adifferenteigervalue . In thiscaseary linearcombination
of thevectors and will alsobeaneigervectorwith eigervalue , andif the model
is rotatedso thatits principal axesalign with the -, -, and -axes,thenary rotation
abouttheaxis  will alsoalign the principal axesof the modelwith the -, -, and -
axes. Table4.1 shows theeigervaluesfor the covariancematrix of eachof the modelsin

Figure4.2. Note thatfor mostpairsof modelsfor which PCA fails, at leastone of the
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modelshasthe propertythattwo of the eigervaluesof its covariancematrix have similar

value.
| Model | -Axis -Axis -Axis [ Model | -Axis -Axis -Axis |
Hat1l Glassed
Hat?2 Glasse2
Churchl Cupl
Church2 Cup?2
Chairl Dino 1
Chair2 Dino 2

Table4.1: Theeigewaluesfor the differentprincipaldirectionsfor eachof the modelsshavn in
Figure4.2. Notethatfor mostpairsof modelsfor which PCAfails, atleastoneof themodelshas
the propertythattwo of the eigevaluesof the covariancematrix have similar value.

In this subsectiorwe presenttwo different methodsfor addressinghe rotational
alignmentproblemby usinginvariance. The rst approachs a hybrid normalization-
invarianceapproachwhichusesPCAto establistoneaxisof alignmentandthengivesa
rotation-irvariantrepresentatioof a shapedescriptorwith respecto all rotationsabout
thataxis. The secondapproactdescribes way to for obtaininga rotation-irvariantrep-
resentatiorof a shapedescriptorwith respectto all rotations. Both approachesitilize
the propertythat the power spectrumof a function— the collectionof amplitudesof the

differentfrequeny components- discardgphaseandtherefores invariantto rotation.

Invarianceto Axial Rotation

One approachthat hasbeendescribed([63, 62, 17]) for addressinghe limitations of
PCA alignmentusesthe fact thatin the casethat only two of the eigervectorshave the
sameeigervalue,the PCA approaclcanbe usedto de ne oneof the principal axesun-
ambiguouslyandthe circular power spectruncanbe usedto obtaina representatiothat

is invariantto rotationsaboutthatprincipalaxis.
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Thekey ideabehindthis approachs thatthe sphericalharmonicbasisfunctionscan

befactoredasthe productof functionsof anglesof elevationandazimuth:

/

wherethe arethe associated.egendrepolynomials. Thus,if a sphericalfunctionis

expressedn termsof its sphericaharmonics

thenarotationby anangleof  aboutthe North pole mapsthe function to afunction

with sphericaharmonicdecomposition

It follows, thereforethatif we represena sphericafunctionby thecomplex normsof its

harmoniccoefcients:

we obtainarepresentatiothatis invariantto rotationaboutthe North pole.
Sinceour primary concernis matchingshapeswe brie y summarizesomeof the
propertiesof this representationin so far asthey relateto the comparisonof different

sphericafunctions.

Invariance: By constructionthe representatiomf a sphericalfunctionin terms
of the complex normsof its sphericalharmoniccoefcients is invariantto rota-

tion aboutthe North pole. In particular it follows thatthis representatioins also
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invariantto permutation®f thetwo principalaxesperpendiculato the North pole.

Lower Bound: Giventwo sphericaffunctions and ,the differencebetween
the collection of their comple< normsis a lower boundfor the  differencebe-
tweenthe two functions,taken over all rotationsin the planeperpendiculato the
North pole. This propertyfollows from thefactthatgivenary two vectors and

in aEuclideanspaceit is alwaystruethatthe  differencebetweerthevectorsis

alwaysatleastasbig asthe differencebetweertheir norms:

Thus,giventwo sphericafunctions and , expressedn termsof their spherical

harmonicdecompositioras:

we can usethe fact that the are orthogonalto shav thatthe  difference
betweenthe complex normrepresentations a lower boundfor the  difference

betweerthe sphericafunctions:

Furthermoresincethe comple< normrepresentatiors invariantto rotationsabout
thetheNorth pole,it followsthatthe  differencebetweerthecomple< normrep-
resentations alower boundfor the  differencebetweerthe sphericafunctions,

takenover all possiblerotationsaboutthe North pole.
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Dependenceon PCA: While this hybrid normalization/invarianceapproachpro-
videsarepresentatioof a sphericafunctionthatis invariantto rotationsaboutthe
North pole,it dependon PCA alignmentto effectively determinewhatthe North
poleshouldbe. Thus,it only providesa usefulrotation-irvariantrepresentatioof

theshapean the casethatthe North pole canbe determinedobustly.

Information Loss Becausehis approachreatseachharmoniccoefcient inde-
pendentlythe representatiodoesnot captureinformationcharacterizinghow the
differentharmoniccomponentsf asinglefunctionalign with respecto eachother

As anexample,if thesphericafunction isthesumof two differentharmonics:

thenapplyinga North polerotationof  to only oneof thetwo coefcients results

in anew sphericafunction :

thatis notarotationof but still hasthe samecomplex normrepresentation.

Choosingthe Axis of Rotation-Invariance: This approachprovidesa represen-
tation of a sphericalshapedescriptorthatis invariantto rotationsaboutthe North
pole. In implementingthis method,modelscanbe consistentlyrotatedso thatarny
of the principal axesaremappedo the North pole anda choicecanbe madewith
regardsto which principalaxisshouldbetheaxisof rotation-irvariance In general,
theaxisis chosersothatit is themostdistinguishedRecallingthata principalaxis

is well-distinguishedf it is differentfrom eitherof the othertwo motivateschoos-

46



ing eitherthe principalaxiswith thelargestprinicpaleigervalueor theonewith the
smallestprincipal eigervalue. The choicebetweenusingthe smallestandlargest
is generallymotivatedby the databaseso that if mostof the modelstendto be
cylindrical the principal axis with largesteigervalueis chosenandif mostof the
modelstendto bedisk-shapedhe prinipal axiswith smallestigervalueis chosen.
If we considerasanexamplethePrincetonrShapeBenchmark47], we nd thatthe

averagetriple of eigervaluesis:

Thus, modelsin this databas¢endto be cylindrical, more surfaceperturbations

requiredto transformthe orderingof thetwo largestprincipalaxisthanfor thetwo

smallestone,andthe principal axis with largesteigervalueshouldbe usedasthe
axis of rotation-irvariance. To testthis emperically we computedthe precision
vs. recall for the six rotationvarying shapedescriptorsdescribedn Chapters2

and3: the ExtendedGaussianmage,the Complex ExtendedGaussiarimage the
Sectorsrepresentationthe Sectorsand Shellsrepresentationthe Radial Spheri-
cal Extent Function, and the GaussianEuclideanDistanceTranform. For each
descriptorwe computedthe complex norm representationvherethe largest( -

axis), middle ( -axis),andsmallest( -axis) principal axis waschosenasthe axis
of rotation-irvariance.Theresultsof the experimentareshown in Figure4.3. Note
that as expected,for all representationghe middle ( -axis) principal axis is the
leastdistinguishecandhencegivesthe worstresults.Moreover, sincethe average
eigervaluesfor the databaséndicatethat more of the modelsare cylindrical, the

largest( -axis)principalaxisgivesthebestretrieval results.
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Figure 4.3: Retrieval resultswith differentshaperepresentationgjemonstratinghe effect of
selectingeachof the different principal axes asthe axis of rotation-irvariarce for the complex
normrepresentation.
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Invarianceto General Rotation

This approachdescribedn [36, 36, 11, 30, 18, 31, 38], generalizeshe power spectrum
notion de ned for functionswhosedomainis a circle to a notion of power spectrum
de ned for functionswhosedomainis a sphere.This makesit possibleto obtaina rep-
resentatiorof a sphericalfunctionthatis invariantto all rotationsandhenceprovidesa

methodfor matching3D modelsthatis independentf therobustnes®f PCA.

The key ideaof this approachs basedon the fact thatthe sphericalharmonicbasis
functionsprovide a representatioffor the group of rotations(seeAppendixA). In par
ticular, if is afunctionde ned onaspherethen canbeexpressedsthe sumof its

projectionsontothe subspaces :

with

where is the projectiononto the -th irreduciblerepresentation , the arethe
sphericalharmoniccoefcients of , and are the sphericalharmonicsforming the
basisfor the -th irreduciblerepresentation . Usingthefactthatthe functionsubspace

is a representatiospacefor the rotationgroup, and usingthe fact that rotationsact

linearly onthespaceof functions,for ary rotation we have:

Thus,if we usethefactthatrotationsdo notchangehe normof asphericafunc-

tion — for all rotations — andwe represeng sphericafunctionby the
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sizeof its projectionsontotherepresentations :

—

we obtainarepresentatiothatis invariantto all rotations.
Sinceour primary concernis matchingshapeswe brie y summarizesomeof the
propertiesof this representationin so far asthey relateto the comparisonof different

sphericalfunctions.

Invariance: By constructiontherepresentationf asphericafunctionin termsof

thesizesin its frequeny componentss invariantto all rotations.

Lower Bound: Giventwo sphericaffunctions and ,the differencebetween
their power spectrais a lower boundfor the  differencebetweenthe two func-
tions, taken over all possiblerotations. This propertyfollows from the fact that
givenary two vectors and in a Euclideanspacejt is alwaystrue thatthe

differencebetweerthevectordss alwaysatleastasbig asthe  differencebetween

theirnorms:

Thus,giventwo sphericafunctions and , expressedn termsof their frequeng

componentss:

we canusethe factthatthe representations areorthogonalto shov thatthe

differencebetweerthe power spectrunrepresentationss alower boundfor the
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differencebetweerthe sphericafunctions:

Furthermoresincethe power spectrumis invariantto rotation, it follows thatthe
differencebetweenhe power spectrumss alower boundfor the  difference

betweerthe sphericafunctions,takenover all possiblerotations.

Optimality : Thekey ideaof thepowerspectrunmapproachs to decomposaspher
ical functioninto component®nwhichrotationsactindependenthandthento ob-
tain a rotation-irvariantrepresentatioby storingthe  normof eachcomponent.
To this endthe quality of the rotation-irvariantrepresentatiors dependenon the
ne-nessof the resolutionof the spacefunctionsinto rotation-independercom-
ponents.Sincetherepresentatiospaces areirreducible,it followsthatno ner
resolutioninto linear, rotation-independersubspacess possible.Thus,from alin-
earperspectie, the power spectrunrepresentatiors anoptimalrotation-irvariant

representation.

However, in shapematchingapplicationsthe linearity conditionis not necessary
and ner resolutionscanbe obtainedoy decomposingachsubspace into orbits
underthe actionof the rotationgroup— subsetgnot subspaces)f  obtainedby
takinga function andlooking at the setof functions,obtainedby applying
all thedifferentrotationsto . (Wewill discusghisin moredepthattheendof the

chapter)

Information Loss Becausehis approachtreatseachfrequeng componentin-

dependentlythe representatiomloesnot captureinformation characterizinghow
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thedifferentfrequeny component®f a singlefunctionalign with respecto each
other Figure4.4 shavs avisualizationof this for two sphericafunctions.Theone
onthebottomis obtainedrom the oneon thetop by applyingdifferentrotationsto
thedifferentfrequeny component.Thoughthe two functionsdiffer by morethan

asinglerotation,their power spectrunrepresentationarethe same.

Figure4.4: The bottomsphericalfunctionis obtainedby rotatingthe differentfrequeng com-

ponentof thefunctionontop by differentangles.Althoughthereis no rotationtransformingthe

functiononthetop to theoneon the bottom,their power spectrunrepresentationarethe same.
Furthermore for eachfrequeng component , the power spectrumonly stores
the enegy in that component.For it is not true that if then
thereis arotation suchthat . Thusknowing only the norm of the -
th frequeng componenidoesnot provide enoughinformationto reconstructhe
componenup to rotation. (This form of informationloss doesnot occurfor the
power spectrunrepresentatioof circularfunctions,astwo circularfunctionswith
thesameamplitudeandfrequeng canonly differ by arotation.) Figure4.5showvs

a visualizationof this for three sphericalfunctions. The functionsare all of the
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samefrequeny and have the sameamplitudebut thereis no rotationthat canbe
appliedto transformtheminto eachother In thisexample all threearefourth order
functionswith norm equalto 1. Sincethe spaceof fourth orderfunctionsis 9-

dimensionabndsincethe spaceof rotationsis 3-dimensionalthe power spectrum
endsup representingix dimensionsof rotationinvariantinformationby a single
value.As aresult, ve dimension®f informationarelostandthe power spectrum

representatiosannotdistinguishbetweerthe functionsshovn in Figure4.5.

Figure4.5: Thesethreesingle-frequeng ( ) sphericafunctionsdiffer by morethanrotation
but have the samesphericalpower spectrum.

4.2.4 Impr ovementsand Variations

We now describaghreegeneramethoddgor improving thematchingoerformancef shape
descriptorgepresenting 3D modelby eithera singlesphericafunctionor a collection
of sphericafunctions.The rst methoddescribesway for comparingwo PCA-aligned
models,at eachof the eight possibleaxial ips, without necessitating corresponding
eight-foldincreasen comparetime. The secondmethoddescribea simpleway for ob-
taining an axial- ip-in variantrepresentatiomf theseshapedescriptors. And the third
methodprovidesa way for improving the power spectrunrepresentatioby providing a
ner resolutionof sphericafunctionsinto rotation-irvariantcomponentsgiving anim-

proved measureof model similarity over all possiblerotations,while maintainingthe
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lower boundpropertyof the power spectrunrepresentation.

Exhaustive Axial Flip Alignment

Although a brute force approachfor computingthe measureof similarity over all per
mutationsof axis ips would resultin andeight-foldincreasen thetime compleity for
comparingwo models sphericaharmonicganbeusedto performtheexhaustve search
without increasingthe comparisortime. The key ideabehindthis approachss thatif a

sphericafunctionis expressedn termsof its sphericaharmonics

then ipping the -, -, or -axischangesheharmonicsasfollows:

-ip : Re ecting aboutthe -planesothatthe -axis ips tothe -axissends

eachharmoniccoefcient to its complex conjugate .

-ip : Re ecting aboutthe -planesothatthe axis ips tothe -axissends

the harmoniccoefcient to

- ip : Re ecting aboutthe -planesothatthe -axis ips tothe -axissends

the harmoniccoefcient to

Thus,in computingthe dot productof with , we canconsiderthe contritution of
differentharmoniccomponents  separatelydependingonwhether is evenor odd,
is evenor odd,andif we arelooking atthereal or imaginarypartof . To dothis, we

de ne:
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where andR givesthereal partof a complex numberif andthe
imaginarypart if . (Notethatcomputing takesno moretime thancomputing
thedot productof with .) Then,for ary transformation composedf axis ips, we
cancomputethe dot product by summingthe values with the appropriate

sign. In particular if we set:

with , thentheexpressiorfor the  differenceof with theaxially ipped

Thus,by computingthe eight contributions independentlywe canreducethe com-
putationof thedot productof  with thedifferentaxial ips of to asignedsummation
of theseeight contribution terms. As a result,computingthe distanceat all eight axial
ips canbedonewith anadditionalcostof only 64 arithmeticoperationsindependenof

thesizeof the shapedescriptor

Invarianceto Axial Ambiguity

Usingthefactthat ipping the -, -, and -axesresultsin a changeof signin thereal
andimaginarycomponent®f someof the sphericaharmoniccoefcients, we canobtain
arepresentatiothatis invariantto axialambiguityby storingonly the absolutevaluesof
therealandimaginarycomponentskurthermoresincethe above equationsndicatethat

the contribution of the value doesnot dependon the alignmentof the axes, further
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discriminationcanbeobtainedoy storingtheactualvaluesof therealcomponentsf

for thecasethatboth and areeven,andstoringtheabsolutevaluefor all othercases.
In additionto beinginvariantto axial ips, this methodis alsopartially invariantto

permutation®f theaxes.In particular if we considerarotation by (apermutation

of theaxes)in the planeperpendiculato the North pole,thisrotationactsonthespherical

harmonicby multiplying by a power of

Thus,in the casethat is even, this amountsto multiplicationby , sothat storing
just the absolutevalue of the real andimaginarycoefcients is invariantto this type of
rotation.In particular thisdemonstratethattheabsolutevaluerepresentatiors partially

invariantto permutatiorof the axesthatareperpendiculato the North pole.

Quadratic Resolutionwith PCA

Oneof thelimitationsof only storingthe enegiesatthedifferentfrequencie®f aspheri-
calfunctionis thatit doesnotallow usto reconstructhefrequeny componentsiniquely
upto rotation.In the past this problemhasbeenaddressebtly usingalgebraic methodgo
obtainadditionalrotation-irvariantsfor the differentfrequeny components[1,136, 38].
Thedif culty with theseapproachess thatthe derived O-th orderrotation-irvariantten-
sorareoftenredundanandconsequentlycannotbe directly comparedo obtaina lower
boundfor theminimum  differencebetweerntwo sphericafunctions.

We presenta new geometricapproachfor computingorthogonalinvariantsand de-
scribe an implementationfor the quadraticcomponentf a sphericalfunction. This

approachs basedon the ideathatfor a sphericalfunction , we cangeneratehe man-
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Figure4.6: The minimum distancebetweentwo functions and , taken over the spaceof all
rotations,s equalto thedistancebetweerthetwo manifolds and ,where and are
obtainedby tracingout theimageof thefunctions and undertheactionof therotationgroup.
ifold , de ned astheimageof underall rotations. For two sphericalfunctions
and , theminimumdifferencebetween and , takenoverthe spaceof all rotations,is
preciselythe distancebetweerthetwo closesipointsonthemanifolds and , (Fig-
ure4.6). Thegoalthen,is to be ableto index thesemanifoldsin sucha way thatthe
differencebetweerntwo setsof indicesis exactly thedistanceébetweerthetwo manifolds.
The key ideaof our approachis to usePCA to explicitly solve for the alignment
thatminimizesthe differencebetweernthe constanandquadraticcomponent®f two
sphericafunctions.Thisapproactprovidesarepresentationf theconstanandquadratic
componentghatis invertible,upto rotationandeliminateghe problemof intra-frequenyg
lossin the secondordercomponentghat is otherwisesuffered by the power spectrum

approach.

Theorem4.2.11f and are two sphericalfunctionsconsistingof only constantand
secondorder harmonicsthenthe  differencebetweerthetwo is minimizedwheneath

is alignedto its own principal axes.

Proof: Because and consistof only constantandsecondorderterms,we canrepre-
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sentthetwo functionsby symmetricmatrices and where

and

If weassumdéhat and arealreadyalignedto their principalaxeswe get:

and
Thus,if is ary rotationwe get:
Trace
where and de ne the lengthsand anglesbetweenthe

functions ontheunit sphere Wewould lik e to shav thatthe dot productis maximized

when is apermutatiommatrix sothat is diagonal.

Using the fact that the differentialsof a rotation aredenedby  where isa

skew-symmetricmatrix, it sufces to solvefor:

_ Trace Trace

But isaskew-symmetricmatrix sothat, isasymmetricmatrixwith 'salong
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thediagonal:

Thus, if is a diagonalmatrix thenthe deriative is zero,independenof the choice
of . Corverselyif the aredistinctand is not diagonal,we canalwayschoose
valuesfor , ,and  suchthatthederivative is non-zerojmplying thatif is
not diagonalit cannotmaximizethe dot product. (Note thatif then isa
constanimultiple of the identity so that the dot productis independenbf the choiceof
rotation. Similarly, if thenrotationsin theplanespannedy and alsodonot
changehedot product.)

Thisshavsthatthe  differencebetweerthefunctions and is atanextremumif
andonlyif and arediagonalmatrices.Theminimum  differences thenattained
when Is maximal. So, if thenwe mustalsohave ,and
the differencebetween and is minimizedpreciselywhen and arealignedto

their principal axes. |

Thistheoremshowvsthatthe  differencebetweerthe quadraticcomponent®f two
sphericafunctionsis minimizedwhenthetwo functionsarealignedwith their principal
axes. Thus,we canrepresenthe constantandquadraticcomponentdy thethreescalars

, Whereafteralignmentto principalaxes:

Theindices uniquelyde ne theconstanandquadratidunctionupto rotation,
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but becausehe functions arenot orthogonalthey do not have the property
thatthe differencebetweentwo setsof indicesis the minimumof the  differences
betweerthetwo functions. To addresghis, we x anorthonormalbasis for
the spanof and representhe function by the threescalars
, Where is the matrix whosecolumnsare the orthonormalvectors
This providesthedesiredorthogonaindexing for the constanandquadraticcomponents

of asphericafunction,which de ne thecomponentsiniquely up to rotation.

4.2.5 Matching Results

In orderto evaluatethe utility of the differentrotationnormalizationmethodswe mea-
suredthe retrieval performanceof the differentsphericalshapedescriptorsdescribedn
Chapters2 and3. As in Chapter3, we usedthe PrincetonShapeBenchmarkio obtain
precisionvs. recall plots comparingthe performanceof the differentshapedescriptors
whenthedifferentmethoddor addressingherotationalalignmentroblemwereused.In
particular we computedhe (1) ExtendedGaussianmage,(2) Complex ExtendedGaus-
sianlmage(3) Sectorsrepresentation(4) Sectorsand Shellsrepresentation(5) Radial
SphericalExtentFunction,and(6) GaussiarEuclideanDistanceTransform for eachof
the modelsin the testdatabaseFor eachmodelandeachtype of shaperepresentation,
we obtainedretrieval resultswith the differentrotationalalignmenttechniques(1) mod-
elswerealignedby exhaustiely searchingover the spaceof all rotationsfor the optimal
rotation (ExhaustiveSeach), (2) modelswerealignedwith their principal axesandthe
bestof theeightaxial ips waschoserfor alignment{PCA+ 8x(AxialFlips)), (3) models
were rst alignedwith their principalaxesandthenthe descriptomweremadeinvariantto
the eightaxial ips by storingthe absolutevaluesof the appropriaterealandimaginary

componentof the sphericalharmoniccoefcients (PCA + Abg, (4) modelswere rst
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alignedwith their principalaxesandthenthedescriptorsveremadeinvariantto rotations
aboutthe principal axis with largesteigervalue by storing the complex norm of each
sphericalharmoniccoefcient (PCA+ Fourier (X-axis), (5) modelswerealignedwith
their principalaxesandforwardweightingwasusedto normalizefor ambiguityin theax-
ial directions(PCA (HeaviestAxis), (6) modelswererepresenteth a rotation-irvariant
mannerby storingthe power spectrumof the shapedescriptorsandusingthe quadratic
resolutionmethodto re ne the enegy decompositiorwithin the secondrderfrequeny
(Harmonic+ Quadmatic), (7) modelswererepresenteth arotation-irnvariantmannerby

storingthe power spectrunof the shapedescriptorgHarmonig.

Theresultsof theretreval experimentsareshavn in Figure4.7. In generalthey indi-
catethattheinability of PCAto resoletheaxialambiguitygreatlyhamperghematching
performanceof the differentdescriptors.Even methodsthat useforward weightingare
not stableand do not consistentlyalign axial directionswithin a class. Thus, methods
thataddresshisissue(e.g. Abs Fourier, and8x(Axial Flips)) greatlyimprove thematch-
ing performanceof the differentdescriptorsand canoften be competitive, in precision,
with exhaustve search.As aresult,we nd that(for this datasetthe needfor rotation-
invarianceis not well motivatedandrepresentationsf shapedescriptorsn termsof the
enegiesin the differentfrequenciege.g. HarmonicandHarmonic+ Quadmatic) result
in worseretrieval performanceasa resultof the inherentinformationlossin the power
spectrum.Thus,in orderfor the rotation-irvariantpower spectrunrepresentatioto be
effectivein shapeaetrieval, it is necessaryo regainsomeof theinformationlostin storing
only thesizeof thedifferentfrequeny components(We discusamethoddor addressing

thisissuein the next chapter)

It is interestingto note that both the Fourier andthe Abs approachare competitve

with exhaustve searchfor resolvingaxial ambiguity In generaltheseapproachegend
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Figure 4.7: Retrieval resultswith differentshaperepresentationgjemonstratinghe effect of
differentrotational-alignmeintechnique®n retrieval performance.
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to discardmoreinformationandwe would expectthemto be lessdiscriminating. We
believe thatpartof the explanationfor thisresidesn thelimitationsof PCA, asindicated
in Figure4.2. In particular therearea numberof classesvhoseconstituenshapesan
appearat different anisotropicscales. For thesemodels,PCA alignmentcan fail not
only becauset doesnot correctlychoosethe correctdirectionof the principal axis, but
alsobecausen somecaseghe orderingof the principal axesgetschanged.The Fourier
and Absrepresentationbegin to addresghis issueby introducingsomeinvarianceto
permutationof the axesandwe believe that this part of the explanationfor the reason
thattheir retrieval performancas often betterthanthe performanceof the approachhat
exhaustvely searche$or the bestalignmentover all possibleaxial ips.

The sizesof the differentdescriptorsandthe comparisortime for the differentmeth-
ods are shavn in Tables4.2 and4.3. Thesetableshighlight several propertiesof the

representations:

The factthatthe ExtendedGaussianimage, Complex ExtendedGaussianimage,
and Sectos representatiomll representa 3D modelby a sphericalfunctionis re-
ected in the fact that thesedescriptorsare an order of magnitudesmallerthan
the Sectos and Shellsrepresentationthe Radial ExtentFunction andthe Gaus-
sianEuclideanDistanceTransformwhich represent 3D modelby a collectionof

sphericafunctions.

The rotation-irvariantrepresentationare an order of magnitudesmallerthanthe
PCA-alignedones.Thisis because¢he power spectrunrepresentshe di-
mensionf informationcontainedn the -th frequeny by the singlevaluecorre-
spondingo theamplitude.Thus,it representatwo-dimensionasphericafunction

by a one-dimensionadrrayof enegy values.

63



The axial rotation-irvariantrepresentatiorfFourier) describedn [63, 62, 17] is
roughly half the sizeof theinitial sphericafunctionbecause@achcomplex spheri-

calharmoniccoefcient is representedy its norm.

Exhaustvely searchingfor the optimal rotationfor model alignmenttendsto be
independentf the size of the descriptor This is relatedto the factthat the lim-
iting stepin correlatingthe shapedescriptords computingthe InverseWignerD
Transform(asdescribedn AppendixA). Sinceonly onesuchcomputatiomeeds
to be performedregardlesof the numberof sphericafunctionsusedto represent
a model,we nd thatthe averagecomparisontime for exhaustve searchis not

proportionatlto the sizeof the descriptor

While a bruteforce implementatiorof the exhaustve searchfor the optimal axial
ip would increasethe comparisontime eight-fold, we nd thatin practicethe

methodpresentedor nding the optimal axial alignmentis only 54% slower, on

average.
EGI | CEGI | Sectors| Sectors+ Shells| REXT | GEDT

Exhaustve Search 256 | 512 256 8192| 8192| 8192
PCA + 8x(Axial Flips) | 256 | 512 256 8192| 8192| 8192
PCA+ Abs 256| 512 256 8192| 8192| 8192
PCA + Fourier 136 272 136 4352 | 4352| 4352
PCA (HeaviestAxis) 256 | 512 256 8192| 8192| 8192
Harmonic+ Quadratic|| 17 34 17 544 544 544
Harmonic 16 32 32 512 512 512

Table4.2: Numberof “oatsthatneedo bestoredn orderto representhedifferentshapedescrip-
torsshawvn in Figure4.7 asa function of the methodusedfor comparingacrossrotations. Note
that the rotation-irvariant descriptorsare an order of magnitudesmallerthanthe PCA-aligned

ones.
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EGI | CEGI | Sectors| Sectors+ Shells| REXT | GEDT
Exhaustve Search 15.979| 16.407| 15.924 20.696| 21.470| 20.585
PCA+ 8x(Axial Flips) | 0.031| 0.063| 0.033 0.972| 0.951| 0.934
PCA+ Abs 0.019| 0.037| 0.021 0.641| 0.680| 0.671
PCA + Fourier 0.010| 0.020| 0.011 0.335| 0.354| 0.320
PCA (Heaviest Axis) 0.019| 0.038| 0.020 0.641| 0.634| 0.628
Harmonic+ Quadratic|| 0.001| 0.003| 0.002 0.037| 0.037| 0.039
Harmonic 0.001| 0.002| 0.001 0.037| 0.035| 0.035

Table4.3: Averagetime to compargwo modelsusingthe differentrepresentationsf the differ-
entshapedescriptorshavn in Figure4.7. Notethat, with the exceptionof the exhaustve search
approachcomparisortime is proportionato modelsize. Comparisortime is in milliseconds.

4.2.6 Extending Descriptors

The sphericalpower spectrumapproachdescribedabove is a generalmethodfor trans-
forming a rotation-\arying descriptorinto a rotation-irvariantone. In this sectionwe
show that the two descriptorsdesignedio be rotation-irvariant, namelythe Shells[5]
andthe D2 [43] distributions,areactuallyvery speci ¢ instancef the power spectrum
approach.ln particular we shaw thatusingthe methodologyof the power spectrumap-
proachthesewo representationsanbetransformednto morediscriminatingdescriptors

without sacri cing rotation-irvariance.

ShapeHistograms (Shells)

We recall that the Shellsrepresentationf a given modelis obtainedby computingthe
distribution of the distanceof surfacepointsfrom the centerof mass. Anotherway to
obtainthis representatiors to computethe Shellsand Sectorgepresentatiorgiving the
distribution of pointsasa function of distancerom the centerof massandsphericalan-
gle, andthen extract the rotation-irvariant Shellsrepresentatioy xing the distance

from the centerof massand averagingthe valuesof the distribution over all spherical
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Figure4.8: Comparisorof the Shellsandthe D2 descriptorswith their power spectrungeneral-
ization. As lessrotation-irvariantinformationis discardedthedescriptordbecomeamorediscrim-
inating.

angles. From a signal processingperspeciie, this approachs analagouso computing
the Shellsand Sectorsrepresentationas a collection of sphericalfunctions,andthen
obtainingarotation-irvariantrepresentatioby computingthe sphericaharmonicrepre-
sentatiorof eachsphericaffunctionandstoringonly the constanbrderterm. As we had
seenabove, rotation-irvariantinformationcanactuallybe gleanedrom every frequeny
usingthe power spectrum.Consequentlywe expectthe Shellsrepresentatioto be less
discriminatingthan the more generalpower spectrumrepresentatiorf the Shellsand
Sectorsdescriptor This is veri ed empirically in Figure 4.8(s)which shaws thatthere
is a marked improvementin retrieval performancevhenthe entire power spectrumof
the Shellsand Sectorsdescriptoris usedover the retrieval performancevhenonly the

constanbrdertermsrepresenteth the Shellsdescriptorareusedfor matching.
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ShapeDistrib utions (D2)

As with the Shellsdescriptor the D2 descriptorcan be realizedasthe setof constant
termsof a collection of sphericalfunctions. In particular we can represenia model
with a 3D histogram,obtainedby iterating over all pairs of points on the surface of
the model, and for eachpair of points and , voting with a unit weightin the bin
indexed by . Restrictingthe 3D histogramto concentricspheresaboutthe origin,
we obtain a translation-ivariantrepresentatiorof the initial model by a collection of
sphericalfunctions,giving the distribution of distancedetweenpairsof surfacepoints,
as function of sphericalangle. In this context, the D2 descriptorcan be realizedby
storing the constantorder componeniof eachsphericalrestriction. Again, we canget
a morere ned rotation-irvariantrepresentatiomy storing not only the constantorder
componentput the entirepower spectrum As is shown in Figure4.8(b),the additionof
informationaboutthe enegy distribution in higherfrequenciegivesriseto a descriptor
thatis morediscriminatingandgivesbettermatchingperformancen precisionvs. recall

experiments.
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Chapter 5

Symmetry

Oneof thelimitationsof the sphericabower spectrunrepresentatiodescribedn Chap-
ter4 is thatshapanformationis lost asaresultof thefactthattherepresentatiors local
to frequeng space. As a result, the representatiortontainsno information aboutthe
alignmentof informationacrossdifferentfrequencies.n orderto improve the discrim-
ination power of this representationye are motivatedto augmentthe power spectrum

with informationthatis globalto frequeny space.

In this chapterwe presenthe symmetrydescriptor a representationf a 3D model
in termsof its re ective androtationalsymmetriesaboutall axes passingthroughthe
model's centerof mass.To eachaxis of symmetry the descriptorassociatea valuerep-
resentingheextentto whichthemodelis symmetricaboutthataxis. Thus,thedescriptor
capturesglobal shapeinformationthat is determinedby the alignmentof information
acrosdifferentfrequenciesandis well suitedfor regainingsomeof theinformationlost

by the power spectrunrepresentation.

We begin this chapterby presentinga generalmethodfor de ning the measureof a

model's symmetryand provide an ef cient signalprocessingrasedalgorithmfor com-
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puting the symmetrydescriptor We describesomeof the theoreticalpropertiesof the
symmetrydescriptorand shav how thesepropertiescan be usedto guide methodsfor
augmentingthe frequeng-local power spectrumrepresentatiorwith frequeng-global
symmetryinformation. Finally, we concludeby demonstratinghe practicalef cacy of

the symmetryaugmentatiompproachn shaperetrieval experiments.

5.1 General Symmetry

De nition : Givenavectorspace andagroup thatactson ,we saythat is

symmetriovith respecto  if for all

De nition : We de ne the symmetrydistanceof avector with respectoagroup as

the distanceo thenearesvectorthatis symmetricwith respecto

sd

Using the fact that the vectorsthat areinvariantto  de ne a vector subspacef

, it follows thatthe nearest -invariantvector is preciselythe projectionof onto
the subspacef invariantvectors. Thatis, if we de ne  to bethe projectionontothe
subspacénvariantundertheactionof andwede ne  to bethe projectionontothe

orthogonakubspacé¢hen:
sd

sothatthe symmetrydistanceof with respecto is thelengthof the projectionof

ontoasubspacéndexedby
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In generalcomputingtheprojectionof ontothesubspacef vectorsinvariantunder
the actionof  is a dif cult task. However, in our casewe can usethe fact that the
elementsof  are orthogonaltransformations.In particular we can apply a theorem
from representatiotheory [50] statingthat a projectionof a vectoronto the subspace
invariantunderthe actionof an orthogonalgroupis the averageof the vectorover the

differentelementsn thegroup.Thus,in thecaseof avector andagroup ,weget:

sd — —

5.2 De®ningthe Symmetry Descriptor

In orderto evaluatethe measuref symmetryof a 3D model,it is necessaryo comparea
modelwith itsre ections/rotationsA varietyof shapalescriptor&€anbeusedo compare
the modelwith its transformationandin this paperwe focuson thosethatrepresenta

modelby a sphericalor 3D, functionthatrotateswith the model.

Notation: Forary integer andary unitvector welet denotethe -fold rotational
symmetrygroup with respectto . If is positive, then is the group generatedy
thetransformation whichis therotationabouttheaxis by theangle s
negative,then  isthegroupgeneratedy thetransformation , Where isthe
antipodalmap,sendingapoint to the point

For example, is the group generatedy rotating by aboutthe -axis,
consistingof 3 elementswhile is the groupgeneratedy re ecting throughthe

-plane,consistingof two elements.

De nition : Givenashapedescriptor , we de ne its -fold symmetrydescriptorasthe

function on the spherewhosevalue at somepoint describegshe amountof thatis
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symmetricwith respecto  andtheamountof thatis anti-symmetric:

SD

where is the projectiononto the spaceof functionsthatare -fold symmetricabout

theaxis , and is the projectiononto the orthogonalcomplement.(Note that since
it sufces to computeoneof and

Despitetheredundany, we storeboththe pairof values asthey canbeusedfor bounding

shapesimilarity.)

Figure5.1shavsavisualizationof the symmetrydescriptorgor anumberof models.
Thedescriptorsaarerepresentethy scalingpointson the unit spheren proportionto the
measuref symmetry , Sothatpointscorrespondingo axesof nearsymmetryare
pushedout from the origin and pointscorrespondindo axesof nearanti-symmetryare
pulledin to the origin. Thus,for the 2-fold (respectrely -fold) symmetrydescriptors,
peaksin the descriptorscorrespondo axes of nearperfect2-fold (respectiely -fold)

rotationalsymmetry

Severalimportantpropertieof the symmetrydescriptorsaredemonstrateth theim-
age. (1) Looking at the cube,we obsenre thatif a modelis antipodallysymmetric,it
hasno oddfrequeny componentandthe -fold and -fold symmetrydescriptorsare
equal. (2) The exampleof the tetrahedrorshavs thata modelcanhave  -fold sym-
metry evenwhenit is not anitpodallysymmetric. In particulay thoughthe tetrahedron
doesnot have antipodalsymmetry andit is not -fold symmetricaboutary axis, it does
have -fold symmetryaboutthe axespassinghroughthe centersof themodel's edges.
(3) The symmetrydescriptorof the vaseindicatethatthe informationcharacterizedby

the descriptorgs not orthogonal. In particular if a modelhasaxial symmetry thanit
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Figure5.1: A visualizationof the symmetrydescriptorgor a collectionof models. The visual-
izationis obtainedby scalingunit vectorsonthe spherdn proportionto the measuref rotational
symmetryaboutthe axisthroughthe centerof massjn thedirectionof thevector

mustalsohave all othersymmetries.More generally a modelcanonly have -fold

symmetriesif it alsohas -fold symmetry

5.3 Computing the Symmetry Descriptor

We will now shav how to computeall the -fold symmetrydescriptorsof a shapede-

scriptoref ciently . Thekey ideais thatin computingthe symmetrydescriptorof ashape
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descriptor , it is necessaryo compare with its rotations.This amountgo computing
the autocorrelatiorof — acrossthe group of rotations, , and signalprocessing
methodgor computingtheautocorrelatiordescribedn AppendixA canbeusedto com-

putethe symmetrydescriptoref ciently .

In orderto computethe symmetrydescriptorof a function , it sufces to compute

thelengthsof the projections:

forall andall points ontheunitsphereWhen ispositivethentheelementsn  are
all rotations. Thus, having computedthe valuesthe autocorrelatiorwe canreconstruct
the symmetrydescriptorSD . However, when is negative, someelementof

will be of the form — productsof a rotationandthe antipodalmap. In this

casewe canusethe samemethodasin AppendixA, decomposinghe functioninto the

sumof its evenandcomponents, with:

and

Then,insteadof computingthe autocorrelatiorof , we computethe autocorrelation

of theevenandodd partsindependentlyo get:

and

This providesa generalexpressiorfor the valueof for all andall axes
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as.

— Sgn

Notethatif is oddandnegative,the contributionsfrom canceleachotherout,
andthemeasuref the -fold symmetryof isequaltothemeasur®f -fold symmetry

of theevencomponent®f

Complexity: Forbothsphericafunctionsand3D functionsthecompleity of computing
the autocorrelatiorover all rotationsis boundedby . Sincecomputingthe -th
symmetrydescriptorrequires summationdor eachof pointson the sphere

the overall compleity of computingthe symmetrydescriptorss

5.4 Propertiesof the Symmetry Descriptors

Work in symmetrydetectiorhasbeenmotivated,in part, by therecognitionthatsymme-
try is apropertycharacterizinglobalshapanformationsothatstoringa smallamountof
symmetryinformationfor eachmodelshouldprovide anef cient boundfor thesimilarity
of two models. In this section,we formalizethis intuition by explicitly describinghow

thedifferencen the symmetrieof two modelsrelatesto their measuref similarity.
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5.4.1 Globality

A fundamentapropertyof thesymmetrydescriptorss thatthey characterizglobalprop-
ertiesof amodelandhenceif the symmetrydescriptorsof two modelsdiffer atevenone
point, we expectthis to imply thatthe modelsmustbe different. This propertycanbe
formulatedexplicitly by statingthatthe  differencebetweensymmetrydescriptorss

alowerboundfor the differenceof the models:

SD SD

The explicit proof of this boundderivesfrom the fact that the valuesof the symmetry
descriptorsof a function are equalto the lengthsof its projectionsonto two orthogonal

subspaceddencefor ary -fold symmetryandary axis we have:

SD SD

sothatthedifferencebetweerthe symmetrydescriptorof two modelsat ary pointis an

explicit boundfor the proximity of thetwo models.

5.4.2 Continuous Symmetry Classi®cation

Oneof thechallenge®f shapeetrieval stemsfrom thefactthatoften3D modelsarenot
a priori aligned,andmary methodsor comparingtwo modelsrequireaninitial stepof
pairwise registration. For thesetypesof applicationsthe globality propertymentioned

above cannotbe utilized without rst aligningthe models.In this sectionwe shov how
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symmetryinformationcanbeusedfor comparingwo modelswithoutrequiringtheinitial

alignmentstep.

We are motivatedin our approachby early work in symmetrydetection[6, 64, 21]
wherethe goalwasto classifymodelsin termsof the typesof symmetrythatthey have.
Thesemethodssoughtto assigna binary valueto eachinteger , indicatingwhetheror
notamodelhad -fold symmetry Sincesucharepresentatiodid not specifythe axisof

symmetry it wasinherentlyrotation-irvariant.

Using the symmetrydescriptors,we can extend thesebinary classi cationsinto a
continuoudramewnork wherefor each , we storethe optimalmeasuref -fold symme-
try, evenwhenthe modelis not -fold symmetric. In particular setting to bethe

maximalvalueof -fold symmetryof

we de ne theoptimal -fold symmetryof asthepair:

Sym

This givesa continuousyotation-irvariantclassi cationof a modelin termsof its sym-
metries. Furthermoreasa direct corollary of the globality property it follows thatthe

symmetryclassi cationcanbe usedto boundthe proximity of two models:

Sym Sym

Thusthe symmetryclassi cationscanbe usedfor matchingmodelswithout requiringan

initial stepof pairwiseregistration.

76



5.5 Symmetry Augmentation

Motivatedby the propertiesdescribedaborve, we would lik e to usethe continuoussym-
metry classi cationfor ef ciently comparingmodelsin a rotation-irvariantmanner In

particular we would lik e to augmenexisting shapedescriptorsvith symmetryinforma-
tion, but would like to do soin a mannerthatis not redundant.To this end,we consider

the power spectrunrepresentatiodescribedn Chapter4.

The power spectrumrepresentations a generalmethodfor obtaininga rotation-
invariantrepresentatiof sphericalshapedescriptorghat describeghe descriptorsn
termsof thedistribution of enegiesacrosdifferentfrequenciesThe advantage®f this
representatioaretwo-fold: First,therepresentatiors rotation-irvariantby construction,
makingit possibletwo comparemodelswithout rst aligning them. Second,n going
from a sphericafunctionto its power spectrumthe dimensionalityof the representation

is reducedcontractinga 2D sphericafunctionto a 1D arrayof enegy values.

However, this representationreatseachfrequeny componentindependentlyand
doesnot captureinformation characterizinghe alignmentbetweendifferentfrequeny
components.Symmetry by contrastdependsstrongly on the mannerin which the dif-
ferentfrequencieslign, andthereforecapturesnformationthatis missingin the power
spectrunrepresentationl hus,augmentinghe power spectrunrepresentatiowith sym-
metry information shouldprovide a more discriminatingrepresentationgombiningthe
local (in frequeny space)nformationof the power spectrumwith global symmetryin-

formation.

Figure5.2demonstratethe motivationfor thisapproachln this gure, adatabasés
gueriedwith the nearaxially symmetrictableon theleft, andretrieval resultsareshovn

without (top) andwith (bottom)symmetryaugmentationNote thatthe additionof sym-
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Figure5.2: An exampleof the type of improvementgainedby augmentingthe power spec-
trum representatiowith symmetryinformation. The databasa&vasqueriedwith the nearaxially-
symmetrictable on the left andresultsare shavn for retrieval without (top) andwith (bottom)
symmetryaugmentationNote that symmetryaugmentatioimproves matchingperformanceby
introducinga preferencdor modelswhich have nearaxial symmetry

metryinducesa preferencdor modelsthatarenearaxially symmetric,andpushesway
models(suchasthesquardable,secondnodelin thenon-augmentetkesults)thatdo not

have sucha symmetry

In orderto augmenthe power spectrunrepresentatiowe make the assumptiorthat
symmetryis uniformly distributedacrossall the non-constantrequenciessothatif is

ashapedescriptorandSym isthemeasuref the -fold symmetryof then:

Sym Sym e

where is the -th frequeng componentof . Thus, we replacethe original power
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spectrunrepresentatioPSR)with the symmetryaugmentedepresentations:
PSR Sym — Sym —

Then,to comparewo descriptorsywe nd the symmetrytype for which the two models

vary mostandcomparehe correspondingymmetryaugmentedepresentations:
PSR PSR

Figure 5.3 demonstratethe processof symmetryaugmentation.Given a spherical
shapedescriptor(shownn in the top left), its power spectrunrepresentatios computed
by expressinghe sphericalfunctionin termsof its frequeng components, ,
and storing the norm of eachcomponent(shavn in the top right). The symmetryde-
scriptorsarecomputedandthe continuous, -fold symmetryof is extracted(shavnin
the bottomleft). Finally, the power spectrunrepresentatiofs augmentedvith symme-
try informationby scalingwith the -fold symmetryof to obtaina ner resolutionof

non-constanfrequeng information(showvn in bottomright).

5.6 Comparing the Symmetry AugmentedDescriptor

Despitethe factthatthe symmetryaugmentedepresentationow requiresa copy of the
sphericalharmonicrepresentatiofor eachsymmetrytype, in theoryencumberingoth
storageandcomparisonthe symmetryaugmentedepresentatiors in factcompactand

compare®f ciently. In particular if we computethe symmetrydot product:

Sym Sym

SDot
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Figure 5.3: The augmentecower spectrumrepresentatiomf a shapedescriptor(top left) is
obtainedby ®rst computingthe power spectrumrepresentatiortop right) andthe -fold sym-
metriesof (bottomleft). The -fold symmetriesaarethenusedto provide a ®nerresolutionof
non-constanfrequeng information by multiplying eachfrequeng norm by the pair of -fold
symmetryvalues(bottomright).

andthefrequeng dot product:

FDot
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independentlywe canseparatehe role of symmetryinformationfrom frequeng infor-

mationin the measuref shapesimilarity:

SDot FDot

Thus,in comparingwo descriptorsthe symmetryinformationis separatedrom fre-
gueng informationandonly asinglecopy of the power spectrunrepresentationeeddo
bestored.Furthermoretheseparatiomf symmetryinformationfrom frequeng informa-
tion allows for ef cient comparisorof two modelssincethe computationof SDot
andFDot areboth ef cient computationghatcanbe performedndependenthand
thencombinedo give the measuref similarity.

Finally, theseparatiorof symmetryinformationfrom frequeng informationprovides
an easymethodfor modulatingthe importanceof symmetryin the measureof model

similarity. In particular we cande ne thefamily of shapemetrics:

SDot FDot
indexed by the parameter . When symmetryplaysno role in shapecomparison
andwe revertto thepower spectrunrepresentationiWhen we obtainthesymmetry

augmentedepresentatiodescribedabore. More generallyas is increasedsymmetry
playsamorede ning role in evaluationof shapesimilarity.

We obsene that while the motivationfor this sectionwasthe orthogonalityof sym-
metryinformationto theinformationcapturedoy the power spectrunrepresentatiorthe
methodcanbegeneralizedo augmentingary rotationvaryingshapedescriptorgnotjust
thoserepresentedy their power spectrum).Thus,anaugmentedhapedescriptorcanbe

obtainedandthevalueof canstill be usedto modulatetheimportanceof symmetryin
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the evaluationof similarity.

5.7 Matching Results

To measurdhe ef cacy of the symmetryaugmentegower spectrumrepresentatiomn
tasksof shaperetrieval, we measuredheretrieval performancef the differentspherical
shapedescriptorslescribedn Chapter2 and3 comparingthe resultsobtainedwith and
without symmetryaugmentationin particular we computedhe (1) ExtendedGaussian
Image, (2) Complex ExtendedGaussiarimage, (3) Sectorsrepresentation(4) Sectors
and Shellsrepresentation(5) Radial SphericalExtent Function,and (6) Gaussiargu-
clidean DistanceTransform,for eachof the modelsin the testdatasetof the Prince-
ton ShapeBenchmark[47]. For eachmodel and eachtype of shapedescriptor we
representedhe descriptorwith its rotation-irvariant power spectrumand its rotation-
normalizedPCA-alignedrepresentationWe obtainedretrieval resultswith andwithout
symmetryaugmentationwherethe power spectrumof the shapedescriptorwas aug-
mentedwith -fold symmetryinformation, with correspondingo
re ective, 2-fold, 3-fold, 4-fold, 5-fold and axial symmetryinformation. A value of
was usedto amplify the importanceof symmetryin retrieval — this was empiri-
cally determinedo give the bestresultsin classi cationexperimentsun on thetraining
dataset.
The resultsof the retreval experimentsare shovn in Figure 5.4, comparingthe re-
trieval performancef augmente@ndun-augmentedescriptorsTheseresultshighlight

two importantpropertiesof the symmetrydescriptor:

First,symmetryaugmentatiomesultsn markedlyimprovedprecisionfor therotation-

invariantrepresentationwhile effectingonly negligible improvementdor therotation-
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normalizedones. This underscoreshe fact that the improved precisionfor the
power spectrunrepresentatioins not simply the resultof the ampli cation of the
importanceof symmetryin shapematching.Speci cially, theseresultsvalidatethe
initial motivationfor the symmetrydescriptorasa frequeng-globalshapedescrip-
tor thatcanbe usedto regain someof the informationlost by the frequeng-local

power spectrum.

Secondwe notethatsymmetryaugmentatiotis lesshelpful to the Extendedaus-
sianlmageandComple ExtendedGaussiaimagethanto othershapedescriptors.
This obsenation reinforcesthe fact that the symmetrydescriptoris computedby
comparingthe shapedescriptorsof a single model, at differentrotations. Thus,
the quality of the symmetrydescriptoris integrally tied to the quality of the un-
derlying shapedescriptor In particular shapedescriptorssuchas the Extended
GaussianimageandComplex ExtendedGaussiaimage,which performpoorlyin
shaperetrieval experiments(seeFigure 3.2), give rise to lesseffective symmetry

augmentation.

83



Figure5.4: Retrieval resultswith differentshaperepresentationgjemonstratinghe effect of
symmetryaugmentatioron retrieval performance.
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Chapter 6

Anisotropy

In this chapterwe considerthe implicationsof anisotroly on shapematching.In partic-
ular, we proposea novel methodfor matching3D modelsthatfactorsthe shapanatching
equationasthedisjoint productof anisotroly andgeometriccomparisonsWe provide a
generaimethodfor computingthefactoredsimilarity metricandshov how thisapproach
canbe appliedto improve the matchingperformanceof mary existing shapematching

methods.

In orderto separateanisotroy from the shapematchingequation,we proposea
methodfor matchingtwo 3D modelsthat rst removesthe anisotroy from eachof the
models,compareshe geometryof theisotropicmodels,andthenexpresseshe measure
of similarity of the two modelsasa function of both geometricandanisotropicsimilar-
ity. This approachs motivatedby earlierwork in the areaof isotropicscalenormaliza-
tion, which we reviewedin Chapterd. We shov how theseresultscanbe generalizedo
anisotropicscaleanddescribea methodfor removing the anisotroy from models. We
concludeby describinga methodfor comparingwo models providing afamily of shape

metricsthatis parameterizetly theimportanceassignedo anisotropy.
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6.1 Anisotropic Scale

In Chapter4, we hadshawvn thatif two point setsare uniformally rescaledso thattheir
meanvarianceis equalto one, thenthey are optimally scalealigned. We now shav
how theseresultscanbe generalizedo solve for the optimal anisotropicscale. Given
two point sets , With , and , With

, the sumof squaredlifferencedetweenthe two point setsis given by

theequation:

It follows from the resultsof unform scalealignmentthatif we searchfor the optimal
anisotropicscalein ary singledirection , thenthis occurswhenthepointsets and

arenormalizedso that thattheir variancein the direction is equalto . Considey for
example,the caseof solvingfor the optimal anisotropicscalein the direction. In this

casewe would liketo solve for thevaluesof and thatminimize

subjectto the constraint:

As in thecaseof isotropicscalef thevariancen the -directionis equalto one,thenthe
modelsareoptimally alignedwith respecto scalealongthe -axis.

More generally if both point setssatisfythe propertythatthe variancein ary direc-
tion is equalto 1, it follows that any anisotropicscalingof one of the two points sets

will only increasehe sumof squareddifferencesandthe modelsarein fact optimally
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anisotropicallyaligned.

In orderto transforman arbitrary point setinto one that hasunit variancein ary
direction,it sufces to computdts covariancematrix andthenapplythetransformation

to the point set. (Sincewe assumehatthe pointsarenot all coplanaythe matrix

is positive de nite andhencecanbeinverted,andhasareal squareroot.) To seethis,

note that the covariancematrix of a point set canbe de ned by the

equation:

wherethe doublesummations takenin orderto accountor the variancewith respecto
centerof massIf weset tobethetransformedgointset

thenthe covariancematrixof  is givenby:

Thus,the covariancematrix of the transformedooint setis equalto theidentity, andthe
variancein ary directionis equalto 1. As with isotropicrescaling,this approachhas
theadwantagethatit cannormalizefor anisotropicscaleon a permodelbasis.allowing a
modelto be transformedn a pre-processingtageindependenbf the modelthatit will
be matchedagainst.

The dif culty with applyingthis methoddirectly to triangulatedmodelsis that the
transformation rescalesareapatchesasafunction of their normaldirection. Thus

points that are unformally distributed along the untransformednodel needno longer
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Figure6.1: Uniform point samplesrom the surfaceof aniris modelareshavn ontheleft. The
samepointsafteranisotropicescaling areshavn ontheright. Thoughthe point seton theright
hasunit variancein every direction,it no longerrepresents uniform samplingfrom the suriace
of therescaledris.

be uniformally distributed on the anisotropicallyrescaledmodel. This phenomenoris

illustratedin Figure6.1 which shows pointsuniformly sampledrom a modelof aniris

(left). After ananisotropidransformations appliedto the point set(right), the positions
of the points are transformedand they no longer represent uniform samplingof the
surface. Note that points on the stemare tightly clustered,while points on the petal
becomemorespreadout. This propertyof 3D meshesesultsin theundesiredeffectthat
transforminga triangulatedmnodelwith the inversesquareroot of its covariancematrix

neednot give riseto anisotropicmodel.

In orderto addresshisissue we proposeaniteratveapproacho transformhemaodel.
At eachstepof the iteration, the modelis rst translatedso that its centerof massis
at the origin, the covariancematrix is computed,and nally the modelis rescaledby

the inversesquareroot of the covariancematrix. In our experimentswe nd thatthis
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Figure 6.2: A visualizationof a penmodelandits covarianceellipsoid is shavn on the left.
Thetransformednodelandits associatedovarianceellipsoid,afterone,two, andthreeiterations
areshavn on theright. Note thatthoughthe modelis very anisotropic after the third iteration
of anisotropicrescalingwe obtaina modelthatis nearlyisotropic,with the covarianceellipsoid
corverging to asphere.

approactcorvergesef ciently to anisotropicmodeland,in practice,no morethan ve
iterationsof this processare neccessaryo obtaina nearlyisotropic shape. Figure 6.2
shavs a model of a penandthe transformedmodel after several stepsof the iteration
process.The gure alsodraws the associate@ovarianceellipsoids,which cornvergeto a
sphereasthemodelbecomessotropic.Notethatafterthe rst iteration,thetransformed
modelis still notisotropic,though,asthe gure indicatestheiterative processonverges

quickly to anisotropicmodel. We provide a proof of the corvergenceof this approachn

the next section.

6.2 Iterati ve Anisotropic Rescaling

In thissectionwe provethecorvergenceof theiterative rescalingalgorithmfor obtaining
anisotropicmodelfrom an anisotropicone. We assumehatthe modelis not coplanay

sothatthevariancen ary directionis non-zeraandwe shaw thatiteratively rescalinghe
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modelby theinversesquareroot of the covariancematrix is a procesghatcorvergesto
amodelwith constantariance jndependenof direction. In particular the stepsof each

iterationare:

1. Anisotropicallyrescalehe modelby theinversesquareroot of the covariancema-

trix

2. Isotropicallyrescalehe modelsothatthe minimumandmaximumeigervaluesof

the covariancematrix of thenew modelarereciprocals,

andwe shaw thatiteratingthesestepsforcesthe minimumandmaximumeigervaluesof
thecovariancematrixto corvergeto 1. To thisend,we usethefollowing equatiorfor the

covariancematrix of amodel

sothatthevarianceof  in adirection is givenby:

Var

We will rst showv thata modelwith non-zerovariancein ary directioncanalwaysbe
rescaledsothatthe minimumandmaximumeigervaluesarereciprocals Next, we prove
two lemmasdescribingthe decompositiorof  into an even partition and the corre-
spondingdecompositiorof thevarianceof  acrosssucha partition. Finally, we usethe

lemmasto shaw thatthe extremaleigervaluesmustconvergeto 1.
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Isotropic Rescaling Givenamodel andscalefactor , the covariancematrix of

isde ned as:

Thus,givenamodel whosecovariancematrix haseigervalues ,
we canrescalethe model by to obtaina nev modelwhosecovariance

matrix hasasits smallestandlargesteigervaluesthereciprocals and

Lemma 6.2.1 Givena continuoudunction de nedon ,thereexistsanevenpartition

of intosubsets and andavalue sud that and
for all andall
Proof: To prove thatsucha decompositiormustexist, we de ne the function that

givestheareaof thesubsebf  with valuelessthanor equalto :

Then is a non-decreasingiight-continuoudfunction that startsat andgrows to
, andis discontinuoust points suchthat . Weset tobetheclosure

of the setof values for which . Since is monotonicwe know that
, for somevalue . Thenfor all we have andfor all
we have f we canset equalto theinverse
imageof on the range , andwe can set . Otherwisethe
function is discontinuousait andwe musthave . Thus
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we canset to be the union of the inverseimageof ontherange andary

subsebf thathasarea . |

Lemma6.2.2 Givenapartitionof  intoequalsizedsubsets and ,thevariance

across and is at leastas large as half the variancewithin and half the
variancewithin . Thatis, if
thenwe musthave:
and
Proof: We shaw that , by integrating over andusingthe

triangleinequality

By thetriangleinequality we know that:
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sothat:

asdesired.Theprooffor is analogous. [

Anisotropic Rescaling Givena model , we set to be the covariancematrix of
: to be the eigervaluesof , and to be
theinversesquareootof . Applying tothemodel , we obtainamodelwhose

variancen direction is givenby:

Var (6.1)

where is the differentialchangeof areaatthepoint  andmustsatisfy:

Using the fact that eachsummandn Equation6.1 is positive, we canapply the above

inequalitiegto get:
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Usingthefactthat it followsthat

andwe know thatthe varianceof the transformednodelin ary direction( ) can
beboundedy

— Var  —

We obsenrethatwhenwe rescaldhemodelsothatminimalandmaximaleigervalues
of the covariancematrix arereciprocalsthe minimal eigervalueis no smallerthan  so
thattransforming by cannotmake the minimal variancesmaller nor canit make

themaximalvariancdarger.

To shaw thatthe minimal andmaximaleigervaluesmustactuallycorvergeto 1, we
usethe lemmasabove. To do this, we usethe function andLemmal to evenly

partition  into and andobtainavalue satisfying:

for all and . (Though is not continuouson , it is only

discontinuouson a closedsubsetwith 0 area,so Lemmal still holds.) Expressinghe
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varianceof in thedirection in termsof this partitionwe get:

Var

This allows usto boundthe minimal varianceby:

Var — _

Since , since , andsince

, it follows thatthe minimumvarianceis boundedoy:

Var

In asimilar mannemwe cangetanupperboundfor thevariance:

Var

Isotropicallyrescaling to getamodel  with minimal and maximalvari-

anceghatarereciprocalswe get:
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In orderto nd theminimalvalueof thevariancepverall possible , we set

andcomputethederivative:
Since , thedervativeis never negative,andhencethevarianceof  is minimized
when is assmallascanbe,whichis to say . In this casewe get:

——  Var — —

Thus,the minimal andmaximalvariancesf the modelareguaranteedio corvergeto 1,
andtheiterative methoddescribedn the previous sectionis guaranteedo corvergeto a

modelwith variancel in every direction. [

In orderto evaluatetheempiricalperformancef thisapproachywe measuredheef -
cieng of corvergenceby computingthemagnitudeof thelargesteigervalueasafunction
of the numberof iterations.In particular for eachmodelin the PrincetonShapeBench-
mark [47], we iteratively (1) computedthe covariancematrix of the model, (2) trans-
formedthe modelby the inversesquareroot of the covariancematrix, and (3) rescaled
the modelsso that its smallestandlargesteigervalueswerereciprocals. We measured
the ef ciency of the iterative approachby evaluatinghow quickly the largesteigervalue
would corvergeto 1. (Sincethe modelis uniformally rescaledsothatthe smallesteigen-
valueis the reciprocalof the largesteigervalue,whenthe largesteigervalueis equalto

1, the covariancematrix reducedo the identity andthe modelis isotropic.) Figure 6.3
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Figure6.3: A graphof the magnitudeof the largesteigevalue asa function of the numberof
anisotropicrescalingiterationsperformed. The red plot shawvs the averagevalue of the largest
eigewvalue for a databasef roughly 1800 models,while the yellow plot shavs the maximum
value. Note that even thoughsomeof the modelsareinitially quite anisotropic,in practicethe
iterative approactctornvergesef®ciently anda nearlyisotropicmodelis obtainedwithin very few
iterations.

shows a plot of the magnitudeof the largesteigervalue asa function of the numberof
iterationswith theredplot shawving theaveragevalueof thelargesteigervalue,averaged
over all themodelsin the benchmarkandthe yellow plot shaving the maximalvalueof
thelargesteigervalue,aftereachstepof theiteration. Note thateventhoughsomeof the
modelsareinitially quiteanisotropicafter veiterationseventhe mostanisotropioof the
modelsis transformednto anearlyisotropicmodel,indicatingthattheiteratve approach

corvergesvery ef ciently in practice.

6.3 Anisotropy Factoring

Themethodthatwe proposefor anisotropy factoringis a generabnethatcanbe applied

to ary of the mary methods[23, 27, 5, 63, 43, 18] that matcheswo modelsby inde-
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Figure 6.4: We createa new shapedescriptorby computingthe outerproductof the rotation-
invariantanisotropicscaleswith the shapedescriptorof theisotropicmodel.

pendentlyrepresentingachoneby a shapedescriptoyandthende ning the measureof
modelsimilarity asthe  differencebetweenthe correspondinglescriptors.In partic-
ular, we anisotropicallyrescalea model to obtainanisotropicmodel , storingthe
sortedtriplet of eigervalues of thematrix transforming into
Thetriplet is arotation-irvariantrepresentatioof theanisotroy of  and,for sim-
plicity, we normalizethetriplet sothat . We computethe shapedescriptor

of theisotropicmodeland,usingthe factthattheinformationcontainedn is orthog-
onalto theinformationcontainedn  , we representhe initial model by the new

shapedescriptor , asshavnin Figure6.4.

At runtime, whena querymodel is presentedo the databaseywe computethe
anisotroy factorizationof  and de ne the measureof similarity between anda

databasenodel tobethevalue:

If then is the -differencebetweenthe vectors and
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. More generally canbetreatedasa x edconstantepresentingheimportanceof
anisotropy informationin the context of shapematching. Thus,in the casethat ,
anisotropy informationplaysnorolein thematchingandthematchingmethods invariant
to anisotropicscale.lf additionallythe shapedescriptoiis itself rotation-irvariant[5, 43,
18] thenwe obtaina matchingmethodthatis invariantto all af ne transformations.

Theadwantageof this matchingapproachs thattheshapametricde nessimilarity as
theproductof thesimilarity of theshapedescriptorandthesimilarity of theanisotropies.
Thus,thenew shapedescriptoronly needgo storethreeadditionalvalues corresponding
to thenormalizeceigervaluesof thesymmetriamatrix transformingananisotropianodel
into anisotropicone. This meansthat neitherthe storagenor the comparisortime of
theaniosotroy factorizedshapedescriptoris signi cantly largerthanthe corresponding

storageandcomparisortime for the original shapedescriptor

6.4 Matching Results

To measurethe ef cacy of the anisotroy augmenteddescriptorin tasksof shapere-
trieval, we measuretheretrieval performancef thedifferentshapealescriptorslescribed
in Chapters2 and 3, comparingthe resultsobtainedwith andwithout anisotroly aug-
mentation. In particular we computedthe (1) D2 distribution, (2) Shellsdistribution,
(3) ExtendedGaussiarimage, (4) Complex ExtendedGaussiarimage(5) Sectorsrep-
resentation(6) Sectorsand Shellsrepresentation(7) Radial SphericalExtentFunction,
and(8) GaussiartuclidearDistancelransform for eachof themodelsin thetestdataset
of the PrincetonShapeBenchmark.For eachmodelandeachtype of shaperepresenta-
tion, we obtainedretrieval resultswith andwithout anisotropy factorization.A valueof

wasusedto amplify the importanceof anisotropy in retrieval — this wasempiri-
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cally determinedo give the bestresultsin classi cationexperimentsun on thetraining
dataset.

The resultsof the retrieval experimentsfor the histogramdescriptorsare shown in
Figure6.5. The gure shaws plots of the retrieval resultscomparingthe retrieval per
formanceof the descriptorwithout anisotroly factorizationto the performanceof the
descriptorwith anisotroy factorization. For the anisotroly factorizationwe shav two
differentplots. In the rst plot, resultswereobtainedby setting , amplifying the
importanceof anisotroy (Histogram+ Scalg. In the secondyesultswereobtainedby

setting , ignoringtheinitial differencen anisotroy scalegqHistogram— Scalg.

Figure6.5: Retrieval resultswith shapedescriptorgepresenting 3D modelby 1D histograms,
demonstratinghe effect of anisotroy factorizatioron retrieval performance.

Combiningthe approachesdescribedn this chapterandthe previous one,we obtain
amethodfor augmentingshapedescriptorsvith bothsymmetryandanisotropy informa-
tion. This approactcanbeappliedto any sphericaldescriptoithatrotateswith the model
andwe show theresultsfor this hybrid approacHor descriptorghatrepresena modelby
a singlesphericaffunctionin Figure6.6,andfor descriptorghatrepresena modelwith

multiple sphericafunctionsin Figure6.7.
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Severalpropertieof symmetryaugmentatioranbe obseredfrom theresultsof the
retreval experimentdor boththe rotation-irvariantdescriptorsshovn in Figure6.5and

therotation-\aryingdescriptorshavn in Figures6.6and6.7.

First,we notethatamplifyingashapedescriptors anisotropy informationimproves
the performanceof the shapedescriptoyindependenof the representationThus,
anisotropy factorizationprovidesa simple an effective methodfor comparing3D

modelsin amoremeaningfulmanner

Second,we note that, asapposedo symmetryaugmentationanisotroyy factor
izationimprovesthe matchingperformancef all descriptorsindependenof their
retrieval quality. This obsenationreinforcesthe factthatanisotroyy is a property
of thegeometryof the modelanddoesnot dependn the methodusedto represent

shapes.

Third, we notethatin the casethat anisotropy factorizationis performedandno

weightis assignedo anisotrofy comparisor( for Histogram— Scale PCA+

Abs— Scale andHarmonic+ Quadmtic — Scalg the matchingperformanceloes
notgenerallyymprove andfor therotation-irvariantrepresentation@dlistogramand
Harmonic+ Quadraticthematchingoerformsactuallyexhibitsamarkeddeteriora-
tion in performanceWe believe thatthereasorfor thisis associateavith theman-
nerin which rotationalignmentis addressed.Speci cally, the rotation-irvariant
methodsaddressotationafterthe modelhasbeennormalizedfor anisotroy while

thePCA-normalizatiormethodsrst normalizefor rotationandonly thennormal-
ize for aniosotrop. Thus,therotation-irvariantapproacheactuallymatchmodels
acrossa wider classof transformations,nding the bestalignmentover the space

of all afne transformationswhile PCA-normalizationrmethodsdo not actually
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matchover shears.Sinceshearsare not a type of transformatiorassociateavith
intra-classvariation,the rotation-irvariantmethodsmatchover too large a classof
transformationgndconsequentharelesscapableof distinguishingoetweemrmod-

elsin differentclasses.

Finally, we note that whenthe power spectrumis usedto represent shapede-
scriptorin arotation-irvariantmanneyanisotrofy andsymmetryaugmentatiorcan
be combinedto amplify two importantcharacteristicef 3D models. In this case,
we nd thattheimproved precisionobtainedusingboth methodsof augmentation
simultaneouslys roughlythe sumof theimproved precisionsobtainedusingeach
augmentatiormethodseparately Thus, thesetwo augmentationgpproachesre
orthogonal providing independeninethodgor amplifying essentiashapeproper

ties.
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Figure6.6: Retrieval resultswith sphericakhapeepresentationglemonstratinghe effect of the
combinationof anisotroy andsymmetryaugmentation.
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Figure6.7: Retrieval resultswith multi-sphericashapeepresentationglemonstratinghe effect
of thecombinationof anisotroy andsymmetryaugmentation.
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Chapter 7

Conclusionand Futur e Work

7.1 Conclusion

In this thesis,we exploreda numberof the issuesassociatedvith the challengeof re-
trieving shapedrom lage repositoriesof 3D modelsand we have focusedon general
methoddfor addressingomeof the centralchallengef shapematching.In particular

the contritutionsof this thesisarefour-fold.

First, we introducedthe GaussiarEuclideanDistanceTransform,a nev shapede-
scriptorcharacterizinga modelby a functionthat peaksat the surfaceof the modeland
falls off exponentiallyaway from it. We designedhedescriptorsothatthedifferencebe-
tweenthedescriptor®f two modelsapproximatesheminimumsumof squaredlistances
betweerthetwo correspondingurfaces.In empiricalevaluationswe have demonstrated
that the new descriptoris more effective in retrieval tasksthan existing shapedescrip-
tors and have shavn that the retrieval performanceof the GEDT is nearlyidenticalto
theperformancebtainedvhencomparingnodelsby explicitly computingthe minimum

sumof squaredlistancedetweertheir surfaces.Thus,this new descriptorprovidesthe
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discriminability of a shapemetric, while maintaingthe easeof comparisorof a vector
basedshapeaepresentatiommakingit particularlyusefulfor shapematchingapplications

designedor interactve search.

Second,we presenteda generalframevork for addressinghe rotation-alignment
problemin shapematching. We reviewed the standard®CA methodfor aligning mod-
elsinto acanonicakoordinatesystemandthe power spectrumapproactior transforming
rotation-\aryingshapeepresentationgito rotation-irvariantones.We presente@énanal-
ysis of the limitations of theseapproachesind presentediovel methodsfor addressing
theselimitations. In particular we presentedwo methodsfor addressindhe axial am-
biguity of PCA alignment,(1) giving a methodfor ef ciently performingan exhaustve
searchover the spaceof all axial ips, and(2) describingan approachfor representing
shapedescriptordan an axial- ip-in variantmanner We have also shavn how someof
theinherentinformationlossoccuringin the power spectruncanbe amelioratedy pro-
viding afull resolutionof the secondorderfrequeng informationinto rotation-irvariant

components.

Third, we introducedthe symmetrydescriptoy a representationf the re ective and
rotationalsymmetrief sphericalshapedescriptors We have shovn how sphericalsig-
nal processingechniguesanbeusedio computeghesymmetrydescriptoref ciently and
we have shavn how the obtainedsymmetryinformationcanbe usedto augmentshape
descriptorsgiving riseto new shapeadescriptorsvhich exhibit improvedretrieval perfor
mancewithout sacri cing ef ciency. While this approachis a generalonethat canbe
appliedto mary typesof shapedescriptorswe have demonstratethatit is particularly
well-suitedfor methodghatusethepowerspectrunrepresentationr hisallows mary ex-
isting shapedescriptordo leveragethe advantage®f the power spectrunrepresentation

(e.g.rotation-irnvarianceandcompactnessyithout suffering from theimpairedmatching
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performancepreviously associateavith theinformationlossinherentin this approach.
Finally, we introducedthe anisotroy factorizationmethod,a generalapproachfor
transforminganisotropicmodelsinto isotropic modelsthat are bettersuitedfor shape
matching. By contrastwith the symmetrydescriptoy anisotropy factorizationactson
the modeldirectly, ratherthanon the shapedescriptorandhenceis a techniquethatcan
be appliedto a more generalclassof shaperetrieval methods. We provided a general
approachor augmentingxisting shapeepresentationwith anisotrogy informationand
shavn that anisotroly augmentedepresentationgivesrise to shapedescriptorswith
improvedretrieval performancevithout sacri cing ef ciency in matching.We have also
shown thatfor applicationghatusethe power spectrunto represenamodelin arotation-
invariantmanneythe two augmentatiomethods— symmetryandanisotroly — canbe

combinedo give still morediscriminatingresultsthaneithermethodalone.

7.2 FutureWork

Thework presentedh thisthesissuggestanumbetrof differentvenuedor possibleuture

work:

7.2.1 Alignment

In Chapted we presentec varietyof approache®r addressinghechallengeof rotation
alignmentfor shapematching.Thoughwe have foundthatthe power spectrumapproach
providesa consenrative estimateof the measureof modelsimilarity at the bestpossible
orientationwhile simultaneouslyeducingthe dimensionalityof theinformationneeded
to representn 3D model, we have also seenthat this representatiomliscardstoo much

informationandis consequentlyessdiscriminatingthan PCA-normalizatiormethods.
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In the future, we would like to considerthe possibility of extendingthe power spec-
trum representatioto containmore rotation-irvariantinformation, therebyobtaininga
morediscriminatingrepresentatiothatis still morecompactthanthe underlyingshape

descriptorallowing for ef cient retrieval of 3D shapesn realworld applications.

7.2.2 Symmetry

Themethodfor computingthe symmetrydescriptotthatwe presentedn Chapters takes
asits input a representatioof a 3D modelandreturnsthe measureof the -fold sym-
metriesof the modelwith respecto all axespassingthroughthe center As such,this
approachs focusedon the detectionof symmetriesof whole objects. In the future, we
would like to considerapplicationsof this methodto the symmetrydetectionof partial
objects. The adwvantageof suchan approacharetwo-fold. First, it would allow for the
possibility of detectinglocal symmetriesin a model, guiding methodsfor seggmenting
modelsinto symmetriccomponentsSecondjt couldbeusedto guessatthe symmetries
of modelswith missingdata(e.g. partsthatare occludedin the courseof 3D scanning)
therebysuggestin@pproachetor reconstructinghe missingregions.

More generally bothlocal andglobal symmetrycapturethe inherentredundang of
informationwithin amodel. As suchi,it is naturalto considemethoddor utilizing sym-
metry to guide compressioralgorithmsfor providing more compactrepresentationef

3D shapes.

7.2.3 Anisotropy

In Chapter6 we provided aniterative approackfor transforminganisotropic3D models

into isotropiconesand proved that this approachs guaranteedo cornverge to a model
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with unit variancein every direction. In experimentalevaluation,we have foundthatthe
convergenceto anisotropicmodelis substantiallynoreef cient thanthe onesuggested
by the proof. In the future, we would like to examinethe possibility of the existance
of a proof with tighter corvergenceboundsthat more closely approximatehe ef cient
convergenceexhibitedin practice.We would alsolik e to investigatehe possibility of di-
rectlytransformingananisotropianodelinto anisotropicone,withoutrequiringmultiple
iterations. Becausedhe convergenceof the iterative processdependsn the distribution
of triangle normalsover the surfaceof the model,we believe thatit may be possibleto
usethe ExtendedGaussiarimage[23] to designa methodfor directly transforminga 3D

surfaceinto anisotropicone.

7.2.4 ShapeDescriptors

Finally, this thesishasdescribedwo generalmethodgor extendingexisting shapeepre-
sentationdy augmentinghemwith anisotroly andsymmetryinformation. Thevalueof
theseapproachedepend$undamentallyonthequality of theunderlyingshapeepresen-
tation,sothatif theunderlyingrepresentatiors not discriminatingenoughto distinguish
betweershapestheobtainedaugmentedepresentatiowill alsonotbeuseful. Thus,one
of thechallengesn shapanatchings thedesignof anef cient andeffective shapeepre-
sentation.In thefuture,we would lik e to considerthe moregeneralquestionof: “What
doesit meanfor two modelsto besimilar?” and“Whatis agoodshapeaepresentatiofor
capturingthis notion of shapesimilarity” We believe thatanswerdo thesequestionex-
ist bothin the generalareaof shapematching,andin moredomain-speci capplications
wherethe notion of modelsimilarity may be moreanalyticallyde ned. In eithercase,
we believe thata goodshapeepresentatiors fundamentato thetaskof shapematching

andanalysisandis arich areafor futureresearch.
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Appendix A

Signal Processing

In mary of the applicationsthat we considey a 3D modelis representedby a function
de ned on either a sphereor a collection of spheres.In orderto study the effects of

rotationonthemodelit is naturalto consideasignalprocessingpproachin thischaptey
we review two differentaspectsf signal processing.First, we describethe spherical
harmonics,a basisfor the spaceof functionson the sphere. Second,we describethe
WignerD functions,a basisof functionson the groupof 3D rotationsthatdescribehow

rotationsinteractwith the sphericaharmonics.

A.1 SphericalHarmonics

Oneof thechallenge®f studyingtheactionof therotationgrouponthespaceof spherical
functionsresultsfrom thefactthatthis spacas not nite-dimensional.Sphericaharmon-
ics provide a solutionto this problemby decomposinghe spaceof sphericalfunctions
into a sumof simple,rotationally-independentnite-dimensionalsubspacesrThus,they
reducethe problemof understadinghe actionof rotationson the entire spaceof spher
ical functionsto the problemof understandinghe action of rotationson eachof these
subspacemdependently

More speci cally, the sphericalharmonicsare an orthonormalbasisfor the spaceof
functionsde ned onthesurfaceof thesphere:

with \/

wherethe arethe associated.egendrepolynomials. They de ne the -th frequeny
subspaces:

Span
which hasthefollowing two essentiaproperties:
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Figure A.1: The sphericalharmonics. The functionsare visualizedby scalingpoints on the
spherein proportionto the magnitudeof the function at that point, wherepointswith positive
valuearedrawn in red,andpointswith negative valuearedrawn in blue.

1. s arepresentation The subspace is closedunderthe actionof rotation, so
thatfor arny rotation andary function , Wwe have

2. isirreducible The subspace cannotbe decomposedurther asthe sum of
(non-trivial) representationsThus, the decompositiorof the spaceof spherical
functionsinto the rotationally-independerftequeny componentsannotbe fur-
therre ned.

FigureA.1 shavsavisualizationof thesphericaharmonics Thefunctionsarevisual-
izedby scalingpointsonthespheran proportionto the magnitudeof thefunctionatthat
point, wherepointswith positive valuearedrawn in red,andpointswith negative value
aredrawn in blue. Eachrow represents differentfrequeny , with functionswithin a
row correspondindo thedifferent , for x ed . Notethatasthefrequeny increases
(1) thenumberof different  increasesand(2) the numberof lobes,or undulationspf
the constituenfunctionsalsoincreases.

Ef cient methodsfor computingthe forward andinversesphericalharmonictrans-
form of a sphericafunction have beendeveloped[15, 20, 56], performingthe transfor
mationin time for functionsde ned on the surfaceof a spheresampledon
aregular grid.
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A.2 Wigner-D Functions

While the sphericalharmonicsprovide a decompositiorof the spaceof sphericalfunc-
tionsinto rotation-independerdomponentsthe WignerD functionsdescribehow rota-
tions act on the sphericalharmonics. Theseare an orthonormalbasisfor the spaceof
functionsde ned onthegroupof rotations:

Thus,giventhe sphericaharmonicdecompositiorof afunction as:

the coefcients of ary rotationof canbeexpressedn termsof the sphericalharmonic
coefcients of andtheWignerD functions.In particular for any rotation ,
we have:

Ef cient methodsfor computingthe forward andinverseWignerD transformof a
function de ned on the group of rotationshave beendeveloped[15, 33, 20, 55], per
forming thetransformationn time for functionsde ned onthegroupof rotations,
samplednaregular grid.

A.3 Correlation

In this thesis,we areprimarily concernedvith matching3D modelsacrosdifferentro-

tationsandre ections. To this end,the sphericaharmonicdransformandthe WignerD

transformprovide toolsfor theef cient computatiorof thedistancebetweertwo models
overthespaceof all possiblerotations/re ectiong34]. In particular giventwo spherical
functions and , ourgoalis to compute:

for everyrotation/re ection . Thisreducedo the problemof computingthe cor-
relationof thetwo functions overthespaceof all rotations/re ections

Usingtheforward sphericaharmonictransformto decomposéhe sphericafunctionsin
termsof their harmonicscrossmultiplying harmoniccoefcients within eachfrequeng,
andthenapplyingtheinverseWignerD transform providesanef cient methodfor com-
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puting the correlationof the two functionsat every rotation. In particular if we express
thefunctions and in termsof theirharmonics:

and

thenthe correlationat a rotation canbe obtainedby cross-multiplyinghar
monictermswithin eachfrequengy:

This givesthevalueof thecorrelationasthelinearsumof the WignerD coefcients and
the inverseWignerD transformcanbe usedto getthe value of the correlationat every
rotation.

If and is notarotation(i.e. hasdeterminant ) then istheproduct
of somerotation andthe antipodalmap - thetransformatiorthatsendsa
point tothepoint . In orderto computethevalueof thecorrelationof with at

we obsene thattheantipodalmapactson afunction asfollows:
1. If isanevenfunctionthentheantipodalmapleaves unchanged

2. If isanoddfunctionthentheantipodalmapsendghefunction to

Thus,we cancomputethe correlation if we addresghe evenandodd fre-
guencieof and independentlyln particular we express and asthesumof their
evenandoddcomponents, and , With:

and

and

Then, insteadof computingthe correlationof  with  over all rotations,we usethe
inverseWignerD transformto computethe correlationof the even and odd partsinde-
pendentiyto get:

and

This givesanexpressiorfor thecorrelationof with overall rotations/re ectionsas:

for all . Sinceary is eitheritself a rotation,or the productof some
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rotation andthe antipodalmap, this providesa methodfor computingthe
correlationof with overall rotations/re ections.

Complexity: If the sphericalfunctionsare band-limitedwith band-width andare

representeasregularsampleson a grid of sphericalanglesthenthe spherical

harmonictransformcanbe computedn time, the crossmultiplication can

be donein time, andthe inverseWignerD transformcanbe performedin

time, resultingin a total running time of to computethe correlationat eachof
rotation.(Notethata bruteforcealgorithmwould computethedot-productateach

of rotationsby performingan comparisorof  with therotationof , and

would resultin anoverall runningtime of )

Surprisingly increasinghe compleity of the functionfrom a singlesphericalfunc-
tion to a collectionof sphericalfunctions,doesnot changethe time for computingthe
correlationif thenumberof sphericafunctionsis order . In particular giventhecol-
lection of sphericalfunctions and , the differencebetween
thetwo setsof functions,atary rotation/re ection , is givenby:

Thus, asin the caseof a single sphericalfunction, computingthe differenceover all
rotations/re ectionsreducesto the problemof computingthe correlation. Expressing
eachsphericafunctionin termsof its harmonicdecomposition:

and

allows usto de ne thecorrelationof thefunctions and atevery
rotation/re ection as:

Complexity: If thesphericafunctionsareband-limitedwith band-width andthereare
of them,thenthe correlationcanbe computedn time. In particular the har
monictransformis computedn time, the crossmultiplicationcanbe
donein time, andthesingleinverseWignerD transformis still performedn
time. Thus,thelimiting compleity of for computingthe inverseWignerD
transformis not exceededand computingthe correlationof two collectionsof spheri-
cal functionscanstill be donein time. (Note thata bruteforce algorithmwould
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computethe dot-productat eachof rotationsby performingan comparison
of with the rotationof , andwould resultin anoverall running
time of )
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