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Abstract

With recentimprovementsin methodsfor theacquisitionandrenderingof 3D models,the

needfor retrieval of modelsfrom largerepositoriesof 3D shapeshasgainedprominence

in thegraphicsandvision communities.A varietyof methodshave beenproposedthat

enabletheef�cient queryingof modelrepositoriesfor adesired3D shape.Many of these

methodsusea3D modelasaqueryandattemptto retrievemodelsfrom thedatabasethat

haveasimilarshape.

In this thesis,we begin by introducinga new shapedescriptorthat is well suitedto

thetaskof 3D modelretrieval. Thedescriptoris designedto enableef�cient comparison

of 3D shapesand is constructedto approximatethe performanceof a standardmetric

for comparing3D models,therebysatisfyingtherequirementsof ef�ciency anddiscrim-

inability thatarenecessaryfor aneffective,real-timeshaperetrieval system.Wecompare

our descriptorto otherexisting descriptorsin empirical retrieval experiments,demon-

stratingthat thenew shapedescriptorprovidesimprovedretrieval accuracy andis better

suitedto thetaskof shapematching.

Oneof thespeci�c challengesin matching3D shapesarisesfrom thefactthatin many

applications,modelsshouldbe consideredto be the sameif they differ by a similarity

transformation.Thus in order to matchtwo models,a measureof similarity needsto

be computedat the optimal translation,scaleandrotation. In this thesis,we review a

numberof approachesfor addressingthealignmentchallengeandprovide new methods

for addressingthis issuethatgive riseto bettershapematchingalgorithms.

Additionally, wepresenttwogeneralmethodsfor improving theperformanceof many

extant 3D modelmatchingalgorithmsby providing a generalframework for augment-

ing existing shaperepresentationswith global shapeinformationcharacterizingsalient

shapeproperties.The �rst approachleveragessymmetryinformationto augmentexist-

iii



ing representationswith informationcharacterizingamodel'sself-similarity. Thesecond

approachfactorsthe shapematchingequationasthe disjoint productof anisotropy and

geometriccomparisons— improving thematchingperformanceof many shapemetrics

by facilitatingthetaskof shaperegistration.

In orderto describethesymmetriesof a3D model,wepresentthesymmetrydescrip-

tor, a collectionof sphericalfunctionscharacterizingthesymmetriesof a model. These

sphericalfunctionsareindexedby thetypeof symmetry, (e.g.re�ective symmetry, axial

symmetry, � -fold rotationalsymmetry, etc.) with thevalueat eachpoint giving a contin-

uousmeasureof thesymmetryof a modelaboutthecorrespondingaxis. We describean

ef�cient signalprocessingmethodfor computingthesedescriptors,giving thesymmetry

descriptorsof sphericaland3D shaperepresentationsin order �������	� time,where � is the

bandwidthof thesphericalor 3D representation.

Usingtheobservationthatit is easierto establishcorrespondencesbetweentwo mod-

elsthatareisotropicthanbetweentwo modelswith differentanisotropicscales,we pro-

videaniterativeapproachfor transformingananisotropic3D modelinto anisotropicone.

Two 3D modelscanthenbecomparedby transformingeachmodelinto anisotropicone

andthenusingoneof theexistantshapematchingalgorithmsto obtainashaperepresen-

tationof eachof theisotropicmodels.Weprove thattheiterativeapproachis guaranteed

to convergeto anisotropicmodel,andshow thatin practicetheconvergenceis ef�cient.

For both thesemethods,we show that many of the existing shaperepresentations

canbeaugmentedwith theobtainedglobalshapeinformation(eithersymmetryor initial

anisotropicscale).We provide empiricalresultsdemonstratingthat thenew, augmented

representationis morediscriminating— providing a representationof a 3D modelthat

gives rise to improved matchingperformancein shaperetrieval experiments. Finally,

sincethe augmentationof both symmetryandanisotropy informationcanbe donein a
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pre-processingstep,andsincetheaugmentationdoesnot signi�cantly increasethecom-

plexity of theshaperepresentations,thenew shaperepresentationsprovidemorediscrimi-

natingmatchingperformancewithouteffectingtheef�ciency of retrieval — makingthem

particularyvalueablefor applicationsthatseekto retrievemodelsfrom largerepositories

of 3D shapes.
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Chapter 1

Intr oduction

Over thelastfew decades,theproliferationof theWorld WideWebhasresultedin acon-

solidatedrepostitoryof a massof information.As a resultof this informationrevolution

wehavereachedapointwheremuchof thedatathatweseekis availablethroughourweb

browsers.We cannow go onlineandwith a few keystrokes�nd theweather, thenews,

dictionaryde�nitions, biographies,journalarticles,restaurantreviews, etc. In this con-

text, oneof thechallengesof dataretrieval hasshiftedto thedesignof effectivemethods

for �nding desiredinformation: “Giventhe largeamountof informationout there,how

doI actually�nd whatI amlookingfor?” To addressthischallenge,anumberof different

searchengines(e.g. Google[19], Yahoo[65], etc.) have beenestablishedthat allow a

userto specifyasimple,textualqueryandreturndocumentswith matchingcontent.

More recently, tools for acquiringandvisualizing3D modelshave becomeintegral

componentsof dataprocessingin anumberof disciplines,includingmedicine,chemistry,

architectureandentertainment.With the increasedavailability of thesetools, we have

witnessedanexplosionin thenumberof available3D models,resultingin thecreationof

a large numberof online repositoriesof 3D shapes[46, 3, 48, 12, 51, 2, 1, 41, 13, 61].
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Theability to retrieveexistingmodelsfrom theserepositoriesfacilitatesthetasksof pro-

fessionalsin �elds rangingfrom entertainmentto scienti�c research,by allowing themto

obtaindesiredmodelsquickly without requiringtheexpenditureof largeamountsof time

modelinga 3D shape.Thus,aswe hadinitially witnessedwith text, theproliferationof

3D contentin theWorld Wide Webhaschangedthe focusfrom thechallengeof gener-

atingnew models— a time consumingendeavor thatmay take hoursor days— to the

challengeof retrieving existingones.

To satisfythisneed,avarietyof retrieval methodshavebeenproposedthatenablethe

ef�cient queryingof modelrepositoriesfor a desired3D shape,many of which usea 3D

modelasa queryandattemptto retrievemodelswith matchingshapefrom thedatabase.

An exampleof suchan applicationis shown in Figure1.1. The userspeci�esa car as

a querymodel (top left). The systemthen comparesthe query to every model in the

database,returingpointersto themodelsthataremostsimilar (right).

As in many databaseretrieval applications,thealgorithmsfor matching3D shapesare

motivatedby two principalconcerns.First, thealgorithmsneedsto bediscriminating—

effectively distinguishingbetweendifferentclassesof shapesandreturningthosemodels

in thedatabasethatmostcloselyapproximatetheonesthata userwould want. Second,

the algorithmsneedto be ef�cient in both spaceandtime. In particular, sincemany of

theexistantrepositoriesindex thousands,or eventensof thousandsof models,thestored

representationof a 3D modelneedsto becompactandtheretrieval time needsto befast

enoughto returnresultsin realtime.

In practice,addressingtherun-timeef�ciency requrementis donewith theassistance

of a shapedescriptor. Theshapedescriptoris anabstractionof the3D model,capturing

salientshapeinformationin astructurethatis well-suitedfor comparison.In many shape

matchingapplications,theshapedescriptorrepresentsa3D modelby a�x ed-dimensional

2



Figure1.1: An exampleof 3D modelretrieval. Theuserspeci®esa3D queryto thesearchengine
(top left). Thesearchenginethencomparesthequeryto every modelin thedatabaseandreturns
snapshotsof themodelsthataremostsimilar to thequery(right).

vector, andcomparingtwo modelsamountsto thecomputationof thedistancebetween

two pointsin Euclideanspace.Sincethedistancebetweentwo pointsis easyto compute,

theunderlyingmatchingis ef�cient andthereal-timerequirementsof a retrieval system

canbesatis�ed. In practice,theshapedescriptoris incorporatedinto thesearchengine

as shown in Figure 1.2. In a pre-processingstepthe shapedescriptorof eachmodel

in the databaseis computed(step1). Then, at run time, a query is presentedto the

system,its shapedescriptoris computed(step2), thequerydescriptoris comparedagainst

3



Figure1.2: A shapedescriptoris incorporatedinto theretrieval algorithmin thefollowing man-
ner: In thepreprocessingstagetheshapedescriptorof every modelin thedatabaseis computed
(step1). Then,whena queryis presentedto thedatabase,its shapedescriptoris computed(step
2). The querydescriptoris comparedagainstthe databasedescriptors(step3) andthe closest
matchesarereturned.

the descriptorsof the modelsin the database(step3), and the databasemodelswith

descriptorsthataremostsimilar to thequerydescriptorarereturnedasmatches.

In orderfor theshapedescriptorto beuseful,it musteffectively distinguishbetween

different classesof shape. One of the challengesthat is uniqueto the areaof shape

matching,is thatin many applicationsweconsidertheshapeof amodelto beunchanged

if themodelis actedon by a similarity transformations.Consider, for example,thecow

in Figure1.3. If weapplytranslations,scales,or rotationsto themodelwe�nd thatwhile

its posemaychange,theunderlyingshaperemainsthesame.Thus,theclassof a shape

doesnot changewith alignmentandoneof the challengesof 3D model retrieval is to

match3D shapeseffectively acrossthespaceof rigid bodytransformations.

In this thesis,weprovidenew methodsfor addressingtheshapematchingproblemby

separatelyconsideringthechallengesof representationandalignment.We provide new

4



Figure1.3: Oneof the challengesof 3D modelmatchingstemsfrom the fact that translation,
scale,androtationarenotoperationsthatchangetheshapeof themodel.Thus,in orderto beable
to matchmodelseffectively, we needto matchthemover thespaceof thesetransformations.

methodsfor representing3D modelsin aconciseanddescripivemanner, andwenew ap-

proachesfor matchingmodelsacrossdifferentalignments.Speci�cally, thecontributions

of this thesisto theareaof shapematchingarefour-fold. First, we presenta new shape

descriptorthat is morediscriminatingthanprevious descriptors.Second,we review a

numberof approachesfor addressingthealignmentchallengeandprovide new methods

for addressingthis issuethat give rise to bettershapematchingalgorithms. Third, we

provide a generalmethodfor computingthe symmetriesof a 3D modelandshow how

the symmetriescanbe usedto augmentshapeinformation,providing a morediscrimi-

natingrepresentationof shapethat is bettersuitedfor retrieval tasks. Fourth, we show

thattheshapematchingequationcanbefactoredasthedisjointproductof anisotropy and

geometriccomparisons— improving thematchingperformanceof many shapemetrics

by facilitatingthetaskof shaperegistration.
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1.1 ShapeDescriptors

In orderto satisfythe real-timerequirementsof a retrieval system,theshapedescriptor

is often designedto be a vector in �x ed dimensionalspace. This reducesthe task of

comparingtwo modelsto thesimplecomputationof thenormed-differencebetweenthe

associatedvectors. The ef�cacy of a shapedescriptorcanbe evaluatedby considering

two separatequestions:

� How muchinformationis lostin representinga3D modelwith its shapedescriptor?

� Whatis themeaningof thenormed-differencebetweentwo shapedescriptors?

We �nd that in practice,mostof thepreviousapproachesfocuson the�rst task,de-

signingashapedescriptorthatis loss-less,sothatadescriptorcanbeinvertedto getback

the original 3D model. However, theseapproachestendto ignore the secondtaskand

asa result,the measureof modelsimilarity obtainedby comparingtwo shapedescrip-

tors is often not representative of the similarity betweenthe underlyingshapes.In this

thesiswe provide a new, invertibleshapedescriptorthat is designedsothat thedistance

betweentwo shapedescriptorscharacterizestheminimumsumof squareddistancesbe-

tweenpointson thesurfacesof thetwo models.We provide empiricalevaluationof the

shapedescriptor, demonstratingits improved precisionin retrieval tasksover existing

descriptorsandshow thattheretrieval performanceof thenew descriptorcloselyapprox-

imatesthe performanceobtainedusingthe minimum sumof squareddistancesmetric.

Thus,the new descriptorprovidesthe ef�cacy of a standardshapemetric,while main-

taingthecomparisonfacility of avector-basedshaperepresentation.
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1.2 Alignment

Oneof the speci�c challengesfacedin the areaof shapematchingis that in many ap-

plications,a shapeandits imageundera similarity transformationareconsideredto be

the same. Thus, the challengein comparingtwo shapesis to �nd the bestmeasureof

similarity over thespaceof all transformations.In general,therearethreedifferentways

to addressthis challenge:

� Exhaustive Search: Shapesare comparedat every possiblealignmentand the

measureof similarity at theoptimalalignment(i.e. thealignmentminimizing the

distancebetweentwo models)is usedasthemeasureof similarity betweenthetwo

models.

� Normalization: Shapesareplacedinto acanonicalcoordinateframe(normalizing

for translation,scaleand rotation) and two shapesare assumedto be optimally

alignedwheneachis in its own frame.Thus,thebestmeasureof similarity canbe

foundwithout explicitly trying all possibletransformations.

� Invariance: Shapesaredescribedin atransformation-invariantmanner, sothatany

transformationof a shapewill bedescribedin thesameway, andthebestmeasure

of similarity is obtainedatanytransformation.

In practice,exhaustively searchingfor the transformationminimizing the measure

of similarity is computationallyprohibitive, resultingin retrieval algorithmsthatareill-

suitedfor thetaskof largedatabaseretrieval. In this thesis,we review methodsfor nor-

malizingfor translationandscaleandprovideaspectrumof approachesfor resolvingthe

rotationalalignmentproblem.We discusstherelative meritsof thedifferentapproaches

by characterizingtheir effectson discriminabilityandef�ciency of shapematching.Ad-
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ditionally, weprovideseveralnew methodsfor addressingtherotationalalignmentprob-

lemandshow how thesemethodsaddressspeci�c limitationsof existingapproachesand

demonstratetheir utility in shapematchingby evaluatingtheir implicationsin empirical

retrieval experiments.

1.3 Symmetry

In orderto describethesymmetriesof a 3D model,we presentthesymmetrydescriptor,

a collectionof sphericalfunctionsthatrepresenta 3D modelasa collectionof spherical

functionsthat give the measureof a model's re�ective and rotationalsymmetry, with

respectto everyaxispassingthroughthecenterof mass.Thus,thedescriptorcanbeused

notonly to identify axesof perfectsymmetry, but alsoto measurethequalityof symmetry

with respectto any axis.Speci�cally, themeasureof
�

-fold symmetryof amodelaround

someaxisis de�ned to bethemagnitudeof theprojectionof themodelontothespaceof

modelshaving thatsymmetry.

Figure1.4 shows a visualizationof the SymmetryDescriptorsof two models. The

descriptorsarerepresentedby scalingpointson theunit spherein proportionto themea-

sureof symmetry, sothatpointscorrespondingto axesof nearsymmetryarepushedout

from the origin and points correspondingto axesof nearanti-symmetryare pulled in

to the origin. Thus,for the 2-fold (respectively
�

-fold) symmetrydescriptors,peaksin

thedescriptorscorrespondto axesof nearperfect2-fold (respectively
�

-fold) rotational

symmetry. Similarly, for the re�ective symmetrydescriptors,peakscorrespondto unit

vectorsperpendicularto planesof nearperfectre�ectivesymmetry.
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Figure1.4: A visualizationof thesymmetrydescriptorsfor astoolandaniris. Thevisualization
is obtainedby scalingunit vectorson thespherein proportionto themeasureof symmetryabout
thevector. Thus,peaksin thedescriptorcorrespondto axesof rotationalsymmetryandorthogonal
planesof re¯ective symmetry.

1.4 Anisotropy

Wealsoproposeanovel methodfor matching3D modelsthatfactorstheshapematching

equationasthedisjoint productof anisotropy andgeometriccomparisons.We provide a

generalmethodfor computingthefactoredsimilarity metricandshow how thisapproach

canbe appliedto improve the matchingperformanceof many existing shapematching

methods.

Thekey ideaof our approachis basedon theobservationthatmuchof thechallenge

of shapematchingis in theestablishingof correspondences,andthat if two modelsare

both isotropic, thenit is easierto establishcorrespondencesbetweenthem. Figure1.5

demonstratesthis for modelsof an armchairanda sofa. Whenthe modelsareat their

initial anisotropicscales(shown on the left), it is dif�cult to establishcorrespondences

betweensimilar regions.Methodssuchasassociatingto apointononemodelthenearest

point on theother(commonlyusedin ICP-typeapproaches[10]) will mappointson the

9



Figure1.5: Whentwo modelshavedifferentanisotropicscales(left), it is harderto establishcor-
rectcorrespondencesbetweenthetwo. Thus,matchingmethodsthatdependon correspondences
for evaluatingmodelsimilarity will be inaccuratein this case.In contrast,whenthemodelsare
transformedso that eachis isotropic (right), the correspondencesare more accurateand, as a
result,themeasureof shapesimilarity is morediscriminating.

cornersof the armchairto pointsin the middle of the sofa, pointson the bottomof the

arm-restof thearmchairto pointson thetop of thearm-restof thesofa,etc. Thus,many

poor correspondenceswill be established,resultingin an inaccuratemeasureof shape

similarity. If insteadbothmodelsarerescaledto be isotropic(shown on theright), then

thecorrespondencesestablishedwould moreaccuratelyre�ect correspondingregionsin

theshape.

Thisobservationmotivatesusto designashapematchingparadigmthatcomparestwo

modelsby (1) transformingeachof theminto anisotropicmodel,(2) comparingthegeo-

metricsimilarity of theisotropicmodels,and(3) de�ning themeasureof modelsimilarity

asa functionof boththesimilarity of theisotropicmodels,andthedifferencein their ini-

tial anisotropicscales.Figure1.6 demonstratesthis processfor two differentmodelsof
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Figure1.6: Ourapproachis to comparetwo modelsby rescalingeachmodelsothatit is isotropic
andthende®ningthe distancebetweentwo modelsas the productof the distancebetweenthe
isotropicmodelsandthedifferencebetweentheir initial anisotropicscales.

a table.Eachtableis representedby its isotropicversionandits initial anisotropicscale,

representedby thecovarianceellipsoidof theoriginal model. Thedistancebetweenthe

two tablesis thende�ned astheproductof thedistancebetweentheisotropictablesand

thedistancebetweentheinitial anisotropicscales.

For both thesemethods,we show how many of the existing shaperepresentations

canbeaugmentedwith theobtainedglobalshapeinformation(eithersymmetryor initial

anisotropicscale).We provide empiricalresultsdemonstratingthat thenew, augmented

representationis morediscriminating— providing a representationof a 3D modelthat

givesrise to markedly improved matchingperformancein shaperetrieval experiments.

Finally, sincetheaugmentationof bothsymmetryandanisotropy informationcanbedone

in a pre-processingstep,andsincethe augmentationdoesnot signi�cantly increasethe
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complexity of theshaperepresentations,thenew shaperepresentationsprovidemoredis-

criminatingmatchingperformancewithouteffectingtheef�ciency of retrieval — making

themparticularyvalueablefor applicationsthatseekto retrievemodelsfrom largerepos-

itoriesof 3D shapes.

Theremainderof thethesisis structuredasfollows. In Chapter2 wereview previous

work in the areasof shapedescriptors,symmetrydetectionandshaperegistration. In

Chapter3 we presenta new shapedescriptorandevaluateits ef�cacy in tasksof shape

retrieval, comparingit to bothpreviousdescriptors,andmorecomplex shapemetrics.In

Chapter4 we review methodsfor addressingtheshapealignmentproblem,focusingon

approachesfor transformingexisting rotation-variantdescriptorsinto rotation-invariant

descriptors.We discussthebene�tsandlimitationsof variousexistingmethodsandpro-

vide a new hybrid normalization/invariancetechniquefor addressingthe rotationalign-

mentproblem.We presentour symmetrydescriptorin Chapter5, providing anef�cient

methodfor computingit, discussingsomeof its properties,anddemonstratingits empiri-

calef�cacy in improvingretrievalperformanceof anumberof differentshapedescriptors.

In Chapter6 we presentour methodfor anisotropy factorization,providing an iterative

methodfor transformingananisotropicmodelinto an isotropicone,andshow how this

approachcanbeusedto further improve retrieval performance.Finally, we concludein

Chapter7 by reviewing ourwork anddiscussingpossiblevenuesfor futureresearch.
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Chapter 2

Background and RelatedWork

2.1 ShapeDescriptors

Traditionalmethodsfor retrieval of modelsfrom large repositoriesfocuson designing

a methodfor de�ning a measureof similarity betweena querymodelandevery target

model in the database.The modelsin the databasearethensortedby this measureof

similarity, andthenearestmodelsarereturnedasmatches.

In the context of matching3D shapes,the most commonapproachis to establish

correspondencesbetweenthe querymodelandthe target model,andthento de�ne the

measureof similarity in termsof thedistancesbetweencorrespondingpoints.Two gen-

eralclassesof methodshave beenproposedthatcomputea measureof shapesimilarity

by explicitly establishingsuchcorrespondences.The�rst approachis alocalone,seeking

to establishcorrespondencesbetweenpairsof pointson thetwo models,andthende�n-

ing themeasureof shapesimilarity asthesumof thesquareddistancesbetweenpairsof

pointsin correspondence[7, 35, 10,69, 26,8, 40,17]. Thesecondmethodis moregen-

eral,decomposinga modelinto constituentparts,andthenrepresentingthe modelasa
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graphcharacterizingtherelationshipbetweenthedifferentsegments[53, 54, 44, 22,52].

Correspondencesbetweentwo modelscanthenbe establishedusingsubgraphisomor-

phismtechniques,which simultaneouslyde�ne thecorrespondencesbetweenthenodes

of thetwo graphrepresentations,andgive thequalityof thecorrespondences.

For both of theseapproaches,the establishingof correspondencesis a dif�cult and

time consumingtask that needsto be performedon a per-pair-of-modelsbasis. Thus,

muchof the necessarycomputationcanonly beperformedat run time, oncea queryis

speci�ed. This makesthesemethodsimpracticalfor the retrieval of modelsfrom large

databases,whereef�cient comparisonis essential.

Thecomputationalcomplexity of establishingcorrespondencesbetweenmodelshas

motivateda largebodyof researchin theareaof shapedescriptors.Thegeneralapproach

of thesemethodsis tode�ne amappingfrom thespaceof modelsinto a�x ed-dimensional

vectorspace,andthento de�ne themeasureof similarity betweentwo modelsasthedis-

tancebetweentheircorrespondingdescriptors[23,27,14,9, 5,43,63,18]. Thisapproach

hastheadvantageof addressingthecorrespondenceproblemonaper-modelbasis,allow-

ing for thecomputationof descriptorsin an of�ine process.Thus,correspondencesare

establishednotbetweentwo models,but betweenasinglemodelandthecoef�cients of a

�x eddimensionalvector. Then,at run time, thedescriptorof thequeryis computedand

comparedagainstthe(pre-computed)descriptorsof all themodelsin thedatabase,giving

riseto methodsthatcansatisfytheef�ciency requirementsof interactivesearch.Wegive

a detaileddescriptionof a numberof thesetypesof shapedescriptorsbelow, anda more

generalsurvey of shapedescriptorscanbefoundin [45, 4, 60,59].
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2.1.1 ExtendedGaussianImage (EGI)

The extendedGaussianimageis a shapedescriptorthat representsa 3D model by a

sphericalfunction. The EGI wasinitially proposedby Horn in [23] andis obtainedby

having eachtrianglevoteon thebin correspondingto its normaldirection,with a weight

equalto the areaof the triangle. The extendedGaussianimagehasseveral important

propertiesthat make it useful for shapeanalysisandmatching. First, it is invariant to

translation.Second,theEGI scalesandrotateswith themodel.Third, for convex models

theEGI is aninvertiblerepresentation.

2.1.2 ComplexExtendedGaussianImage (CEGI)

Thecomplex extendedGaussianimageis ageneralizationof theEGI, proposedby Kang

et al. in [27]. Ratherthanjust voting with a realvalueequalto theareaof the triangle,

this methodvoteswith a complex numberwhoseamplitudeis equalto the areaof the

triangleandwhosecomplex phaseis equalto thenormaldistanceof thetrianglefrom the

origin. This approachresultsin a representationof a 3D model that rotatesandscales

with the3D model,andwhichexhibitsasimplephase-shiftwhenactedonby translation.

Thus, it is particularlywell suitedfor applicationsin which onewould like to register

two similar modelsin differentposes,asthe challengeof solving for the optimal rota-

tion andtranslationcanbe decoupledby �rst solving for theoptimal rotationusingthe

complex normof theCEGI,andthenseparatelysolvingfor theoptimaltranslation— ef-

fectively decomposinga6D optimizationprobleminto two independent3D optimization

problems.
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2.1.3 ShapeHistograms

Motivatedby thechallengeof usingshapematchingtechniquesto addressthechallenge

of proteinmatching,Ankerstetal. [5] developedthreedifferentmethodsfor representing

3D modelsin termsof thedistributionof surfacepointsasafunctionof distancefrom the

centerof massandsphericalangle.Whenonly thedistancefrom thesurfaceis usedthe

Shellsdescriptoris obtained,whenonly thesphericalangleis usedtheSectorsdescriptor

is obtained,andwhenbothareusedtheShellsandSectorsdescriptoris obtained.

Shells

TheShellsdescriptorrepresentsa 3D modelby a one-dimensionalhistogram,giving the

distributionof distancesof surfacepointsfrom thecenterof mass.This representationis

invariantto rotationsincethedistanceof apoint from thecenterof massdoesnotchange

whenthemodelis rotatedaboutits center. While scaletransformationsactnon-trivially

on therepresentation,scalingthedomainof therepresentationratherthanthehistogram

values,ascale-normalizedrepresentationcanbeobtainedusingwell-establishedmethods

thatwewill describein Chapter4. In Chapter4 wewill show thattheshellsdescriptoris

a speci�c instanceof anapproachfor obtainingrotation-invariantrepresentationsof 3D

models,andcanbe generalizedto obtaina two-dimensionalrotatation-invariantrepre-

sentationwith improvedretrieval performance.

Sectors

The Sectorsdescriptorrepresentsa 3D modelby a sphericalhistogram,giving the dis-

tribution of surfacepointsasa function of sphericalangle. This representationscales

and rotateswith the modelandexhibits no information losswhen the initial model is

star-shaped.
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Shellsand Sectors

CombiningtheShellsandSectorsrepresentation,Ankerstetal. provideashapedescrip-

tor that representsa 3D model by a collection of sphericalfunctions. Eachspherical

functionis obtainedby intersectingthemodelwith a thin sphericalshellcenteredat the

origin andthencomputingthe Sectorsrepresentationof the intersection.The resultant

descriptorgivesriseto a three-dimensionalrepresentationthatrotateswith themodel.

2.1.4 ShapeDistrib ution (D2)

In [43], Osadaet al. presenta generalizationof theShellsmethodby generatinga his-

togramof distancesbetweenpairsof pointson the surfaceof a model. Similar to the

Shellsrepresentation,the D2 descriptoris a one-dimensional,rotation-invariantrepre-

sentationof 3D shapes.Furthermore,thebinningof distancesbetweenpairsof pointson

thesurfaceof themodelresultsin a shaperepresentationthatis alsoinvariantto transla-

tion. In Chapter4 we will show that,aswith theShellsrepresentation,theD2 descriptor

canbe generalizedto obtaina two-dimensionalrepresentationwith improved retrieval

performance.

2.1.5 SphericalExtent Function

Initially describedin [11] though�rst usedin databaseretrieval applicationsby Vranic

et al. in [63], this descriptorrepresentsa 3D modelby a sphericalfunction giving the

maximaldistancefrom thecenterof massasa functionof sphericalangle.Similar to the

Sectorsdescriptor, this function scalesandrotateswith the modelandis invertible for

star-shapedmodels.

From the standpointof shapematching,this descriptorrevolutionizesthe notion of
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modelsimilarity. In particular, whencomparingthe sphericalextent functionsof two

differentmodels,themeasureof similarity is de�ned asthesumof distances,alongrays

throughtheorigin, thatpointson thesurfaceof onemodelneedto bemovedin orderto

lie on thesurfaceof thesecondmodel.Thus,comparingtwo modelswith this descriptor

givesameasureof theamountof “work” thatneedsto beperformedin orderdeformone

3D modelinto another.

2.1.6 Radial SphericalExtent Function

Usingthemethodologyof Ankerstet al., Vranic proposesa method[62] for obtaininga

higher-dimensionalshaperepresentationby combiningthesphericalextentfunctionwith

theShellsrepresentation.Theresultantdescriptor, obtainedby computingthespherical

extentfunctionof therestrictionof themodelto concentricshellsabouttheorigin, gives

rise to a representationof a 3D modelasa collectionof sphericalfunctionsthat rotates

with theshape.

2.2 Registration

A speci�c challengethatshapedescriptorapproachesneedto addressis that in thecon-

text of 3D shapematching,a modelandits imageundera similarity transformationare

consideredto be the same. In theory, this issueis addressedin oneof threemanners:

(1) Two modelsarecomparedby exhaustivelysearchingover the spaceof transforma-

tions,andcomparingthemodelsat theoptimalalignment.(2) Eachmodelis normalized

by placingit into its own canonicalcoordinatesystem,andthentheshapedescriptorof

thealignment-normalizedmodelis computed.(3) Themappingis chosento beinvariant

to similarity transformation,sothatthesameshapedescriptoris de�ned for everyorien-
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tationof a singlemodel. In practice,exhaustively searchingfor theoptimalalignmentis

computationallyprohibitive,andshaperetrieval methodsdependoneithernormalization

or invarianceto addressthealignmentproblem.

Methodsfor normalizingamodel's translationandscalearebasedon[24,25]. In this

work, the authorsdescribea methodfor solving for the alignmentminimizing the sum

of squaredifferencesbetweentwo orderedpoint sets.While thesolutionfor theoptimal

rotationdependson theexplicit correspondencebetweenthetwo point sets,theoptimal

translationandscalecanbecomputedon a per-modelbasis,with theoptimaltranslation

beingtheonethattransformsamodel'scenterof massto theorigin, andtheoptimalscale

giving riseto a modelwhosemeanvariancefrom theorigin is equalto one.Thus,these

methodsfor normalizingfor translationandscalecanbe usedfor aligningmodelson a

per-modelbasisin the pre-processingstage,guaranteeingthat the queryandtarget are

optimallyalignedindependentof whatthequerymodelis.

Methodsfor addressingrotationalsimilarity have eithertaken thenormalizationap-

proach,aligninga modelsothat its principalaxestransformto the � -, � -, and � -axes,or

haveobtainedrotation-invariantrepresentationsby usingsignalprocessingtechniquesto

discardsphericalphaseandobtaina collectionof amplitudesthat areindependentof a

model'salignment[11, 31].

In Chapter4 we providea moredetaileddescriptionof thesenormalizationmethods,

analyzingthestrengthsandlimitationsof differentmethodsfor addressingthechallenge

of optimalrotationalignment.
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2.3 Symmetry

Early approachesto symmetrydetectionfocusedon detectingthesymmetriesof planar

pointsets[6, 64, 21]. Thesemethodsreducedthesymmetrydetectionproblemto adetec-

tion of symmetryin circularstrings,andusedef�cient substringalgorithms(e.g.,[32]) to

detectthesymmetriesby searchingfor theappearanceof astringwithin its concatenation

with itself. While thesemethodshadthe theoreticaladvantageof ef�ciently evaluating

all possiblesymmetries,they wereimpracticalin empiricalsettingssincethey werealgo-

rithmsthat couldonly identify theperfectsymmetriesof a model. Thusif a symmetric

modelhadevenasmallamountof noise,thesemethodswould fail to identify its symme-

tries.

In order to addressthis issue,Zabrodsky et al. [66, 67, 68] de�ned a continuous

measureof symmetrywhich transformedthe discretequestion:“Does a modelhave a

givensymmetry?”to thecontinuousquestion:“How muchof a givensymmetrydoesa

modelhave?” Themeasureof symmetrywasde�ned asthe minimumamountof work

neededto transformamodelinto asymmetricmodel,measuredasthesumof thesquared

distancesthatpointswouldneedto bemoved.Thisapproachmadeit possibleto evaluate

symmetriesin the presenceof noise,but sufferedfrom the fact that it dependedon the

establishmentof point correspondences.While this issuecouldbeaddressedin thecase

of 2D curveswith uniform sampling,it madeit dif�cult to generalizethemethodto 3D

whereuniformly samplingsurfacesis oftenimpossible.

With theadventof shapedescriptors,amethodbecameavailablefor matchingmodels

withoutexplicitly esablishingcorrespondencesandtheadvantageof thecanonicalparam-

eterizationwasleveragedin a numberof symmetrydetectionalgorithms[42, 58]. These

methodsusedthefactthatthecovarianceellipsoidof a3D modelrotateswith themodel,
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so that a model could only have symmetrieswhereits covarianceellipsoid had them.

Sincetheonly axesof symmetryof anondegenerateellipsoidhaveto alignwith its prin-

cipal axes,this provided an ef�cient way to identify candidateaxesof symmetry. The

actualquality of anaxisasanaxisof symmetrywould thenbemeasuredby comparing

theshapedescriptorof themodelwith theshapedescriptorsof therotationsandre�ec-

tionsof themodelaboutthecandidateaxis.This methodhadtheadvantageof providing

acontinuousmeasureof symmetryfor candidateaxesof symmetrywithoutnecessitating

theestablishmentof point correspondences.Furthermore,themethodwasa generalone

thatcouldbeappliedto wide classof shapedescriptors.However, themethod's depen-

denceon PCA for the identi�cation of candidateaxescould only guaranteethe correct

identi�cation of symmetryaxesfor modelswith perfectsymmetry.

Motivatedby the easeof evaluatingsymmetryusingshapedescriptors,andthe ef-

�ciency of exhaustive searchprovided by early substringmatchingapproaches,ef�-

cient methodsfor evaluatingthe symmetriesof a 2D model,at every symmetry, were

developed. The key idea of theseapproacheswas the generalizationof discretesub-

stringmatchingto continuouscorrelationwith theFastFourierTransform.Thesemeth-

ods [57, 39] computethe symmetriesof a model by usingcorrelationto comparethe

shapedescriptorof a 2D modelwith all of its rotationsandre�ections. This approach

wasa generalonethatcouldbeappliedto any shapedescriptorthatrepresenteda model

with a functionde�ned eitheron acircle,or in 2D.

Thedependenceof thesemethodson theFFT madethemhardto generalizeto shape

descriptorsthatrepresenteda 3D modelwith eithera sphericalfunctionor a functionin

3D. In [28,29] amethodis describedfor computingthemeasureof re�ectivesymmetries

for all planespassingthroughtheorigin. For asphericaldescriptorof size� �����	� (respec-

tively 3D functionof size � ����� � ) themethodcomputesthemeasuresof re�ective sym-
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metryin � ��� ������� � � (respectively ����� ������� � � ) time. Theef�ciency of this approach

reliesontheuseof theFFTto computecorrelationwith respectto asingleaxisef�ciently

anda generalizationof this approachto generalsymmetrydetectionwould result in al-

gorithmsthathavecomplexity ����� � ����� � � for sphericalfunctionsand � ���	� ���
� � � for

3D functions.

In Chapter5, we show how the analogsof the FastFourier TransformandFastIn-

verseFourier Transformon the sphere,namelythe Fast HarmonicTransformand the

FastInverseWigner-D Transform,canbeusedto computethemeasureof all symmetries

ef�ciently . In particular, we describea methodfor computingthemeasureof all re�ec-

tive androtationalsymmetriesof both sphericalfunctionsand3D functionsin � ��� �	�

time,therebyproviding amethodfor computingall symmetriesof amodelaboutits cen-

ter of massin lesstime thanprevious methodsrequiredto computeonly the re�ective

symmetries.
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Chapter 3

ShapeDescriptors

Thedif�culty of establishingcorrespondencesbetweentwo shapesandtheneedfor ef-

�cient matchinghasmotivatedresearchin thedevelopmentof shapedescriptors. These

arerespresentationsof a 3D modelas�x eddimensionalvectorsthatarewell suitedfor

shapematchingandretrieval tasksasthey reducethe taskof modelcomparisonto the

computationof theEuclideandistancebetweentwo vectors.

In orderto beeffectiveasa representationof a 3D model,theshapedescriptorneeds

to be discriminating,effectively differentiatingbetweensimilar anddis-similarmodels.

To thisend,theshapedescriptorneedsto satisfytwo properties:

1. Invertibility : The mappingfrom the spaceof modelsto the spaceof shapede-

scriptorsneedsto beapproximatelyinvertible,sothattheshapedescriptorsof two

modelsarenearlyidenticalonly if themodelsthemselvesaresimilar.

2. Isometry: The mappingfrom thespaceof modelsto the spaceof shapedescrip-

torsneedsto approximateanisometry, sothat theEuclideandistancebetweenthe

shapedescriptorsof two modelsgivesa meaningfulmeasureof the similarity of

theunderlyingshapes.
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In our research,we have found thatwhile many shapedescriptorssatisfythe invert-

ibility property, they do notapproximateisometries.As a resulttheshapemetricde�ned

by theEuclideandistancebetweentheseshapedescriptorsdoesnot provide suf�ciently

effectivediscriminationbetweenmodels.In thischapter, wepresentanew shapedescrip-

tor having thepropertythatthedistancebetweentheshapedescriptorsof two modelscor-

respondsto theamountof work neededto transformonemodelinto theother. We begin

by describingthe shapemetric characterizingthe amountof work neededto transform

onemodelinto another. We thenshow how thismetriccanbeanalyticallycomputedand

we provide a shapedescriptorthat approximatesthis metric. We concludeby provid-

ing experimentalresultsthatdemonstratetheempiricallimitationsof thepreviousshape

descriptorsandshow that the matchingperformanceobtainedusingour new shapede-

scriptoris comparable,in ef�cacy, to thematchingperformanceobtainedwith theshape

metric.

3.1 ShapeSimilarity

Thenotionof shapesimilarity thatwe would like to useis basedon thesumof squared

distances(SSD)for modelsalignedin thesamecoordinatesystem.Speci�cally, wede�ne

the distancebetweentwo modelsas the sumof squareddistancesfrom every point on

onesurfaceto the closestpoint on the other, andvice-versa. This de�nition of shape

similarity givesa measureof the extent to which eachmodel is a subsetof the other

andis commonlyusedin shaperegistrationtechniquessuchastheIterativeClosestPoint

algorithmpresentedby BeslandMcKay[10].

While a directapproachfor computingtheminimumSSDwould requirea complex

integrationover thesurfacesof themodels,we presenta new methodfor computingthis

24



distancethat is easyto implement.For eachmodel � in thedatabase,we representthe

modelby two voxel grids, ��� and ��� . The�rst voxel grid, ��� , is therasterizationof

theboundary, with value � atavoxel if thevoxel intersectstheboundary, andvalue � if it

doesnot. Thesecondvoxel grid, ��� is the(square)EuclideanDistanceTransformof the

boundary, with thevalueatavoxel equalto thesquareof thedistanceto thenearestpoint

on theboundary. In orderto comparetwo models� and � we simply setthedistance

betweenthetwo of themto beequalto:

	

�
��� � ��
������������������
�������������

thedot productof therasterizationof the�rst modelwith thesquareddistancetransform

of the second,plus the dot productof the rasterizationof the secondmodel with the

squared-distancetransfromof the�rst. Thedotproduct ������������� is equalto theintegral

overthesurfaceof � of thesquaredistancetransformof � . Thus,it is preciselyequalto

theminimumsumof squareddistancesthatpointson thesurfaceof � needto bemoved

in to orderto lie on thesurfaceof � . Figure3.1demonstratesthisprocessfor computing

thesimilarity betweentwo models.

While this methodprovidesa directmeansfor computingtheminimumSSD,it can-

not beuseddirectly to designa shapedescriptorasthemethodfor comparisoninvolves

summingthe asymmetricdot productsof two vectorsratherthancomputingEuclidean

distances. Consequently, generalinvarianceand symmetrymethods(as discussedin

Chapters4 and 5) cannotbe appliedto this shaperepresentation,limiting its practical

ef�cacy in many applications.In thenext sectionweshow thatthisdot-productrepresen-

tationcanbeapproximatedwith ashapedescriptor, sothattheminimumsumof squared

distancesbetweentwo surfacescanbeapproximatedby theEuclideandistancebetween
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Figure3.1: Two modelsarecomparedby computingthevoxel rasterizationandsquareddistance
transformof eachone, and then de®ningthe distancemeasureof model similarity as the dot
productof the rasterizationof the ®rst with the distancetransformof the second,plus the dot
productof thedistancetransformof the ®rst with the rasterizationof thesecond.The resultant
value is equalto the minimum sumof squareddistancesthat pointson eachmodelneedto be
movedin orderto lie on theothermodel.

theircorrespondingshapedescriptors.Thus,weprovideamatchingmethodsthathasthe

discriminatingpower of a commonshapemetric while maintainingthe simplicity of a

vector-basedrepresentation.

26



3.2 GaussianEuclideanDistanceTransform

Sincewecomparetwomodelsbycomputingthedistancebetweentheirshapedescriptors,

we choosea 3D voxel representationthat describesnot only wherethe points on the

modelare,but alsohow faranarbitrarypoint is from themodel.Furthermore,thevalues

of the voxel grid shouldfall off to zerofor voxels further from the model,allowing us

to treat the voxel grid asa samplingof a compactlysupportedfunction andto restrict

the domainover which we integrate. To addresstheseissueswe de�ne the voxel grid

asa samplingof anexponentiallydecayingEuclideanDistanceTransform.In particular,

givenamodel � wede�ne its GaussianEuclideanDistanceTransformto bethefunction
�

������� with:
�

���	��� � � � 
�

�����������	�

�

�

� � ���

where ������� � � � is theEuclideanDistanceTransform,giving thedistancefrom � to the

nearestpointon themodel � .

The advantageof this shapedescriptorare three-fold. First, iso-surfacingmethods

suchasmarchingcubes[37] canbeusedto getbackthesurfaceof themodel,sothatthe

shapedescriptoris invertible.Second,the �

�

differencebetweentwo GaussianEuclidean

DistanceTransformsgivesa measureof theproximity of thetwo underlyingsurfacesto

eachother, providing amappingfrom shape-spaceto descriptor-spacethatapproximates

an isometry. Finally, this descriptorallows us to compareacrossa wide classof mod-

els, includingmodelsthatarenot topologicallyconsistent,modelsthathave cracks,and

modelswith �ipped triangles.

In ordertomaintainthecontext of sphericalshapedescriptors,theGaussianEuclidean

DistanceTransformis representedby a collectionof sphericalfunctionsobtainedby re-

stricting the 3D function to concentricspheresaboutthe origin. That is, givena shape

27



descriptor� de�ned in theCartesiancoordinatesystem,we reparameterizethefunction

in termsof radiusandsphericalangleto obtain:

�����

���

� �

� �

�	�
� �

���

�
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wherethefactorof
�

�� "�

�

accountsfor thechangeof variable,sothatgiventwo descrip-

tors � and
�

, we get: #
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3.3 Retrieval Performance

Oneof themotivationsfor thedesignof theGaussianEuclideanDistanceTransformis

the limitation of earlier techniquesin de�ning shapedescriptorswhosedifferencecor-

respondsto the distancebetweenthe underlyingshapes.In orderto evaluatehow well

theGaussianEuclideanDistanceTransformapproximatestheunderlyingminimumSSD

metric,we comparedtheretrieval performanceof ourshapedescriptor, with theretrieval

performanceobtainedwhenmodelsimilarity wascomputedby explicitly evaluatingthe

sumof squareddistancesshapemetric.

In orderto evaluatetheretrieval performanceof agivenshapedescriptor, wemeasure

how well it classi�esmodelswithin a testdatabase.The databasewasprovidedby the

PrincetonShapeBenchmark[47], and consistsof 1814 modelsdecomposedinto two

groupsof roughly 900models,correspondingto trainingandtestdatasets.Eachgroup

is provided with a classi�cation, associatingeachof the modelsto oneof roughly 90

distinct classes.Classi�cation performancewasmeasuredusingprecision/recallplots,
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Figure3.2: Comparisonof the precisionof differentshapedescriptorsin classi®cationexperi-
mentsrun with the testdatasetof thePrincetonShapeBenchmark.Note that theminimumsum
of squareddistancesmetricgivesthebestmatchingresultswith performancethat is very closely
approximatedby theGaussianEuclideanDistanceTransformdescriptor.

which give the percentageof retrieved informationthat is relevant asa function of the

percentageof relevant informationretrieved. That is, for eachtarget model in class �

andany number � of top matches,“recall” representsthe ratio of modelsin class �

returnedwithin the top � matches,while “precision” indicatesthe ratio of the top �

matchesthatarein class� . Thus,plotsthatappearshiftedup indicatesuperiorretrieval

results.

Wecomputedtheprecisionversusrecallresultsfor thetestdatasetusingtheminimum

SSDmetric, theGaussianEuclideanDistanceTransformdescriptor, andthedescriptors

reviewedin Chapter2. Theplotsfor theseretrieval experimentsareshown in Figure3.2.

In orderto addressthe alignmentproblemin a uniform manner, we normalizedall the

modelsfor translationandscaleusingcenterof massandmeanvariance,asdescribedin

Chapter4. For all but theShellsandD2 descriptors,we solvedfor rotationby comput-

ing thedifferencebetweendescriptorsatall rotations,andusedthemeasureof similarity

29



obtainedattheoptimalrotation,asdescribedin AppendixA. (TheShellsandD2 descrip-

tors arerotation-invariantby designandhencewe do not needto solve for the optimal

rotation.However, at theendof Chapter4, weshow thatboththeShellsandD2 descrip-

torscanbeobtainedfrom moredescriptive,rotation-varying,3D histograms.In orderto

decoupletheissueof discriminabilityfrom theissueof alignment,Figure3.2alsoshows

theretrieval resultsfor thesehistograms.)

Theresultsshown in Figure3.2validatethefactthatfor ashapedescriptorto beeffec-

tiveit notonly hasto provideadescriptiverepresentationof a3D model,but it alsohasto

bestructuredin sucha mannersothatthedistancebetweentwo descriptorscorresponds

to a meaningfulmeasureof modelsimilarity. For example,if we considermany of the

histogrambaseddescriptors,we�nd thatoftenthesedescriptorscontainenoughinforma-

tion to reconstructthemodel. Speci�cally, theEGI andComplex EGI areinvertible for

convex modelsandtheSectorsandShellsrepresentationcanbeusedto reconstructthe

model(up to the resolutionof the bins). However, the normeddifferencebetweentwo

suchdescriptorsonly comparesthevalueswithin eachbin. Thus,thenormeddifference

betweenthesehistogramdescriptorsis noteffectiveatcapturingtheintra-classvariations

thatwould result in votesbeingcastinto nearbybins. While theselimitationscouldbe

addressedby usinga non-normedmeasureof similarity, suchastheEarthMover's Dis-

tance[49], theresultingcomparisonbecomesmuchmoreexpensivefor sphericaland3D

histograms,andasa resultmatchingcanno longerbeperformedin realtime.

Similarly, the SphericalExtentFunctioncapturesthe maximalextent of the model

alongraysthroughtheorigin. Thus,thenormeddifferencebetweentheSphericalExtent

Functionsof two differentmodelsgivesa measureof how far, alongthe �x ed rays,the

modelsneedto be deformedin orderto transformonemodel into the other. However,

thisdescriptordoesnot take into accountdeformationsin thetangentialdirectionsandas

30



a resultits performanceis noticeablyworsethantheperformanceof theminimumSSD

metric.

TheGaussianEuclideanDistanceTransform,by contrast,is designedto give a mea-

sureof similarity capturingtheproximity of onesurfaceto another. A surfacepoint ef-

fectsnot only thevoxel cell correspondingto its location,but alsomany adjacentvoxels

(speci�cally, thevoxels in theVoronoicell associatedto thepoint). As a result,theEu-

clideandistancebetweentwo GaussianEuclideanDistanceTransformsgivesameaning-

ful characterizationof thedistancebetweentwo surfaces,andwe �nd that theprecision

of this shapedescriptoris nearlyequivalentto thatof theminimumSSDmetric. Thus,

the GaussianEuclideanDistanceTransformprovidesan ef�cient andeffective method

for representing3D models— providing thesimplicity of a vector-basedrepresentation

withoutsacri�cing discriminability.
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Chapter 4

ShapeRegistration

Oneof theprincipalchallengesfacedin theareaof shapematchingis thatin many appli-

cations,a shapeandits imageundera similarity transformationareconsideredto bethe

same.Thus,thechallengein comparingtwo shapesis to �nd thebestmeasureof simi-

larity over thespaceof all transformations.Threedifferentmethodshave beenproposed

to addressthis challenge:

� Exhaustive Search: In order to matchtwo shapes,the shapesare comparedat

every transformationandthe measureof similarity at the optimal transformation

(i.e. the oneminimizing the similarity measure)is usedasthe measureof shape

similarity. While this approachprovidesthecorrectanswer, it is oftentoo slow to

beof practicalusein retrieval tasks.

� Normalization: Eachshapeis placedinto a canonicalcoordinateframeandtwo

shapesareassumedto beoptimallyalignedwheneachis in its own frame.In some

casesthis methodcanbeprovento provide theoptimalalignment,therebygiving

theoptimalmeasureof similarity without incurring thecostof exhaustive search.

However, in the casethat normalizationdoesnot provide the optimal alignment,
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thisapproachhampersretrieval performancebecause,regardlessof theshapemet-

ric used,ascomparingtwo modelsat thewrongalignmentresultsin aninaccurate

measureof similarity.

� Invariance: Shapesaredescribedin atransformation-invariantmanner, sothatany

transformationof a shapewill bedescribedin thesameway, andthebestmeasure

of similarity is obtainedat any transformation.In general,this methodobtainsa

transformation-invariantrepresentationby discardingalignment-dependentshape

information,resultingin smallershaperepresentationsthatrequirelessstorageand

canbecomparedmoreef�ciently . However, it is oftenthecasethatthesemethods

alsodiscardinformationthatis not dependenton thealignmentof themodels,and

theresultingrepresentationis lessdiscriminating.

In this chapterwe review a numberof approachesfor addressingthe alignmentis-

sue.We show that traditionalmethodsfor thenormalizationof translationandscalecan

beshown to beprovably optimal,while methodsfor rotationnormalizationdo not have

this property. To this end,we review the limitationsof traditionalmethodsfor rotation-

normalization,we describealternatemethodsfor obtainingrotation-invariantrepresen-

tations,andpresenta numberof new methodsfor improving someof the existing ap-

proaches.

4.1 Translation and ScaleNormalization

Initial work in 3D surfacealignmentis motivatedby thechallengeof aligningpoint sets:

Giventwo point sets� 
����

&

� ) ) )������	��
 �
� and � 
����

&

� ) ) )������	��
 �
� whatarethe

optimalsimilarity transformations� and � (consistingof translation,scale,androtation)
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thatminimizesthesumof squaredistances:

�

� �

�

&

#

� � �

�

� � � � �

�

�

#

���

Methodsfor solvingfor thetransformationsprovethattranslation,scale,androtation

componentscanbe solved for independently[24, 25] andin this sectionwe review the

solutionsfor translationandscale.

4.1.1 Optimal Translation

Lemma 4.1.1 Giventwo point sets,� 
 ���

&

� ) ) )������	� 
 �
� and � 
 ���

&

� ) ) ) ��� � � 


�
� , thesumof squareddistancesis minimizedwheneach point setis translatedso that

its centroid is at theorigin.

Proof: Supposethatwehavetranslatedthepointsets� and� sothatthecentroidof each

is at theorigin. It suf�ces to show thatany (non-trivial) translationof thepoint setscan

only increasethesumof squaredistances.To show this,we let � and � beany translation

vectorsandset
	

�

�

��� � to bethesumof squaredistancesbetweenthetranslatedpointsets

� �

� and � ��� :

�	��
 � �

�

��� � 
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� �
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#
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�

#

�

�

�

� �

�

&

#

�

�

� �

�

#

�

� �

�

�

��� �

�

� �

�

&

�

�

� �

���

)

Sinceboth � and � aretranslatedsothattheir centroidis at theorigin, thisgives:

�	��
 � �

�

��� � 
��

#

�

�
�

#

�

�

�

� �

�

&

#

�

�

� �

�

#

�
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sothattheminimumsumof squareddistancesis realizedwhen �


 � andin particular,

when � and � areeachtranslatedto their centroidthey areoptimally alignedfor trans-

lation. Sincerotationsandscale�x theorigin, it follows thattheoptimaltranslationcan

becomputedindependentof scaleor rotation.

4.1.2 Optimal Scale

Oneof thedif�culties with computingtheoptimalscalefor aligningtwo pointsets� and

� is thatis notclearhow to posetheproblem.A directapproachwouldseekto minimize

thesumof squaredistancesoverall scalingsof thetwo point setsindependently:

�	��
 � �

�

�

�

� 


�

� �

�

&

#

�

�

�

�

�

�

�

#

�

)

However, this function is alwaysminimizedat �

�

�


 � , giving a distanceof � between

thetwo point sets.Thus,thechallengeof posingthescaleproblemis thatasopposedto

translationandrotation,scalingis notanisometryandasaresultthe“size” of apointset

changeswith scale.

In orderto addressthis challenge,we posethe scaleproblemin a norm-preserving

fashion,seekingto �nd the scalesthat minimize the distancebetweentwo point sets

while satisfyingthe condition that the overall size of the point setsremainsconstant.

This formulationof theproblemis similar in motivationto theonepresentedby Horn et

al. [25] andresultsin thesamesolution— two point setsareoptimally scalealignedif

eachis normalizedto have meanvarianceequalto one. We show this by �rst proving a

moregeneralstatementfor arbitraryvectors,from which theoptimalscaleresultfollows

asacorollary.

Lemma 4.1.2 Giventwovectors �

� and �� , if each vectorhasnormequalto one, thenthe
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minimumsumof squareddistances:

���

�

�

�
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�
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#

�

subjectto thenorm-preservingconstraint:
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)

is realizedwhen �

�

�


 � andthevectorsare in factoptimallyscale-aligned.

Proof: Applying themethodof Lagrangemultipliers, it follows that theextremaof the

function � , subjectto theconstraint� �

�

�

�

� , occurwhen:
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Assumingthat � �

�

� ������ 
 � this reducesto:

�

�




#

��

#

�

#

�

�

#

�

�

�

andsubstitutingbackinto theconstraint� �

�

�

�

� weget:
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Thus,the function � �

�

�

�

� , subjectto the constraint� �

�

�

�
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#

�

�

#

���

#

��

#

� hasan ex-

tremumat �

�

�


 � . Sincethesecondderivativeof � satis�es:

��� ��� ���

�

��������� �
	 
 ����������� ��� �
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it followsthatat theoptimalscaleoccurswhen �

�

�


 � andthevectors �

� and �� minimize

thesumof squaredifferences,subjectto thenorm-preservingcondition.

(Notethatif � �

�

� �����
 � , we cansubstitutetheconstraint� �

�

�

�

��


#
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�

#

� �
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#
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� to obtain � �
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�

�

#

� �
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#

� sothatany valuesof � and
�

satifyingtheconstraint

���

�

�

�

� alsominimize thesumof squareddistances.In particular, if �

�

�


 � then � is

minimizedandthevectors �

� and �� areoptimally scale-aligned.)

As acorollaryof theabove lemma,it followsdirectly that:

Corollary 4.1.3 Giventwo point sets,� 
 ���

&

� ) ) ) ��� � � 
 �
� and ��
 ���

&

� ) ) ) ��� � � 


� � . If themeanvarianceof each pointsetis equalto � , thesumof squareddistances
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is minimizedwhen �
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�


 � andhencethepointsareoptimallyscale-aligned.

Thesemethodsfor translationand scalenormalizationhave the propertythat they

provide theoptimaltranslationandscalefor a singlemodel,independentof themodelit

will becomparedagainst.Thus,they provide a meansfor comparingtwo modelsat the

optimaltranslationandscalewithoutnecessitatinganexhaustivesearchoverthespaceof

all possibletransformations.

It shouldbe notedthat while thesemethodsaregauranteedto minimize the sumof

squaresdistancesindependentof correspondence,they do not necessarilyminimize the
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differencebetweentwo shapedescriptors.However, wehavefoundthatin whole-object-

to-whole-objectshapematchingapplications,thesenormalizationsprovideastable,near-

optimal,solutionfor thetransformationminimizing thedistancebetweenmodels.

4.2 Rotation

While methodsfor normalizingfor translationandscaleon a per-modelbasishave been

described,analagousmethodsfor normalizingfor rotation do not exist. Methodsfor

computingtheoptimalrotationalalignmentbetweentwo models[24, 25] dependon the

existanceof correspondencesbetweentwomodels,anddonotprovideameansfor putting

a singlemodelinto a canonicalcoordinateframethatguaranteesoptimalalignmentfor

matching.In general,therotationalignmentproblemis addressedin oneof threeways:

(1) exhaustive search,(2) normalization,or (3) invariance.In the following subsections

wedescribetheseapproachesin moredetail.

4.2.1 ExhaustiveSearch

For shapedescriptorsthatrepresenta 3D modelaseithera sphericalfunction,or a func-

tion in 3D,oneapproachfor adressingtherotationalalignmentproblemis to exhaustively

searchfor the rotation/re�ectionminimizing the differencebetweendescriptors.While

themethoddescribedin AppendixA providesa meansfor implementingtheexhaustive

search,it is still too slow to beusedin databaseretrieval applications,wherethe �������	�

correlationof a descriptorneedsto becomputedfor everydescriptorin thedatabase.
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4.2.2 Rotation Normalization with PCA

Thetraditionalmethodfor adressingthealignmentproblemnormalizesamodelfor rota-

tion by usingtheprincipalaxesof themodelto placeit into acanonicalcoordinateframe.

In particular, givena triangulatedsurface � in 3D, thecovariancematrix � is computed

by setting

�

�


 � 


�

���

�

$

�

�

�

���

	

�

wherethe integral is summedover all trianglesin themodel. Sincethis matrix is sym-

metric, SVD canbe usedto computeits eigenvalues(or principal directions),and the

model is rotatedso that the � -axis mapsto the eigenvectorwith largesteigenvalue,the

� -axismapsto theeigenvectorwith secondlargesteigenvalue,andthe � -axismapsto the

eigenvectorwith smallesteigenvalue.

In our research,we have found rotationnormalizationvia PCA-alignmentdoesnot

provide a robust normalizationfor many matchingapplications. The causefor this is

two-fold: First, the eigenvectorsareonly de�ned up to a multiple of � � . Thus, there

is ambiguity in choosingwhich direction of the eigenvector to choose,and matching

performanceis hamperedif thewrongdirectionis chosen.Second,thereis no gaurantee

that when two modelsare eachalignedto their own principal axes then they are also

optimallypair-wisealigned.

ExhaustiveSearch for Axial Ambiguity

One approachto addressingthe ambiguity in the direction of the principal axes is to

searchover the 8 possiblechoicesof axesandusethemeasureof similarity at the best

alignment.While this bruteforceapproachprovidesa resolutionto theaxial ambiguity,

it comesat thecostof increasedcomparisontime. At theendof this chapterwedescribe
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an implementationof this exhaustive searchapproachthat givesthe measureof model

similarity at eachof the eight possibleaxial �ips without increasingthe computational

complexity of modelcomparison.

Normalizing for Axial Ambiguity

Anotherapproachis to normalizefor the ambiguity by using a consistentmethodfor

choosingthedirectionof theaxis.Tal etal. [16] proposeamethodfor resolvingthisam-

biguity usingforward weighting. For eachof the threeeigenvectors, �

�

&

�

�

�

�

�

�

� , they

computethe areaof the intersectionof the model with the positive half-space��� �

� ��� � � �

�

�

� � � � andalign with �

�

if the areais more thanhalf the areaof the model,

andwith �

�

�

if theareais less. Oneof the dif�culties of usingthis methodin practice

is that often the areain the positive andnegative half-spacesarenearlyequal,making

this approachunstable.Thus,it is oftenthecasethattwo modelsthataresimilar arenot

alignedsimilarly, resultingin hamperedretrieval performance.

Figure4.1 demonstratesan examplewherethis methodfor disambiguatingthe di-

rectionof the principal axescanfail. Thoughthe two modelsaresimilar, the direction

for the � -axis is choseninconsistently. As a result,any matchingthatwould occurwith

themodelsat this alignmentwould make themodelsseemlesssimilar thanthey are. In

this example,the forward weightingapproachfails becausethe areaof the half of the

modelresidingoverthepositive � -axisis nearlyequalto theareaof thehalf of themodel

residingover thenegative � -axis.

4.2.3 Invariant to Rotation

While themethodsdescribedaboveprovidedifferentapproachesto resolveaxialambigu-

ity, they donotadressthefactthatin somecasestheaxesde�nedbyPCAareinconsistent.
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Figure4.1: An exampleof a situationin which the forward weightingapproachfails. Despite
the fact that the two modelsaresimilar, thechoiceof thepositive vs. negative directionfor the
principalaxesis inconsistentandthetwo modelsarenotcorrectlyaligned.

An exampleof thismisalignmentis shown in Figure4.2.Despitethefactthatthemodels

in eachpairaresimilar, theprincipalaxesde�ned by PCAarenotconsistent,resultingin

theincorrectregistrationof themodelsin eachpair. The�gure showstwo differenttypes

of misalignmentthatcanoccur. In the�rst threepairs,themodelsaremisalignedbecause

the � -, � -, and � -axesarepermuted.Thus,thoughtheprincipalaxesarecomputedcor-

rectly, their orderingbasedon themagnitudeof thecorrespondingeigenvalueresultsin

misalignedmodels.Thistypeof misalignmentcanbeaddressedby searchingoverthesix

differentpermutationsfor theoneminmizingthedistancebetweenmodels.Thesecond

threepairsdemonstrateamoregeneralexampleof thefailureof PCA.For thesemodels,

theeigenvectorsde�ned for onemodeldonotoverlapwith theeigenvectorsfor theother,

andnopermutationof axeswouldgivethecorrectalignment.

Oneof thereasonsfor thefailureof PCA in aligning3D modelsresultsfrom thefact

thatwhenthecovariancematrix is degenerate,(i.e. eigenspacesaremulti-dimensional)

a uniquesetof principal axescannotbe established.Therearetwo casesin which the

covariancematrixcanbedegenerate:First, it is possiblefor all threeeigenvectorsto have

thesameeigenvalue. In this casethe covariancematrix is a multiple of the idenity and
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Figure4.2: An exampleof asituationin whichthePCAalignmentfails. Despitethefactthatthe
pairsof modelsaresimilar, theprincipalaxesareinconsistentandthemodelsin eachpairarenot
correctlyaligned.

any rotationof themodelwill align the � -, � -, and � -axeswith theprincipaldirections.

Second,it possiblefor two eigenvectors,�

&

and �

�

to have thesameeigenvalue � andthe

third eigenvector �

�

to haveadifferenteigenvalue �

�

. In thiscaseany linearcombination

of thevectors�

&

and �

�

will alsobeaneigenvectorwith eigenvalue � , andif themodel

is rotatedso that its principal axesalign with the � -, � -, and � -axes, thenany rotation

aboutthe axis �

�

will alsoalign the principal axesof the modelwith the � -, � -, and � -

axes.Table4.1shows theeigenvaluesfor thecovariancematrix of eachof themodelsin

Figure4.2. Note that for mostpairsof modelsfor which PCA fails, at leastoneof the
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modelshasthepropertythattwo of theeigenvaluesof its covariancematrixhavesimilar

value.

Model � -Axis � -Axis � -Axis Model � -Axis � -Axis � -Axis
Hat1 � )������ � � )	��
�� � � ) ��� ��� Glasses1 � )�
������ � ) � �
� � � ) ����� �

Hat2 � )	�
����� � )	����
 � � ) ���
� � Glasses2 � )�� ��
 � � ) ��
 ��� � ) ����� �

Church1 � )	�
����� � )��
� ��� � ) ���!� � Cup1 � ) � ����� � )	� � � � � ) ��� ��


Church2 � ) � ����� � ) �����!� � ) ��� � � Cup2 � ) � ��
�� � )	� � � � � ) ��� ���

Chair1 � ) �
� � � � ) ������� � ) ��� � � Dino 1 � )��!� � � � ) � � � � � ) ���
���

Chair2 � )����!�
� � ) � ����� � ) � � � � Dino 2 � )�
���� � � ) ������� � ) ��
��
�

Table4.1: Theeigenvaluesfor thedifferentprincipaldirectionsfor eachof themodelsshown in
Figure4.2. Notethatfor mostpairsof modelsfor whichPCAfails,at leastoneof themodelshas
thepropertythattwo of theeigenvaluesof thecovariancematrixhave similar value.

In this subsectionwe presenttwo different methodsfor addressingthe rotational

alignmentproblemby using invariance. The �rst approachis a hybrid normalization-

invarianceapproach,whichusesPCAto establishoneaxisof alignment,andthengivesa

rotation-invariantrepresentationof a shapedescriptorwith respectto all rotationsabout

thataxis. Thesecondapproachdescribesa way to for obtaininga rotation-invariantrep-

resentationof a shapedescriptorwith respectto all rotations. Both approachesutilize

thepropertythat thepower spectrumof a function– thecollectionof amplitudesof the

differentfrequency components– discardsphaseandthereforeis invariantto rotation.

Invariance to Axial Rotation

One approachthat hasbeendescribed([63, 62, 17]) for addressingthe limitations of

PCA alignmentusesthe fact that in the casethatonly two of theeigenvectorshave the

sameeigenvalue,thePCA approachcanbeusedto de�ne oneof theprincipalaxesun-

ambiguouslyandthecircularpowerspectrumcanbeusedto obtaina representationthat

is invariantto rotationsaboutthatprincipalaxis.

43



Thekey ideabehindthis approachis that thesphericalharmonicbasisfunctionscan

befactoredastheproductof functionsof anglesof elevationandazimuth:
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wherethe �

�

� aretheassociatedLegendrepolynomials.Thus,if a sphericalfunction is

expressedin termsof its sphericalharmonics
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It follows,therefore,thatif werepresentasphericalfunctionby thecomplex normsof its

harmoniccoef�cients:
�

�

�

�

#

�

�




�

#

�

�

�

� �

�

�

weobtaina representationthatis invariantto rotationabouttheNorthpole.

Sinceour primary concernis matchingshapes,we brie�y summarizesomeof the

propertiesof this representationin so far as they relateto the comparisonof different

sphericalfunctions.

� Invariance: By construction,the representationof a sphericalfunction in terms

of the complex normsof its sphericalharmoniccoef�cients is invariant to rota-

tion aboutthe North pole. In particular, it follows that this representationis also
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invariantto permutationsof thetwo principalaxesperpendicularto theNorthpole.

� Lower Bound: Giventwo sphericalfunctions
�

and � , the �

�

differencebetween

the collectionof their complex normsis a lower boundfor the �

�

differencebe-

tweenthe two functions,takenover all rotationsin theplaneperpendicularto the

Northpole.Thispropertyfollowsfrom thefactthatgivenany two vectors� and �

in a Euclideanspace,it is alwaystruethatthe �

�

differencebetweenthevectorsis

alwaysat leastasbig asthe �

�

differencebetweentheir norms:
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Thus,giventwo sphericalfunctions
�

and � , expressedin termsof their spherical

harmonicdecompositionas:
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we can usethe fact that the �

�

� are orthogonalto show that the �

�

difference

betweenthecomplex normrepresentationsis a lower boundfor the �

�

difference

betweenthesphericalfunctions:
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Furthermore,sincethecomplex normrepresentationis invariantto rotationsabout

thetheNorthpole,it followsthatthe �

�

differencebetweenthecomplex normrep-

resentationis a lowerboundfor the �

�

differencebetweenthesphericalfunctions,

takenoverall possiblerotationsabouttheNorthpole.
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� Dependenceon PCA: While this hybrid normalization/invarianceapproachpro-

videsa representationof asphericalfunctionthatis invariantto rotationsaboutthe

North pole, it dependson PCA alignmentto effectively determinewhat theNorth

poleshouldbe. Thus,it only providesa usefulrotation-invariantrepresentationof

theshapein thecasethattheNorthpolecanbedeterminedrobustly.

� Inf ormation Loss: Becausethis approachtreatseachharmoniccoef�cient inde-

pendently, therepresentationdoesnot captureinformationcharacterizinghow the

differentharmoniccomponentsof asinglefunctionalignwith respectto eachother.

As anexample,if thesphericalfunction
�

is thesumof two differentharmonics:

�

�

�

��� � 


�

�




�

���

�

�

�

��� � �

�

���




�

�

���

�

�
�

�

�

��� �

thenapplyingaNorthpolerotationof �

( to only oneof thetwo coef�cients results

in anew sphericalfunction � :

� �

�

��� � 


�

�




�

���

�

�

�

��� ���

(

� �

�

�
�




�

�

���

�

�
�

�

�

��� �

thatis nota rotationof
�

but still hasthesamecomplex normrepresentation.

� Choosingthe Axis of Rotation-Invariance: This approachprovidesa represen-

tationof a sphericalshapedescriptorthat is invariantto rotationsabouttheNorth

pole. In implementingthis method,modelscanbeconsistentlyrotatedsothatany

of theprincipalaxesaremappedto theNorth poleanda choicecanbemadewith

regardsto whichprincipalaxisshouldbetheaxisof rotation-invariance.In general,

theaxisis chosensothatit is themostdistinguished.Recallingthataprincipalaxis

is well-distinguishedif it is differentfrom eitherof theothertwo motivateschoos-
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ing eithertheprincipalaxiswith thelargestprinicpaleigenvalueor theonewith the

smallestprincipal eigenvalue. The choicebetweenusingthe smallestandlargest

is generallymotivatedby the database,so that if most of the modelstend to be

cylindrical theprincipalaxiswith largesteigenvalueis chosen,andif mostof the

modelstendto bedisk-shapedtheprinipalaxiswith smallesteigenvalueis chosen.

If weconsiderasanexamplethePrincetonShapeBenchmark[47], we�nd thatthe

averagetriple of eigenvaluesis:

� 
 )���� � � )	
�
 � � )�� � � )

Thus,modelsin this databasetendto be cylindrical, moresurfaceperturbationis

requiredto transformtheorderingof thetwo largestprincipalaxisthanfor thetwo

smallestone,andtheprincipalaxiswith largesteigenvalueshouldbeusedasthe

axis of rotation-invariance. To test this emperically, we computedthe precision

vs. recall for the six rotationvarying shapedescriptorsdescribedin Chapters2

and3: theExtendedGaussianImage,theComplex ExtendedGaussianImage,the

Sectorsrepresentation,the SectorsandShellsrepresentation,the Radial Spheri-

cal Extent Function,and the GaussianEuclideanDistanceTranform. For each

descriptorwe computedthe complex norm representationwherethe largest( � -

axis),middle ( � -axis),andsmallest( � -axis) principalaxiswaschosenastheaxis

of rotation-invariance.Theresultsof theexperimentareshown in Figure4.3.Note

that asexpected,for all representations,the middle ( � -axis) principal axis is the

leastdistinguishedandhencegivestheworst results.Moreover, sincetheaverage

eigenvaluesfor the databaseindicatethat moreof the modelsarecylindrical, the

largest( � -axis)principalaxisgivesthebestretrieval results.
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Figure4.3: Retrieval resultswith differentshaperepresentations,demonstratingthe effect of
selectingeachof the differentprincipal axesasthe axis of rotation-invariance for the complex
normrepresentation.
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Invariance to GeneralRotation

This approach,describedin [36, 36, 11,30,18,31, 38], generalizesthepower spectrum

notion de�ned for functionswhosedomainis a circle to a notion of power spectrum

de�ned for functionswhosedomainis a sphere.This makesit possibleto obtaina rep-

resentationof a sphericalfunction that is invariantto all rotationsandhenceprovidesa

methodfor matching3D modelsthatis independentof therobustnessof PCA.

The key ideaof this approachis basedon the fact that the sphericalharmonicbasis

functionsprovide a representationfor thegroupof rotations(seeAppendixA). In par-

ticular, if
�

is a functionde�ned on a sphere,then
�

canbeexpressedasthesumof its

projectionsontothesubspaces
�

� :

�

�

�

��� � 


�

�

�

�

(

�

�

�

�
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�

�
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�

���

�

where  

� is the projectiononto the � -th irreduciblerepresentation
�

� , the
�

�




�

are the

sphericalharmoniccoef�cients of
�

, and �

�

� are the sphericalharmonicsforming the

basisfor the � -th irreduciblerepresentation
�

� . Usingthefact that thefunctionsubspace
�

� is a representationspacefor the rotationgroup,andusingthe fact that rotationsact

linearlyon thespaceof functions,for any rotation � wehave:

� �

�

� 
��

�

�

�

�

�
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�

�
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�
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�

��� �

�

� � )

Thus,if we usethefactthatrotationsdo not changethe �

�

normof a sphericalfunc-

tion —

#

�

#




#

� �

�

�

#

for all rotations� — andwe representa sphericalfunctionby the
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sizeof its projectionsontotherepresentations
�

� :

�

�

� ���

�
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�
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�

�

�

(

weobtaina representationthatis invariantto all rotations.

Sinceour primary concernis matchingshapes,we brie�y summarizesomeof the

propertiesof this representationin so far as they relateto the comparisonof different

sphericalfunctions.

� Invariance: By construction,therepresentationof asphericalfunctionin termsof

thesizesin its frequency componentsis invariantto all rotations.

� Lower Bound: Giventwo sphericalfunctions
�

and � , the �

�

differencebetween

their power spectrais a lower boundfor the �

�

differencebetweenthe two func-

tions, taken over all possiblerotations. This propertyfollows from the fact that

givenany two vectors� and � in a Euclideanspace,it is alwaystrue that the �

�

differencebetweenthevectorsis alwaysat leastasbig asthe �

�

differencebetween

theirnorms: #

�

�
�

#

�

�

�

#

�

#

�

#

�

#

�

�

)

Thus,giventwo sphericalfunctions
�

and � , expressedin termsof their frequency

componentsas:
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�
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��� �

we canusethe fact that the representations
�

� areorthogonalto show that the �

�

differencebetweenthepowerspectrumrepresentationsis a lowerboundfor the �

�

50



differencebetweenthesphericalfunctions:

#
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���

#
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�

�

(

#

�

�

���

�

#

�

�

�
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(

�

#

�

�

#

�

#

�

�

#

�

�

)

Furthermore,sincethepower spectrumis invariantto rotation,it follows that the

�

�

differencebetweenthepower spectrumsis a lower boundfor the �

�

difference

betweenthesphericalfunctions,takenoverall possiblerotations.

� Optimality : Thekey ideaof thepowerspectrumapproachis todecomposeaspher-

ical functioninto componentsonwhichrotationsactindependentlyandthento ob-

tain a rotation-invariantrepresentationby storingthe �

�

normof eachcomponent.

To this endthequality of therotation-invariantrepresentationis dependenton the

�ne-nessof the resolutionof the spacefunctionsinto rotation-independentcom-

ponents.Sincetherepresentationspaces
�

� areirreducible,it follows thatno �ner

resolutioninto linear, rotation-independentsubspacesis possible.Thus,from alin-

earperspective,thepower spectrumrepresentationis anoptimalrotation-invariant

representation.

However, in shapematchingapplicationsthe linearity condition is not necessary

and�ner resolutionscanbeobtainedby decomposingeachsubspace
�

� into orbits

undertheactionof therotationgroup– subsets(not subspaces)of
�

� obtainedby

takinga function
�

�

�

�

� andlooking at thesetof functions,obtainedby applying

all thedifferentrotationsto
�

� . (Wewill discussthis in moredepthat theendof the

chapter.)

� Inf ormation Loss: Becausethis approachtreatseachfrequency componentin-

dependently, the representationdoesnot captureinformationcharacterizinghow
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thedifferentfrequency componentsof a singlefunctionalign with respectto each

other. Figure4.4showsavisualizationof this for two sphericalfunctions.Theone

onthebottomis obtainedfrom theoneonthetopby applyingdifferentrotationsto

thedifferentfrequency component.Thoughthetwo functionsdiffer by morethan

asinglerotation,theirpowerspectrumrepresentationsarethesame.

Figure4.4: Thebottomsphericalfunction is obtainedby rotatingthedifferentfrequency com-
ponentsof thefunctionon topby differentangles.Althoughthereis no rotationtransformingthe
functionon thetop to theoneon thebottom,theirpower spectrumrepresentationsarethesame.

Furthermore,for eachfrequency component
�

� , the power spectrumonly stores

the energy in that component.For � � � it is not true that if

#

�

�

#




#

�

�

#

then

thereis a rotation � suchthat � �

�

�

� 
 �

� . Thusknowing only the norm of the � -

th frequency componentdoesnot provide enoughinformation to reconstructthe

componentup to rotation. (This form of informationlossdoesnot occurfor the

powerspectrumrepresentationof circularfunctions,astwo circularfunctionswith

thesameamplitudeandfrequency canonly differ by a rotation.)Figure4.5shows

a visualizationof this for threesphericalfunctions. The functionsareall of the
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samefrequency andhave the sameamplitudebut thereis no rotationthat canbe

appliedto transformtheminto eachother. In thisexample,all threearefourthorder

functionswith norm equalto 1. Sincethe spaceof fourth order functionsis 9-

dimensionalandsincethespaceof rotationsis 3-dimensional,thepowerspectrum

endsup representingsix dimensionsof rotationinvariantinformationby a single

value.As a result,� vedimensionsof informationarelost andthepower spectrum

representationcannotdistinguishbetweenthefunctionsshown in Figure4.5.

Figure4.5: Thesethreesingle-frequency ( ����� ) sphericalfunctionsdiffer by morethanrotation
but have thesamesphericalpowerspectrum.

4.2.4 Impr ovementsand Variations

Wenow describethreegeneralmethodsfor improving thematchingperformanceof shape

descriptorsrepresentinga 3D modelby eithera singlesphericalfunctionor a collection

of sphericalfunctions.The�rst methoddescribesawayfor comparingtwo PCA-aligned

models,at eachof the eight possibleaxial �ips, without necessitatinga corresponding

eight-fold increasein comparetime. Thesecondmethoddescribea simpleway for ob-

taining an axial-�ip-in variant representationof theseshapedescriptors.And the third

methodprovidesa way for improving thepower spectrumrepresentationby providing a

�ner resolutionof sphericalfunctionsinto rotation-invariantcomponents,giving an im-

proved measureof model similarity over all possiblerotations,while maintainingthe
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lowerboundpropertyof thepowerspectrumrepresentation.

ExhaustiveAxial Flip Alignment

Although a brute force approachfor computingthe measureof similarity over all per-

mutationsof axis�ips would resultin andeight-foldincreasein thetime complexity for

comparingtwo models,sphericalharmonicscanbeusedto performtheexhaustivesearch

without increasingthe comparisontime. The key ideabehindthis approachis that if a

sphericalfunctionis expressedin termsof its sphericalharmonics

�
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�
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� �
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���
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��� �

then�ipping the � -, � -, or � -axischangestheharmonicsasfollows:

�

� -�ip : Re�ecting aboutthe � � -planeso that the � -axis �ips to the � � -axis sends

eachharmoniccoef�cient
�

�




�

to its complex conjugate
�

�




�

.

�

� -�ip : Re�ecting aboutthe � � -planeso that the � axis �ips to the � � -axissends

theharmoniccoef�cient
�

�




�

to � ��� �

���

�

�

�




�

.

�

� -�ip : Re�ecting aboutthe � � -planeso that the � -axis �ips to the � � -axis sends

theharmoniccoef�cient
�

�




�

to � ��� �

�

�

�




�

.

Thus,in computingthedot productof
�

with � , we canconsiderthecontribution of

differentharmoniccomponents
�

�




�

separately, dependingonwhether� is evenor odd, 	

is evenor odd,andif we arelooking at therealor imaginarypartof
�

�




�

. To do this,we

de�ne:
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where� ��� � � � � � � � � andR� givesthe realpartof a complex numberif � 
 � andthe

imaginarypart if � 
 � . (Note thatcomputing
	 � �

� takesno moretime thancomputing

thedot productof
�

with � .) Then,for any transformation� composedof axis �ips, we

cancomputethedot product �

�

�

�

� � � � by summingthevalues
	 ���

� with theappropriate

sign. In particular, if weset:
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with � �
� �

�

� � � � � � , thentheexpressionfor the �

�

differenceof
�

with theaxially �ipped

� is:
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Thus,by computingtheeightcontributions
	 � �

� independently, we canreducethecom-

putationof thedot productof
�

with thedifferentaxial �ips of � to a signedsummation

of theseeight contribution terms. As a result,computingthe distanceat all eight axial

�ips canbedonewith anadditionalcostof only 64arithmeticoperations,independentof

thesizeof theshapedescriptor.

Invariance to Axial Ambiguity

Using the fact that �ipping the � -, � -, and � -axesresultsin a changeof sign in the real

andimaginarycomponentsof someof thesphericalharmoniccoef�cients, wecanobtain

a representationthatis invariantto axialambiguityby storingonly theabsolutevaluesof

therealandimaginarycomponents.Furthermore,sincetheaboveequationsindicatethat

thecontribution of thevalue
	

( ( ( doesnot dependon thealignmentof theaxes,further
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discriminationcanbeobtainedby storingtheactualvaluesof therealcomponentsof
�

�




�

for thecasethatboth � and 	 areeven,andstoringtheabsolutevaluefor all othercases.

In additionto beinginvariantto axial �ips, this methodis alsopartially invariantto

permutationsof theaxes.In particular, if weconsidera rotation � by  �� � (a permutation

of theaxes)in theplaneperpendicularto theNorthpole,thisrotationactsonthespherical

harmonicby multiplying by apowerof
�

� � :

�

� ���

�

�

�

��� � � 
 ���

�

�

�

��� �� �� � � 
 ���

�

�

�

��� � �

�

��� � ��)

Thus, in the casethat 	 is even, this amountsto multiplication by � � , so that storing

just the absolutevalueof the real andimaginarycoef�cients is invariantto this type of

rotation.In particular, thisdemonstratesthattheabsolutevaluerepresentationis partially

invariantto permutationof theaxesthatareperpendicularto theNorthpole.

Quadratic Resolutionwith PCA

Oneof thelimitationsof only storingtheenergiesat thedifferentfrequenciesof aspheri-

cal functionis thatit doesnotallow usto reconstructthefrequency componentsuniquely,

upto rotation.In thepast,thisproblemhasbeenaddressedby usingalgebraic methodsto

obtainadditionalrotation-invariantsfor thedifferentfrequency components[11, 36, 38].

Thedif�culty with theseapproachesis that thederived0-th orderrotation-invariantten-

sorareoftenredundantandconsequently, cannotbedirectly comparedto obtaina lower

boundfor theminimum �

�

differencebetweentwo sphericalfunctions.

We presenta new geometricapproachfor computingorthogonalinvariantsandde-

scribean implementationfor the quadraticcomponentsof a sphericalfunction. This

approachis basedon the ideathat for a sphericalfunction
�

, we cangeneratetheman-
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Figure4.6: Theminimum distancebetweentwo functions � and � , taken over thespaceof all
rotations,is equalto thedistancebetweenthetwo manifolds��� and ��� , where��� and ��� are
obtainedby tracingout theimageof thefunctions� and � undertheactionof therotationgroup.

ifold ��� , de�ned asthe imageof
�

underall rotations. For two sphericalfunctions
�

and � , theminimumdifferencebetween
�

and � , takenover thespaceof all rotations,is

preciselythedistancebetweenthetwo closestpointson themanifolds �	� and �
� , (Fig-

ure4.6). Thegoal then,is to beableto index thesemanifoldsin sucha way that the �

�

differencebetweentwo setsof indicesis exactly thedistancebetweenthetwo manifolds.

The key idea of our approachis to usePCA to explicitly solve for the alignment

thatminimizesthe �

�

differencebetweentheconstantandquadraticcomponentsof two

sphericalfunctions.Thisapproachprovidesarepresentationof theconstantandquadratic

componentsthatis invertible,upto rotationandeliminatestheproblemof intra-frequency

loss in the secondordercomponentsthat is otherwisesufferedby the power spectrum

approach.

Theorem 4.2.1 If
�

and � are two sphericalfunctionsconsistingof only constantand

secondorderharmonics,thenthe �

�

differencebetweenthetwo is minimizedwheneach

is alignedto its ownprincipal axes.

Proof: Because
�

and � consistof only constantandsecondorderterms,we canrepre-
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sentthetwo functionsby symmetricmatrices� and � where
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If weassumethat � and � arealreadyalignedto their principalaxesweget:
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Thus,if � is any rotationweget:
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where � 
 �

���

�
�

	

� and � 
 �

�	�

�
�

�
�

	

� de�ne the lengthsand anglesbetweenthe

functions� �

�

ontheunit sphere.Wewould like to show thatthedotproductis maximized

when � is a permutationmatrix sothat �
� �

	

is diagonal.

Using the fact that the differentialsof a rotation � arede�ned by �
� where � is a

skew-symmetricmatrix, it suf�ces to solve for:
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�

�

�

	

�

( Trace��� �����

�

��� ��� � � 	 �

�

� � 	 � � 
 Trace� � 	
� � ����� ����� � � )

But � is askew-symmetricmatrixsothat, ��� ����� is asymmetricmatrixwith � 'salong
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thediagonal:
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Thus,if �

	

� � is a diagonalmatrix thenthederivative is zero,independentof thechoice

of � . Conversely, if the �

�

aredistinctand �

	

� � is not diagonal,we canalwayschoose

valuesfor �

&

�

, �

&

�

, and �

� �

suchthatthederivative is non-zero,implying that if �

	

� � is

not diagonalit cannotmaximizethedot product. (Notethat if �

&


 �

�


 �

�

then � is a

constantmultiple of the identity so that the dot productis independentof thechoiceof

rotation.Similarly, if �

�


 � � thenrotationsin theplanespannedby �

�

and � � alsodonot

changethedotproduct.)

This shows thatthe �

�

differencebetweenthefunctions
�

and � is at anextremumif

andonly if � and � arediagonalmatrices.Theminimum �

�

differenceis thenattained

when �

�

�

�

�

is maximal.So,if �

&

�

�

�

�

�

�

thenwe mustalsohave �

&

� �

�

� �

�

, and

the �

�

differencebetween
�

and � is minimizedpreciselywhen
�

and � arealignedto

their principalaxes.

This theoremshows thatthe �

�

differencebetweenthequadraticcomponentsof two

sphericalfunctionsis minimizedwhenthetwo functionsarealignedwith their principal

axes.Thus,we canrepresenttheconstantandquadraticcomponentsby thethreescalars

�

&

�

�

�

�

�

�

, whereafteralignmentto principalaxes:

�
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�
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�
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�

)

Theindices �

�

&

�

�

�

�

�

�

� uniquelyde�ne theconstantandquadraticfunctionupto rotation,
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but becausethe functions � � � � � � � � � � arenot orthogonal,they do not have theproperty

that the �

�

differencebetweentwo setsof indicesis theminimumof the �

�

differences

betweenthetwo functions.To addressthis, we �x anorthonormalbasis �

�

&

�

�

�

�

�

�

� for

the spanof � � � � � � � � � � and representthe function
�




�

(

�

�

�

by the threescalars

���

&

�

�

&

�

�

�

�

�

�

� , where � is the matrix whosecolumnsare the orthonormalvectors �

�

.

Thisprovidesthedesiredorthogonalindexing for theconstantandquadraticcomponents

of asphericalfunction,which de�ne thecomponentsuniquely, up to rotation.

4.2.5 Matching Results

In orderto evaluatetheutility of thedifferentrotationnormalizationmethods,we mea-

suredthe retrieval performanceof thedifferentsphericalshapedescriptorsdescribedin

Chapters2 and3. As in Chapter3, we usedthe PrincetonShapeBenchmarkto obtain

precisionvs. recall plots comparingthe performanceof the differentshapedescriptors

whenthedifferentmethodsfor addressingtherotationalalignmentproblemwereused.In

particular, wecomputedthe(1) ExtendedGaussianImage,(2) Complex ExtendedGaus-

sianImage(3) Sectorsrepresentation,(4) SectorsandShellsrepresentation,(5) Radial

SphericalExtentFunction,and(6) GaussianEuclideanDistanceTransform,for eachof

themodelsin the testdatabase.For eachmodelandeachtypeof shaperepresentation,

weobtainedretrieval resultswith thedifferentrotationalalignmenttechniques:(1) mod-

elswerealignedby exhaustively searchingover thespaceof all rotationsfor theoptimal

rotation(ExhaustiveSearch), (2) modelswerealignedwith their principalaxesandthe

bestof theeightaxial �ips waschosenfor alignment(PCA+ 8x(AxialFlips)), (3) models

were�rst alignedwith theirprincipalaxesandthenthedescriptorweremadeinvariantto

theeightaxial �ips by storingtheabsolutevaluesof theappropriaterealandimaginary

componentsof the sphericalharmoniccoef�cients (PCA + Abs), (4) modelswere�rst
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alignedwith theirprincipalaxesandthenthedescriptorsweremadeinvariantto rotations

aboutthe principal axis with largesteigenvalue by storing the complex norm of each

sphericalharmoniccoef�cient (PCA + Fourier (X-axis)), (5) modelswerealignedwith

theirprincipalaxesandforwardweightingwasusedto normalizefor ambiguityin theax-

ial directions(PCA(HeaviestAxis), (6) modelswererepresentedin a rotation-invariant

mannerby storingthe power spectrumof the shapedescriptorsandusingthequadratic

resolutionmethodto re�ne theenergy decompositionwithin thesecondorderfrequency

(Harmonic+ Quadratic), (7) modelswererepresentedin a rotation-invariantmannerby

storingthepowerspectrumof theshapedescriptors(Harmonic).

Theresultsof theretreival experimentsareshown in Figure4.7. In general,they indi-

catethattheinability of PCAto resolvetheaxialambiguitygreatlyhampersthematching

performanceof the differentdescriptors.Evenmethodsthat useforward weightingare

not stableanddo not consistentlyalign axial directionswithin a class. Thus,methods

thataddressthis issue(e.g.Abs, Fourier, and8x(AxialFlips)) greatlyimprovethematch-

ing performanceof the differentdescriptorsandcanoften be competitive, in precision,

with exhaustive search.As a result,we �nd that (for this dataset)theneedfor rotation-

invarianceis not well motivatedandrepresentationsof shapedescriptorsin termsof the

energiesin thedifferentfrequencies(e.g. HarmonicandHarmonic+ Quadratic) result

in worseretrieval performanceasa resultof the inherentinformationlossin the power

spectrum.Thus,in orderfor the rotation-invariantpower spectrumrepresentationto be

effectivein shaperetrieval, it is necessaryto regainsomeof theinformationlost in storing

only thesizeof thedifferentfrequency components.(Wediscussmethodsfor addressing

this issuein thenext chapter.)

It is interestingto notethat both the Fourier andthe Absapproacharecompetitive

with exhaustive searchfor resolvingaxial ambiguity. In general,theseapproachestend
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Figure4.7: Retrieval resultswith differentshaperepresentations,demonstratingthe effect of
differentrotational-alignment techniqueson retrieval performance.
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to discardmore informationandwe would expect themto be lessdiscriminating. We

believethatpartof theexplanationfor this residesin thelimitationsof PCA,asindicated

in Figure4.2. In particular, therearea numberof classeswhoseconstituentshapescan

appearat different anisotropicscales. For thesemodels,PCA alignmentcan fail not

only becauseit doesnot correctlychoosethecorrectdirectionof theprincipalaxis,but

alsobecausein somecasestheorderingof theprincipalaxesgetschanged.TheFourier

andAbs representationsbegin to addressthis issueby introducingsomeinvarianceto

permutationof the axesandwe believe that this part of the explanationfor the reason

thattheir retrieval performanceis oftenbetterthantheperformanceof theapproachthat

exhaustively searchesfor thebestalignmentoverall possibleaxial �ips.

Thesizesof thedifferentdescriptorsandthecomparisontime for thedifferentmeth-

ods are shown in Tables4.2 and 4.3. Thesetableshighlight several propertiesof the

representations:

� The fact that the ExtendedGaussianImage, Complex ExtendedGaussianImage,

andSectors representationall representa 3D modelby a sphericalfunction is re-

�ected in the fact that thesedescriptorsare an order of magnitudesmallerthan

the Sectors and Shellsrepresentation,the Radial ExtentFunction, andthe Gaus-

sianEuclideanDistanceTransformwhich representa3D modelby a collectionof

sphericalfunctions.

� The rotation-invariantrepresentationsarean orderof magnitudesmallerthanthe

PCA-alignedones.This is becausethepower spectrumrepresentsthe ��� � ��� di-

mensionsof informationcontainedin the � -th frequency by thesinglevaluecorre-

spondingto theamplitude.Thus,it representsatwo-dimensionalsphericalfunction

by a one-dimensionalarrayof energy values.
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� The axial rotation-invariant representation(Fourier) describedin [63, 62, 17] is

roughlyhalf thesizeof theinitial sphericalfunctionbecauseeachcomplex spheri-

calharmoniccoef�cient is representedby its norm.

� Exhaustively searchingfor the optimal rotation for modelalignmenttendsto be

independentof the sizeof the descriptor. This is relatedto the fact that the lim-

iting stepin correlatingthe shapedescriptorsis computingthe InverseWigner-D

Transform(asdescribedin AppendixA). Sinceonly onesuchcomputationneeds

to beperformed,regardlessof thenumberof sphericalfunctionsusedto represent

a model, we �nd that the averagecomparisontime for exhaustive searchis not

proportionalto thesizeof thedescriptor.

� While a bruteforce implementationof theexhaustive searchfor theoptimalaxial

�ip would increasethe comparisontime eight-fold, we �nd that in practicethe

methodpresentedfor �nding the optimal axial alignmentis only 54%slower, on

average.

EGI CEGI Sectors Sectors+ Shells REXT GEDT
ExhaustiveSearch 256 512 256 8192 8192 8192
PCA + 8x(Axial Flips) 256 512 256 8192 8192 8192
PCA + Abs 256 512 256 8192 8192 8192
PCA + Fourier 136 272 136 4352 4352 4352
PCA (HeaviestAxis) 256 512 256 8192 8192 8192
Harmonic+ Quadratic 17 34 17 544 544 544
Harmonic 16 32 32 512 512 512

Table4.2: Numberof ¯oatsthatneedtobestoredin orderto representthedifferentshapedescrip-
torsshown in Figure4.7 asa functionof themethodusedfor comparingacrossrotations.Note
that the rotation-invariant descriptorsarean orderof magnitudesmallerthan the PCA-aligned
ones.
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EGI CEGI Sectors Sectors+ Shells REXT GEDT
ExhaustiveSearch 15.979 16.407 15.924 20.696 21.470 20.585
PCA+ 8x(Axial Flips) 0.031 0.063 0.033 0.972 0.951 0.934
PCA+ Abs 0.019 0.037 0.021 0.641 0.680 0.671
PCA+ Fourier 0.010 0.020 0.011 0.335 0.354 0.320
PCA(HeaviestAxis) 0.019 0.038 0.020 0.641 0.634 0.628
Harmonic+ Quadratic 0.001 0.003 0.002 0.037 0.037 0.039
Harmonic 0.001 0.002 0.001 0.037 0.035 0.035

Table4.3: Averagetime to comparetwo modelsusingthedifferentrepresentationsof thediffer-
entshapedescriptorsshown in Figure4.7. Notethat,with theexceptionof theexhaustive search
approach,comparisontime is proportionalto modelsize.Comparisontime is in milliseconds.

4.2.6 Extending Descriptors

The sphericalpower spectrumapproachdescribedabove is a generalmethodfor trans-

forming a rotation-varying descriptorinto a rotation-invariantone. In this sectionwe

show that the two descriptorsdesignedto be rotation-invariant,namelythe Shells[5]

andtheD2 [43] distributions,areactuallyvery speci�c instancesof thepower spectrum

approach.In particular, we show thatusingthemethodologyof thepower spectrumap-

proachthesetwo representationscanbetransformedinto morediscriminatingdescriptors

withoutsacri�cing rotation-invariance.

ShapeHistograms (Shells)

We recall that the Shellsrepresentationof a givenmodel is obtainedby computingthe

distribution of thedistancesof surfacepointsfrom the centerof mass.Anotherway to

obtainthis representationis to computetheShellsandSectorsrepresentation,giving the

distributionof pointsasa functionof distancefrom thecenterof massandsphericalan-

gle, and thenextract the rotation-invariantShellsrepresentationby �xing the distance

from the centerof massandaveragingthe valuesof the distribution over all spherical
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Figure4.8: Comparisonof theShellsandtheD2 descriptorswith theirpowerspectrumgeneral-
ization.As lessrotation-invariantinformationis discarded,thedescriptorsbecomemorediscrim-
inating.

angles.From a signalprocessingperspective, this approachis analagousto computing

the Shellsand Sectorsrepresentation,as a collection of sphericalfunctions,and then

obtaininga rotation-invariantrepresentationby computingthesphericalharmonicrepre-

sentationof eachsphericalfunctionandstoringonly theconstantorderterm.As we had

seenabove, rotation-invariantinformationcanactuallybegleanedfrom every frequency

usingthepower spectrum.Consequently, we expecttheShellsrepresentationto be less

discriminatingthan the moregeneralpower spectrumrepresentationof the Shellsand

Sectorsdescriptor. This is veri�ed empirically in Figure4.8(s)which shows that there

is a marked improvementin retrieval performancewhenthe entirepower spectrumof

the ShellsandSectorsdescriptoris usedover the retrieval performancewhenonly the

constantordertermsrepresentedin theShellsdescriptorareusedfor matching.
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ShapeDistrib utions (D2)

As with the Shellsdescriptor, the D2 descriptorcanbe realizedas the setof constant

termsof a collection of sphericalfunctions. In particular, we can representa model

with a 3D histogram,obtainedby iterating over all pairs of points on the surfaceof

the model, and for eachpair of points � and � , voting with a unit weight in the bin

indexedby � � � . Restrictingthe 3D histogramto concentricspheresaboutthe origin,

we obtain a translation-invariant representationof the initial model by a collection of

sphericalfunctions,giving thedistribution of distancesbetweenpairsof surfacepoints,

as function of sphericalangle. In this context, the D2 descriptorcan be realizedby

storing the constantordercomponentof eachsphericalrestriction. Again, we canget

a more re�ned rotation-invariant representationby storingnot only the constantorder

component,but theentirepower spectrum.As is shown in Figure4.8(b),theadditionof

informationabouttheenergy distribution in higherfrequenciesgivesriseto a descriptor

thatis morediscriminatingandgivesbettermatchingperformancein precisionvs. recall

experiments.
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Chapter 5

Symmetry

Oneof thelimitationsof thesphericalpowerspectrumrepresentationdescribedin Chap-

ter4 is thatshapeinformationis lostasa resultof thefactthattherepresentationis local

to frequency space. As a result, the representationcontainsno informationaboutthe

alignmentof informationacrossdifferentfrequencies.In orderto improve thediscrim-

ination power of this representation,we aremotivatedto augmentthe power spectrum

with informationthatis globalto frequency space.

In this chapterwe presentthe symmetrydescriptor, a representationof a 3D model

in termsof its re�ective and rotationalsymmetriesaboutall axespassingthroughthe

model's centerof mass.To eachaxisof symmetry, thedescriptorassociatesa valuerep-

resentingtheextentto whichthemodelis symmetricaboutthataxis.Thus,thedescriptor

capturesglobal shapeinformation that is determinedby the alignmentof information

acrossdifferentfrequenciesandis well suitedfor regainingsomeof theinformationlost

by thepowerspectrumrepresentation.

We begin this chapterby presentinga generalmethodfor de�ning themeasureof a

model's symmetryandprovide an ef�cient signalprocessingbasedalgorithmfor com-
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puting the symmetrydescriptor. We describesomeof the theoreticalpropertiesof the

symmetrydescriptorandshow how thesepropertiescanbe usedto guidemethodsfor

augmentingthe frequency-local power spectrumrepresentationwith frequency-global

symmetryinformation. Finally, we concludeby demonstratingthe practicalef�cacy of

thesymmetryaugmentationapproachin shaperetrieval experiments.

5.1 GeneralSymmetry

De�nition : Givena vectorspace
�

anda group
�

thatactson
�

, we saythat �
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De�nition : We de�ne thesymmetrydistanceof a vector � with respectto a group
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as
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Using the fact that the vectorsthat are invariant to
�

de�ne a vector subspaceof
�

, it follows that the nearest
�

-invariantvector � is preciselythe projectionof � onto

thesubspaceof invariantvectors.That is, if we de�ne  

� to be theprojectiononto the

subspaceinvariantundertheactionof
�

andwe de�ne  ��

� to betheprojectionontothe

orthogonalsubspacethen:
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sothat thesymmetrydistanceof � with respectto
�

is the lengthof theprojectionof �

ontoasubspaceindexedby
�

.
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In general,computingtheprojectionof � ontothesubspaceof vectorsinvariantunder

the action of
�

is a dif�cult task. However, in our casewe can usethe fact that the

elementsof
�

are orthogonaltransformations.In particular, we can apply a theorem

from representationtheory [50] statingthat a projectionof a vectoronto the subspace

invariantunderthe actionof an orthogonalgroupis the averageof the vectorover the

differentelementsin thegroup.Thus,in thecaseof avector � andagroup
�

, weget:
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5.2 De®ning the Symmetry Descriptor

In orderto evaluatethemeasureof symmetryof a3D model,it is necessaryto comparea

modelwith its re�ections/rotations.A varietyof shapedescriptorscanbeusedtocompare

the modelwith its transformation,andin this paperwe focuson thosethat representa

modelby aspherical,or 3D, functionthatrotateswith themodel.

Notation: For any integer
�

andany unit vector� welet
�

�

�

denotethe
�

-fold rotational

symmetrygroup with respectto � . If
�

is positive, then
�

�

�

is the groupgeneratedby

thetransformation�

�

�

	

�

�

which is therotationabouttheaxis � by theangle �* ��

�

. If
�

is

negative, then
�

�

�

is thegroupgeneratedby thetransformation�

�

�

	

�

�

� � , where � is the

antipodalmap,sendingapoint � to thepoint � � .

For example,
�

�

�

&




(




(

� is the group generatedby rotating by � � �

�

aboutthe � -axis,

consistingof 3 elements,while
�

�
�

�

(




&




(

� is thegroupgeneratedby re�ecting throughthe

� � -plane,consistingof two elements.

De�nition : Givena shapedescriptor
�

, we de�ne its
�

-fold symmetrydescriptorasthe

function on the spherewhosevalueat somepoint � describesthe amountof
�

that is

70



symmetricwith respectto
�

�

�

andtheamountof
�

thatis anti-symmetric:
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Despitetheredundancy, westoreboththepairof values,asthey canbeusedfor bounding

shapesimilarity.)

Figure5.1showsavisualizationof thesymmetrydescriptorsfor anumberof models.

Thedescriptorsarerepresentedby scalingpointson theunit spherein proportionto the

measureof symmetry

#

 

�

�

�

�

#

, sothatpointscorrespondingto axesof nearsymmetryare

pushedout from theorigin andpointscorrespondingto axesof nearanti-symmetryare

pulled in to theorigin. Thus,for the2-fold (respectively
�

-fold) symmetrydescriptors,

peaksin the descriptorscorrespondto axesof nearperfect2-fold (respectively
�

-fold)

rotationalsymmetry.

Severalimportantpropertiesof thesymmetrydescriptorsaredemonstratedin theim-

age. (1) Looking at the cube,we observe that if a model is antipodallysymmetric,it

hasno oddfrequency componentsandthe
�

-fold and �

�

-fold symmetrydescriptorsare

equal. (2) The exampleof the tetrahedronshows that a modelcanhave �

�

-fold sym-

metry even whenit is not anitpodallysymmetric. In particular, thoughthe tetrahedron

doesnot have antipodalsymmetry, andit is not � -fold symmetricaboutany axis,it does

have � � -fold symmetryabouttheaxespassingthroughthecentersof themodel'sedges.

(3) Thesymmetrydescriptorsof thevaseindicatethat the informationcharacterizedby

the descriptorsis not orthogonal. In particular, if a modelhasaxial symmetry, than it
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Figure5.1: A visualizationof thesymmetrydescriptorsfor a collectionof models.Thevisual-
izationis obtainedby scalingunit vectorson thespherein proportionto themeasureof rotational
symmetryabouttheaxisthroughthecenterof mass,in thedirectionof thevector.

mustalsohave all othersymmetries.More generally, a modelcanonly have
�

� � -fold

symmetries,if it alsohas
�

-fold symmetry.

5.3 Computing the Symmetry Descriptor

We will now show how to computeall the
�

-fold symmetrydescriptorsof a shapede-

scriptoref�ciently . Thekey ideais thatin computingthesymmetrydescriptorof ashape
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descriptor
�

, it is necessaryto compare
�

with its rotations.This amountsto computing

the autocorrelationof
�

acrossthe groupof rotations, �

�

�

�

�

�

� � , andsignalprocessing

methodsfor computingtheautocorrelationdescribedin AppendixA canbeusedto com-

putethesymmetrydescriptoref�ciently .

In orderto computethesymmetrydescriptorsof a function
�

, it suf�ces to compute

thelengthsof theprojections:
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Then,insteadof computingtheautocorrelationof
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, we computetheautocorrelation

of theevenandoddpartsindependentlyto get:
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Complexity: For bothsphericalfunctionsand3Dfunctionsthecomplexity of computing

the autocorrelationover all rotationsis boundedby � � �	�	� . Sincecomputingthe
�

-th

symmetrydescriptorrequires� �

�

� summationsfor eachof � ��� � � pointson the sphere

theoverallcomplexity of computingthe � � ��� symmetrydescriptorsis � � ���	� .

5.4 Propertiesof the Symmetry Descriptors

Work in symmetrydetectionhasbeenmotivated,in part,by therecognitionthatsymme-

try is apropertycharacterizingglobalshapeinformationsothatstoringasmallamountof

symmetryinformationfor eachmodelshouldprovideanef�cient boundfor thesimilarity

of two models. In this section,we formalizethis intuition by explicitly describinghow

thedifferencein thesymmetriesof two modelsrelatesto their measureof similarity.
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5.4.1 Globality

A fundamentalpropertyof thesymmetrydescriptorsis thatthey characterizeglobalprop-

ertiesof a modelandhenceif thesymmetrydescriptorsof two modelsdiffer atevenone

point, we expectthis to imply that the modelsmustbe different. This propertycanbe

formulatedexplicitly by statingthat the �

� differencebetweensymmetrydescriptorsis

a lowerboundfor the �

�

differenceof themodels:
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The explicit proof of this boundderivesfrom the fact that the valuesof the symmetry

descriptorsof a functionareequalto the lengthsof its projectionsonto two orthogonal

subspaces.Hence,for any
�

-fold symmetry, andany axis � wehave:
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sothatthedifferencebetweenthesymmetrydescriptorsof two modelsat any point is an

explicit boundfor theproximity of thetwo models.

5.4.2 ContinuousSymmetry Classi®cation

Oneof thechallengesof shaperetrieval stemsfrom thefactthatoften3D modelsarenot

a priori aligned,andmany methodsfor comparingtwo modelsrequirean initial stepof

pair-wiseregistration.For thesetypesof applications,theglobality propertymentioned

above cannotbeutilized without �rst aligningthemodels.In this sectionwe show how
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symmetryinformationcanbeusedfor comparingtwo modelswithoutrequiringtheinitial

alignmentstep.

We aremotivatedin our approachby early work in symmetrydetection[6, 64, 21]

wherethegoalwasto classifymodelsin termsof thetypesof symmetrythat they have.

Thesemethodssoughtto assigna binary valueto eachinteger
�

, indicatingwhetheror

notamodelhad
�

-fold symmetry. Sincesucha representationdid not specifytheaxisof

symmetry, it wasinherentlyrotation-invariant.

Using the symmetrydescriptors,we can extend thesebinary classi�cationsinto a

continuousframework wherefor each
�

, westoretheoptimalmeasureof
�

-fold symme-

try, evenwhenthemodelis not
�

-fold symmetric. In particular, setting �
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This givesa continuous,rotation-invariantclassi�cationof a modelin termsof its sym-

metries. Furthermore,asa direct corollary of the globality property, it follows that the

symmetryclassi�cationcanbeusedto boundtheproximity of two models:
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Thusthesymmetryclassi�cationscanbeusedfor matchingmodelswithout requiringan

initial stepof pair-wiseregistration.
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5.5 Symmetry Augmentation

Motivatedby thepropertiesdescribedabove, we would like to usethecontinuoussym-

metry classi�cationfor ef�ciently comparingmodelsin a rotation-invariantmanner. In

particular, we would like to augmentexisting shapedescriptorswith symmetryinforma-

tion, but would like to do soin a mannerthat is not redundant.To this end,we consider

thepowerspectrumrepresentationdescribedin Chapter4.

The power spectrumrepresentationis a generalmethodfor obtaining a rotation-

invariant representationof sphericalshapedescriptorsthat describesthe descriptorsin

termsof thedistribution of energiesacrossdifferentfrequencies.Theadvantagesof this

representationaretwo-fold: First,therepresentationis rotation-invariantby construction,

making it possibletwo comparemodelswithout �rst aligning them. Second,in going

from a sphericalfunctionto its powerspectrum,thedimensionalityof therepresentation

is reduced,contractinga2D sphericalfunctionto a1D arrayof energy values.

However, this representationtreatseachfrequency componentindependentlyand

doesnot captureinformationcharacterizingthe alignmentbetweendifferentfrequency

components.Symmetry, by contrast,dependsstronglyon themannerin which thedif-

ferentfrequenciesalign, andthereforecapturesinformationthat is missingin thepower

spectrumrepresentation.Thus,augmentingthepowerspectrumrepresentationwith sym-

metry informationshouldprovide a morediscriminatingrepresentation,combiningthe

local (in frequency space)informationof thepower spectrumwith globalsymmetryin-

formation.

Figure5.2demonstratesthemotivationfor thisapproach.In this �gure, adatabaseis

queriedwith thenear-axially symmetrictableon theleft, andretrieval resultsareshown

without (top) andwith (bottom)symmetryaugmentation.Notethattheadditionof sym-
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Figure 5.2: An exampleof the type of improvementgainedby augmentingthe power spec-
trum representationwith symmetryinformation.Thedatabasewasqueriedwith thenearaxially-
symmetrictableon the left andresultsareshown for retrieval without (top) andwith (bottom)
symmetryaugmentation.Note thatsymmetryaugmentationimprovesmatchingperformanceby
introducingapreferencefor modelswhichhave nearaxial symmetry.

metryinducesa preferencefor modelsthatarenear-axially symmetric,andpushesaway

models(suchasthesquaretable,secondmodelin thenon-augmentedresults)thatdonot

havesuchasymmetry.

In orderto augmentthepowerspectrumrepresentationwe make theassumptionthat

symmetryis uniformly distributedacrossall thenon-constantfrequencies,sothat if
�

is

ashapedescriptorandSym
�

�

�

� is themeasureof the
�

-fold symmetryof
�

then:

Sym
�

�

�

�

��
 Sym
�

�

�

� �

#

�

�

#

#

�

#

where
�

� is the � -th frequency componentof
�

. Thus, we replacethe original power
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spectrumrepresentation(PSR)with thesymmetryaugmentedrepresentations:

PSR� �

�
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��

#

�
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#

� Sym
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#
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#

#
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#��

)

Then,to comparetwo descriptors,we �nd thesymmetrytypefor which thetwo models

varymostandcomparethecorrespondingsymmetryaugmentedrepresentations:

� �

�

� � � 
 � � �

�

#

PSR� �

�

� � PSR� � � �

#

)

Figure5.3 demonstratesthe processof symmetryaugmentation.Given a spherical

shapedescriptor(shown in the top left), its power spectrumrepresentationis computed

by expressingthesphericalfunctionin termsof its frequency components,�
�

(

�

�

&

� ) ) ) � ,

andstoring the norm of eachcomponent(shown in the top right). The symmetryde-

scriptorsarecomputedandthecontinuous,
�

-fold symmetryof
�

is extracted(shown in

thebottomleft). Finally, thepower spectrumrepresentationis augmentedwith symme-

try informationby scalingwith the
�

-fold symmetryof
�

to obtaina �ner resolutionof

non-constantfrequency information(shown in bottomright).

5.6 Comparing the Symmetry AugmentedDescriptor

Despitethefact that thesymmetryaugmentedrepresentationnow requiresa copy of the

sphericalharmonicrepresentationfor eachsymmetrytype, in theoryencumberingboth

storageandcomparison,thesymmetryaugmentedrepresentationis in factcompactand

comparesef�ciently . In particular, if wecomputethesymmetrydotproduct:

SDot�

�

� � � 
 ��� �

� �

Sym
�

�

�

�

#

�

#

�

Sym
�

� � �

#

�

# �
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Figure 5.3: The augmentedpower spectrumrepresentationof a shapedescriptor(top left) is
obtainedby ®rst computingthe power spectrumrepresentation(top right) and the � -fold sym-
metriesof � (bottomleft). The � -fold symmetriesarethenusedto provide a ®ner resolutionof
non-constantfrequency informationby multiplying eachfrequency norm by the pair of � -fold
symmetryvalues(bottomright).

andthefrequency dotproduct:

FDot�

�

� � � 


�

�

�

�

&

#

�

�

# #

�

�

#
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independently, we canseparatetherole of symmetryinformationfrom frequency infor-

mationin themeasureof shapesimilarity:

�

�

�

�

� � � 


#

�

#

�

�

#

�

#

�

� �

#

�

(

# #

�

(

#

� � SDot�

�

� � �	� FDot�

�

� � � )

Thus,in comparingtwo descriptors,thesymmetryinformationis separatedfrom fre-

quency informationandonly asinglecopy of thepowerspectrumrepresentationneedsto

bestored.Furthermore,theseparationof symmetryinformationfrom frequency informa-

tion allows for ef�cient comparisonof two modelssincethecomputationsof SDot�

�

� � �

andFDot�

�

� � � arebothef�cient computationsthatcanbeperformedindependentlyand

thencombinedto givethemeasureof similarity.

Finally, theseparationof symmetryinformationfrom frequency informationprovides

an easymethodfor modulatingthe importanceof symmetryin the measureof model

similarity. In particular, wecande�ne thefamily of shapemetrics:

�

�

�

�

�

� � � 


#

�

#

�

�

#

�

#

�

� �

#

�

(

# #

�

(

#

� � SDot�

�

�

� � � � FDot�

�

� � � )

indexedby theparameter� . When � 
 � symmetryplaysno role in shapecomparison

andwerevertto thepowerspectrumrepresentation.When � 
 � weobtainthesymmetry

augmentedrepresentationdescribedabove. More generally, as � is increased,symmetry

playsamorede�ning role in evaluationof shapesimilarity.

We observe thatwhile themotivationfor this sectionwastheorthogonalityof sym-

metryinformationto theinformationcapturedby thepowerspectrumrepresentation,the

methodcanbegeneralizedto augmentingany rotationvaryingshapedescriptors(not just

thoserepresentedby theirpowerspectrum).Thus,anaugmentedshapedescriptorcanbe

obtainedandthevalueof � canstill beusedto modulatetheimportanceof symmetryin
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theevaluationof similarity.

5.7 Matching Results

To measurethe ef�cacy of the symmetryaugmentedpower spectrumrepresentationin

tasksof shaperetrieval, we measuredtheretrieval performanceof thedifferentspherical

shapedescriptorsdescribedin Chapters2 and3 comparingtheresultsobtainedwith and

without symmetryaugmentation.In particular, we computedthe(1) ExtendedGaussian

Image,(2) Complex ExtendedGaussianImage,(3) Sectorsrepresentation,(4) Sectors

andShellsrepresentation,(5) RadialSphericalExtentFunction,and(6) GaussianEu-

clideanDistanceTransform,for eachof the modelsin the test datasetof the Prince-

ton ShapeBenchmark[47]. For eachmodel and eachtype of shapedescriptor, we

representedthe descriptorwith its rotation-invariant power spectrumand its rotation-

normalizedPCA-alignedrepresentation.We obtainedretrieval resultswith andwithout

symmetryaugmentation,wherethe power spectrumof the shapedescriptorwas aug-

mentedwith
�

-fold symmetryinformation,with
�


 � � � � � � ��� � � ��� correspondingto

re�ective, 2-fold, 3-fold, 4-fold, 5-fold and axial symmetryinformation. A value of

��
 � wasusedto amplify the importanceof symmetryin retrieval – this wasempiri-

cally determinedto give thebestresultsin classi�cationexperimentsrun on thetraining

dataset.

The resultsof the retreival experimentsareshown in Figure5.4, comparingthe re-

trieval performanceof augmentedandun-augmenteddescriptors.Theseresultshighlight

two importantpropertiesof thesymmetrydescriptor:

� First,symmetryaugmentationresultsin markedlyimprovedprecisionfor therotation-

invariantrepresentationswhileeffectingonlynegligible improvementsfor therotation-
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normalizedones. This underscoresthe fact that the improved precisionfor the

power spectrumrepresentationis not simply the resultof theampli�cation of the

importanceof symmetryin shapematching.Speci�cially, theseresultsvalidatethe

initial motivationfor thesymmetrydescriptorasa frequency-globalshapedescrip-

tor thatcanbeusedto regainsomeof the informationlost by the frequency-local

powerspectrum.

� Second,wenotethatsymmetryaugmentationis lesshelpful to theExtendedGaus-

sianImageandComplex ExtendedGaussianImagethanto othershapedescriptors.

This observation reinforcesthe fact that the symmetrydescriptoris computedby

comparingthe shapedescriptorsof a singlemodel,at different rotations. Thus,

the quality of the symmetrydescriptoris integrally tied to the quality of the un-

derlying shapedescriptor. In particular, shapedescriptorssuchas the Extended

GaussianImageandComplex ExtendedGaussianImage,whichperformpoorly in

shaperetrieval experiments(seeFigure3.2), give rise to lesseffective symmetry

augmentation.
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Figure5.4: Retrieval resultswith differentshaperepresentations,demonstratingthe effect of
symmetryaugmentationon retrieval performance.
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Chapter 6

Anisotropy

In this chapter, we considertheimplicationsof anisotropy on shapematching.In partic-

ular, weproposeanovel methodfor matching3D modelsthatfactorstheshapematching

equationasthedisjoint productof anisotropy andgeometriccomparisons.We provide a

generalmethodfor computingthefactoredsimilarity metricandshow how thisapproach

canbe appliedto improve the matchingperformanceof many existing shapematching

methods.

In order to separateanisotropy from the shapematchingequation,we proposea

methodfor matchingtwo 3D modelsthat �rst removestheanisotropy from eachof the

models,comparesthegeometryof theisotropicmodels,andthenexpressesthemeasure

of similarity of the two modelsasa functionof bothgeometricandanisotropicsimilar-

ity. This approachis motivatedby earlierwork in theareaof isotropicscalenormaliza-

tion, which we reviewedin Chapter4. We show how theseresultscanbegeneralizedto

anisotropicscaleanddescribea methodfor removing the anisotropy from models.We

concludeby describingamethodfor comparingtwo models,providing a family of shape

metricsthatis parameterizedby theimportanceassignedto anisotropy.
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6.1 Anisotropic Scale

In Chapter4, we hadshown that if two point setsareuniformally rescaledso that their

meanvarianceis equal to one, then they are optimally scalealigned. We now show

how theseresultscanbe generalizedto solve for the optimal anisotropicscale. Given

two point sets � 
 ���

&

� ) ) )������	� , with �

�
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�

�

���

�

�

���

�

�

� , and � 
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� ) ) ) ��� � � , with

�
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� , the sumof squareddifferencesbetweenthe two point setsis givenby

theequation:
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It follows from the resultsof unform scalealignmentthat if we searchfor the optimal

anisotropicscalein any singledirection � , thenthis occurswhenthepoint sets� and �

arenormalizedso that that their variancein the direction � is equalto � . Consider, for

example,thecaseof solvingfor theoptimalanisotropicscalein the � direction. In this

case,wewould like to solve for thevaluesof � and
�

thatminimize
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As in thecaseof isotropicscale,if thevariancein the � -directionis equalto one,thenthe

modelsareoptimallyalignedwith respectto scalealongthe � -axis.

More generally, if bothpoint setssatisfythepropertythat thevariancein any direc-

tion is equalto 1, it follows that any anisotropicscalingof oneof the two pointssets

will only increasethe sumof squareddifferencesandthe modelsare in fact optimally
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anisotropicallyaligned.

In order to transforman arbitrary point set into one that hasunit variancein any

direction,it suf�ces to computeits covariancematrix � andthenapplythetransformation

� �

&

	

� to thepoint set. (Sincewe assumethat thepointsarenot all coplanar, thematrix

� is positivede�nite andhencecanbeinverted,andhasa realsquareroot.) To seethis,

notethat the covariancematrix of a point set � 
 ���

&

� ) ) )������ � canbe de�ned by the

equation:
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wherethedoublesummationis takenin orderto accountfor thevariancewith respectto

centerof mass.If weset � to bethetransformedpointset � 
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Thus,thecovariancematrix of thetransformedpoint setis equalto the identity, andthe

variancein any direction is equalto 1. As with isotropic rescaling,this approachhas

theadvantagethatit cannormalizefor anisotropicscaleonaper-modelbasis,allowing a

modelto be transformedin a pre-processingstageindependentof themodelthat it will

bematchedagainst.

The dif�culty with applyingthis methoddirectly to triangulatedmodelsis that the

transformation�

�

&

	

�

�

rescalesareapatchesasa functionof their normaldirection.Thus

points that are unformally distributed along the untransformedmodel needno longer

87



Figure6.1: Uniform point samplesfrom thesurfaceof aniris modelareshown on theleft. The
samepointsafteranisotropicrescaling,areshown on theright. Thoughthepoint seton theright
hasunit variancein every direction,it no longerrepresentsa uniform samplingfrom thesurface
of therescalediris.

be uniformally distributedon the anisotropicallyrescaledmodel. This phenomenonis

illustratedin Figure6.1 which shows pointsuniformly sampledfrom a modelof an iris

(left). After ananisotropictransformationis appliedto thepoint set(right), thepositions

of the points are transformedand they no longer representa uniform samplingof the

surface. Note that points on the stemare tightly clustered,while points on the petal

becomemorespreadout. This propertyof 3D meshesresultsin theundesiredeffect that

transforminga triangulatedmodelwith the inversesquareroot of its covariancematrix

neednotgive riseto anisotropicmodel.

In ordertoaddressthisissue,weproposeaniterativeapproachto transformthemodel.

At eachstepof the iteration, the model is �rst translatedso that its centerof massis

at the origin, the covariancematrix is computed,and �nally the model is rescaledby

the inversesquareroot of the covariancematrix. In our experiments,we �nd that this
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Figure6.2: A visualizationof a penmodeland its covarianceellipsoid is shown on the left.
Thetransformedmodelandits associatedcovarianceellipsoid,afterone,two, andthreeiterations
areshown on the right. Note that thoughthe modelis very anisotropic,after the third iteration
of anisotropicrescalingwe obtaina modelthat is nearlyisotropic,with thecovarianceellipsoid
converging to asphere.

approachconvergesef�ciently to an isotropicmodeland,in practice,no morethan� ve

iterationsof this processareneccessaryto obtaina nearly isotropicshape.Figure6.2

shows a modelof a penandthe transformedmodelafter several stepsof the iteration

process.The�gure alsodraws theassociatedcovarianceellipsoids,which convergeto a

sphereasthemodelbecomesisotropic.Notethatafterthe�rst iteration,thetransformed

modelis still not isotropic,though,asthe�gure indicates,theiterativeprocessconverges

quickly to anisotropicmodel.Weprovideaproofof theconvergenceof thisapproachin

thenext section.

6.2 Iterati veAnisotropic Rescaling

In thissection,weprovetheconvergenceof theiterativerescalingalgorithmfor obtaining

an isotropicmodelfrom ananisotropicone. We assumethat themodelis not coplanar,

sothatthevariancein any directionis non-zeroandweshow thatiteratively rescalingthe
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modelby the inversesquareroot of thecovariancematrix is a processthatconvergesto

a modelwith constantvariance,independentof direction.In particular, thestepsof each

iterationare:

1. Anisotropicallyrescalethemodelby theinversesquareroot of thecovariancema-

trix

2. Isotropicallyrescalethemodelsothattheminimumandmaximumeigenvaluesof

thecovariancematrixof thenew modelarereciprocals,

andweshow thatiteratingthesestepsforcestheminimumandmaximumeigenvaluesof

thecovariancematrix to convergeto 1. To thisend,weusethefollowing equationfor the

covariancematrixof amodel � :

� � 
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sothatthevarianceof � in adirection � is givenby:
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We will �rst show that a modelwith non-zerovariancein any directioncanalwaysbe

rescaledsothattheminimumandmaximumeigenvaluesarereciprocals.Next, weprove

two lemmasdescribingthe decompositionof � into an even partition and the corre-

spondingdecompositionof thevarianceof � acrosssuchapartition.Finally, weusethe

lemmasto show thattheextremaleigenvaluesmustconvergeto 1.
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Isotropic Rescaling: Givena model � andscalefactor � , thecovariancematrix of �

�

is de�ned as:
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Thus,givenamodel � whosecovariancematrix ��� haseigenvalues��� �
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to obtain a new model whosecovariance

matrixhasasits smallestandlargesteigenvaluesthereciprocals
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Lemma 6.2.1 Givena continuousfunction
�

de�nedon � , thereexistsanevenpartition
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Proof: To prove thatsucha decompositionmustexist, we de�ne thefunction � �

�

� that

givestheareaof thesubsetof � with valuelessthanor equalto
�
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we canset �

�

to be the union of the inverseimageof
�

on the range ��� � � � andany
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sothat:
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Anisotropic Rescaling: Given a model � , we set ��� to be the covariancematrix of
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theinversesquareroot of � � . Applying ��� to themodel � , we obtaina modelwhose

variancein direction � is givenby:
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Using the fact that eachsummandin Equation6.1 is positive, we canapply the above

inequalitiesto get:
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Usingthefactthat ����
 �
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it follows that
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andwe know that thevarianceof thetransformedmodelin any direction(
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beboundedby
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Weobservethatwhenwerescalethemodelsothatminimalandmaximaleigenvalues

of thecovariancematrixarereciprocals,theminimal eigenvalueis no smallerthan �

&

so

that transforming� by ��� cannotmake theminimal variancesmaller, nor canit make

themaximalvariancelarger.

To show that theminimal andmaximaleigenvaluesmustactuallyconverge to 1, we

usethe lemmasabove. To do this, we usethe function � � � � and Lemma1 to evenly

partition � into �

�

and �
� andobtainavalue � satisfying:
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for all �
�

� �
� and �

�

� �

�

. (Though � � � � is not continuouson � , it is only

discontinuouson a closedsubsetwith 0 area,so Lemma1 still holds.) Expressingthe
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varianceof ��� ��� � in thedirection � in termsof thispartitionweget:
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Thisallowsusto boundtheminimal varianceby:
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In asimilar mannerwecangetanupperboundfor thevariance:
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Isotropicallyrescaling��� �
� � to get a model �� with minimal andmaximalvari-
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In orderto �nd theminimal valueof thevariance,overall possible� , weset
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� , thederivativeis nevernegative,andhencethevarianceof �� is minimized

when � is assmallascanbe,which is to say � 
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Thus,theminimal andmaximalvariancesof themodelareguaranteedto convergeto 1,

andtheiterative methoddescribedin theprevioussectionis guaranteedto convergeto a

modelwith variance1 in everydirection.

In orderto evaluatetheempiricalperformanceof thisapproach,wemeasuredtheef�-

ciency of convergenceby computingthemagnitudeof thelargesteigenvalueasafunction

of thenumberof iterations.In particular, for eachmodelin thePrincetonShapeBench-

mark [47], we iteratively (1) computedthe covariancematrix of the model, (2) trans-

formedthe modelby the inversesquareroot of the covariancematrix, and(3) rescaled

the modelsso that its smallestandlargesteigenvalueswerereciprocals.We measured

theef�ciency of the iterative approachby evaluatinghow quickly the largesteigenvalue

wouldconvergeto 1. (Sincethemodelis uniformally rescaledsothatthesmallesteigen-

valueis the reciprocalof the largesteigenvalue,whenthe largesteigenvalueis equalto

1, the covariancematrix reducesto the identity andthe model is isotropic.) Figure6.3
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Figure6.3: A graphof the magnitudeof the largesteigenvalueasa functionof thenumberof
anisotropicrescalingiterationsperformed. The red plot shows the averagevalueof the largest
eigenvalue for a databaseof roughly 1800models,while the yellow plot shows the maximum
value. Note that even thoughsomeof the modelsareinitially quite anisotropic,in practicethe
iterative approachconvergesef®ciently anda nearlyisotropicmodelis obtainedwithin very few
iterations.

shows a plot of the magnitudeof the largesteigenvalueasa function of the numberof

iterations,with theredplot showing theaveragevalueof thelargesteigenvalue,averaged

overall themodelsin thebenchmark,andtheyellow plot showing themaximalvalueof

thelargesteigenvalue,aftereachstepof theiteration.Notethateventhoughsomeof the

modelsareinitially quiteanisotropic,after� ve iterationseventhemostanisotropicof the

modelsis transformedinto anearlyisotropicmodel,indicatingthattheiterativeapproach

convergesveryef�ciently in practice.

6.3 Anisotropy Factoring

Themethodthatwe proposefor anisotropy factoringis a generalonethatcanbeapplied

to any of the many methods[23, 27, 5, 63, 43, 18] that matchestwo modelsby inde-
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Figure6.4: We createa new shapedescriptorby computingthe outerproductof the rotation-
invariantanisotropicscaleswith theshapedescriptorof theisotropicmodel.

pendentlyrepresentingeachoneby a shapedescriptor, andthende�ning themeasureof

modelsimilarity asthe �

�

differencebetweenthe correspondingdescriptors.In partic-

ular, we anisotropicallyrescalea model � to obtainan isotropicmodel �� , storingthe

sortedtriplet of eigenvalues� � 
 � �

�

&

� �

�

�

� �

�

�

� of thematrix transforming� into �� .

Thetriplet � � is a rotation-invariantrepresentationof theanisotropy of � and,for sim-

plicity, we normalizethetriplet sothat

#
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#


 � . We computetheshapedescriptor���

�

of theisotropicmodeland,usingthefactthattheinformationcontainedin ���

�

is orthog-

onal to the informationcontainedin � � , we representthe initial model � by the new

shapedescriptor���

�

�

� � , asshown in Figure6.4.

At runtime, when a query model � is presentedto the database,we computethe

anisotropy factorizationof � and de�ne the measureof similarity between� and a

databasemodel � to bethevalue:
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If � 
 � then �
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� � . More generally, � canbetreatedasa �x edconstantrepresentingtheimportanceof

anisotropy informationin thecontext of shapematching.Thus,in thecasethat � 
 � ,

anisotropy informationplaysnorolein thematchingandthematchingmethodis invariant

to anisotropicscale.If additionallytheshapedescriptoris itself rotation-invariant[5, 43,

18] thenweobtainamatchingmethodthatis invariantto all af�ne transformations.

Theadvantageof thismatchingapproachis thattheshapemetricde�nessimilarity as

theproductof thesimilarity of theshapedescriptorsandthesimilarity of theanisotropies.

Thus,thenew shapedescriptoronly needsto storethreeadditionalvalues,corresponding

to thenormalizedeigenvaluesof thesymmetricmatrix transformingananisotropicmodel

into an isotropicone. This meansthat neitherthe storagenor the comparisontime of

theaniosotropy factorizedshapedescriptoris signi�cantly largerthanthecorresponding

storageandcomparisontime for theoriginal shapedescriptor.

6.4 Matching Results

To measurethe ef�cacy of the anisotropy augmenteddescriptorin tasksof shapere-

trieval,wemeasuredtheretrievalperformanceof thedifferentshapedescriptorsdescribed

in Chapters2 and3, comparingthe resultsobtainedwith andwithout anisotropy aug-

mentation. In particular, we computedthe (1) D2 distribution, (2) Shellsdistribution,

(3) ExtendedGaussianImage,(4) Complex ExtendedGaussianImage(5) Sectorsrep-

resentation,(6) SectorsandShellsrepresentation,(7) RadialSphericalExtentFunction,

and(8) GaussianEuclideanDistanceTransform,for eachof themodelsin thetestdataset

of thePrincetonShapeBenchmark.For eachmodelandeachtypeof shaperepresenta-

tion, we obtainedretrieval resultswith andwithout anisotropy factorization.A valueof

� 
 � wasusedto amplify the importanceof anisotropy in retrieval – this wasempiri-
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cally determinedto give thebestresultsin classi�cationexperimentsrun on thetraining

dataset.

The resultsof the retrieval experimentsfor the histogramdescriptorsareshown in

Figure6.5. The �gure shows plots of the retrieval resultscomparingthe retrieval per-

formanceof the descriptorwithout anisotropy factorizationto the performanceof the

descriptorwith anisotropy factorization.For the anisotropy factorizationwe show two

differentplots. In the �rst plot, resultswereobtainedby setting ��
 � , amplifying the

importanceof anisotropy (Histogram+ Scale). In thesecond,resultswereobtainedby

setting � 
 � , ignoringtheinitial differencein anisotropy scales(Histogram– Scale).

Figure6.5: Retrieval resultswith shapedescriptorsrepresentinga 3D modelby 1D histograms,
demonstratingtheeffectof anisotropy factorizationon retrieval performance.

Combiningtheapproachesdescribedin this chapterandthepreviousone,we obtain

amethodfor augmentingshapedescriptorswith bothsymmetryandanisotropy informa-

tion. Thisapproachcanbeappliedto any sphericaldescriptorthatrotateswith themodel

andweshow theresultsfor thishybridapproachfor descriptorsthatrepresentamodelby

a singlesphericalfunctionin Figure6.6,andfor descriptorsthatrepresenta modelwith

multiplesphericalfunctionsin Figure6.7.
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Severalpropertiesof symmetryaugmentationcanbeobservedfrom theresultsof the

retreival experimentsfor boththerotation-invariantdescriptorsshown in Figure6.5and

therotation-varyingdescriptorsshown in Figures6.6and6.7.

� First,wenotethatamplifyingashapedescriptor'sanisotropy informationimproves

theperformanceof theshapedescriptor, independentof therepresentation.Thus,

anisotropy factorizationprovidesa simplean effective methodfor comparing3D

modelsin amoremeaningfulmanner.

� Second,we note that, asapposedto symmetryaugmentation,anisotropy factor-

izationimprovesthematchingperformanceof all descriptors,independentof their

retrieval quality. This observationreinforcesthe fact thatanisotropy is a property

of thegeometryof themodelanddoesnotdependon themethodusedto represent

shapes.

� Third, we notethat in the casethat anisotropy factorizationis performedandno

weightis assignedto anisotropy comparison( � 
�� for Histogram– Scale, PCA+

Abs– Scale, andHarmonic+ Quadratic – Scale) thematchingperformancedoes

notgenerallyimproveandfor therotation-invariantrepresentations(Histogramand

Harmonic+ Quadratic)thematchingperformsactuallyexhibitsamarkeddeteriora-

tion in performance.Webelievethatthereasonfor this is associatedwith theman-

ner in which rotationalignmentis addressed.Speci�cally, the rotation-invariant

methodsaddressrotationafterthemodelhasbeennormalizedfor anisotropy while

thePCA-normalizationmethods�rst normalizefor rotationandonly thennormal-

ize for aniosotropy. Thus,therotation-invariantapproachesactuallymatchmodels

acrossa wider classof transformations,�nding thebestalignmentover thespace

of all af�ne transformations,while PCA-normalizationmethodsdo not actually
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matchover shears.Sinceshearsarenot a type of transformationassociatedwith

intra-classvariation,therotation-invariantmethodsmatchover too largea classof

transformationsandconsequentlyarelesscapableof distinguishingbetweenmod-

elsin differentclasses.

� Finally, we note that when the power spectrumis usedto representa shapede-

scriptorin arotation-invariantmanner, anisotropy andsymmetryaugmentationcan

becombinedto amplify two importantcharacteristicsof 3D models.In this case,

we �nd that theimprovedprecisionobtainedusingbothmethodsof augmentation

simultaneouslyis roughlythesumof theimprovedprecisionsobtainedusingeach

augmentationmethodseparately. Thus,thesetwo augmentationsapproachesare

orthogonal,providing independentmethodsfor amplifyingessentialshapeproper-

ties.
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Figure6.6: Retrieval resultswith sphericalshaperepresentations,demonstratingtheeffectof the
combinationof anisotropy andsymmetryaugmentation.
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Figure6.7: Retrieval resultswith multi-sphericalshaperepresentations,demonstratingtheeffect
of thecombinationof anisotropy andsymmetryaugmentation.
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Chapter 7

Conclusionand Futur eWork

7.1 Conclusion

In this thesis,we exploreda numberof the issuesassociatedwith the challengeof re-

trieving shapesfrom lage repositoriesof 3D modelsand we have focusedon general

methodsfor addressingsomeof thecentralchallengesof shapematching.In particular,

thecontributionsof this thesisarefour-fold.

First, we introducedthe GaussianEuclideanDistanceTransform,a new shapede-

scriptorcharacterizinga modelby a function thatpeaksat thesurfaceof themodeland

fallsoff exponentiallyawayfrom it. Wedesignedthedescriptorsothatthedifferencebe-

tweenthedescriptorsof two modelsapproximatestheminimumsumof squareddistances

betweenthetwo correspondingsurfaces.In empiricalevaluations,wehavedemonstrated

that the new descriptoris moreeffective in retrieval tasksthanexisting shapedescrip-

tors andhave shown that the retrieval performanceof the GEDT is nearly identical to

theperformanceobtainedwhencomparingmodelsby explicitly computingtheminimum

sumof squareddistancesbetweentheir surfaces.Thus,this new descriptorprovidesthe
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discriminabilityof a shapemetric,while maintaingtheeaseof comparisonof a vector-

basedshaperepresentation,makingit particularlyusefulfor shapematchingapplications

designedfor interactivesearch.

Second,we presenteda generalframework for addressingthe rotation-alignment

problemin shapematching. We reviewed the standardPCA methodfor aligning mod-

elsinto acanonicalcoordinatesystemandthepowerspectrumapproachfor transforming

rotation-varyingshaperepresentationsinto rotation-invariantones.Wepresentedananal-

ysis of the limitations of theseapproachesandpresentednovel methodsfor addressing

theselimitations. In particular, we presentedtwo methodsfor addressingthe axial am-

biguity of PCA alignment,(1) giving a methodfor ef�ciently performinganexhaustive

searchover the spaceof all axial �ips, and(2) describingan approachfor representing

shapedescriptorsin an axial-�ip-in variantmanner. We have alsoshown how someof

theinherentinformationlossoccuringin thepowerspectrumcanbeamelioratedby pro-

viding a full resolutionof thesecondorderfrequency informationinto rotation-invariant

components.

Third, we introducedthesymmetrydescriptor, a representationof the re�ective and

rotationalsymmetriesof sphericalshapedescriptors.We have shown how sphericalsig-

nalprocessingtechniquescanbeusedto computethesymmetrydescriptoref�ciently and

we have shown how the obtainedsymmetryinformationcanbe usedto augmentshape

descriptors,giving riseto new shapedescriptorswhichexhibit improvedretrieval perfor-

mancewithout sacri�cing ef�ciency. While this approachis a generalonethat canbe

appliedto many typesof shapedescriptors,we have demonstratedthat it is particularly

well-suitedfor methodsthatusethepowerspectrumrepresentation.Thisallowsmany ex-

isting shapedescriptorsto leveragetheadvantagesof thepower spectrumrepresentation

(e.g.rotation-invarianceandcompactness)withoutsufferingfrom theimpairedmatching
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performancepreviouslyassociatedwith theinformationlossinherentin thisapproach.

Finally, we introducedthe anisotropy factorizationmethod,a generalapproachfor

transforminganisotropicmodelsinto isotropic modelsthat are bettersuitedfor shape

matching. By contrastwith the symmetrydescriptor, anisotropy factorizationactson

themodeldirectly, ratherthanon theshapedescriptorandhenceis a techniquethatcan

be appliedto a moregeneralclassof shaperetrieval methods.We provided a general

approachfor augmentingexistingshaperepresentationswith anisotropy informationand

shown that anisotropy augmentedrepresentationsgives rise to shapedescriptorswith

improvedretrieval performancewithout sacri�cing ef�ciency in matching.Wehave also

shown thatfor applicationsthatusethepowerspectrumto representamodelin arotation-

invariantmanner, thetwo augmentationmethods— symmetryandanisotropy — canbe

combinedto givestill morediscriminatingresultsthaneithermethodalone.

7.2 Futur eWork

Thework presentedin thisthesissuggestsanumberof differentvenuesfor possiblefuture

work:

7.2.1 Alignment

In Chapter4 wepresentedavarietyof approachesfor addressingthechallengeof rotation

alignmentfor shapematching.Thoughwehave foundthatthepowerspectrumapproach

providesa conservative estimateof themeasureof modelsimilarity at thebestpossible

orientationwhile simultaneouslyreducingthedimensionalityof theinformationneeded

to representa 3D model,we have alsoseenthat this representationdiscardstoo much

informationand is consequentlylessdiscriminatingthanPCA-normalizationmethods.
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In the future, we would like to considerthe possibility of extendingthe power spec-

trum representationto containmorerotation-invariantinformation,therebyobtaininga

morediscriminatingrepresentationthat is still morecompactthantheunderlyingshape

descriptor, allowing for ef�cient retrieval of 3D shapesin realworld applications.

7.2.2 Symmetry

Themethodfor computingthesymmetrydescriptorthatwepresentedin Chapter5 takes

asits input a representationof a 3D modelandreturnsthe measureof the
�

-fold sym-

metriesof the modelwith respectto all axespassingthroughthe center. As such,this

approachis focusedon thedetectionof symmetriesof wholeobjects.In the future,we

would like to considerapplicationsof this methodto the symmetrydetectionof partial

objects. The advantageof suchan approacharetwo-fold. First, it would allow for the

possibility of detectinglocal symmetriesin a model, guiding methodsfor segmenting

modelsinto symmetriccomponents.Second,it couldbeusedto guessat thesymmetries

of modelswith missingdata(e.g. partsthatareoccludedin thecourseof 3D scanning)

therebysuggestingapproachesfor reconstructingthemissingregions.

More generally, both local andglobalsymmetrycapturethe inherentredundancy of

informationwithin amodel.As such,it is naturalto considermethodsfor utilizing sym-

metry to guidecompressionalgorithmsfor providing morecompactrepresentationsof

3D shapes.

7.2.3 Anisotropy

In Chapter6 we providedan iterative approachfor transforminganisotropic3D models

into isotropiconesandproved that this approachis guaranteedto converge to a model
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with unit variancein everydirection.In experimentalevaluation,we have foundthatthe

convergenceto anisotropicmodelis substantiallymoreef�cient thantheonesuggested

by the proof. In the future, we would like to examinethe possibility of the existance

of a proof with tighter convergenceboundsthat morecloselyapproximatethe ef�cient

convergenceexhibitedin practice.Wewouldalsolike to investigatethepossibilityof di-

rectlytransformingananisotropicmodelinto anisotropicone,withoutrequiringmultiple

iterations.Becausetheconvergenceof the iterative processdependson the distribution

of trianglenormalsover thesurfaceof themodel,we believe that it maybepossibleto

usetheExtendedGaussianImage[23] to designamethodfor directly transforminga3D

surfaceinto anisotropicone.

7.2.4 ShapeDescriptors

Finally, this thesishasdescribedtwo generalmethodsfor extendingexistingshaperepre-

sentationsby augmentingthemwith anisotropy andsymmetryinformation.Thevalueof

theseapproachesdependsfundamentallyonthequalityof theunderlyingshaperepresen-

tation,sothatif theunderlyingrepresentationis notdiscriminatingenoughto distinguish

betweenshapes,theobtainedaugmentedrepresentationwill alsonotbeuseful.Thus,one

of thechallengesin shapematchingis thedesignof anef�cient andeffectiveshaperepre-

sentation.In thefuture,we would like to considerthemoregeneralquestionsof: “What

doesit meanfor two modelsto besimilar?” and“What is agoodshaperepresentationfor

capturingthis notionof shapesimilarity” We believe thatanswersto thesequestionex-

ist bothin thegeneralareaof shapematching,andin moredomain-speci�capplications

wherethe notion of modelsimilarity may be moreanalyticallyde�ned. In eithercase,

webelievethatagoodshaperepresentationis fundamentalto thetaskof shapematching

andanalysisandis a rich areafor futureresearch.
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Appendix A

SignalProcessing

In many of the applicationsthat we consider, a 3D model is representedby a function
de�ned on either a sphereor a collectionof spheres.In order to study the effects of
rotationonthemodelit isnaturaltoconsiderasignalprocessingapproach.In thischapter,
we review two differentaspectsof signalprocessing.First, we describethe spherical
harmonics,a basisfor the spaceof functionson the sphere. Second,we describethe
Wigner-D functions,a basisof functionson thegroupof 3D rotationsthatdescribehow
rotationsinteractwith thesphericalharmonics.

A.1 SphericalHarmonics

Oneof thechallengesof studyingtheactionof therotationgrouponthespaceof spherical
functionsresultsfrom thefactthatthisspaceis not �nite-dimensional.Sphericalharmon-
ics provide a solutionto this problemby decomposingthe spaceof sphericalfunctions
into a sumof simple,rotationally-independent,�nite-dimensionalsubspaces.Thus,they
reducetheproblemof understadingtheactionof rotationson theentirespaceof spher-
ical functionsto the problemof understandingthe actionof rotationson eachof these
subspacesindependently.

More speci�cally, thesphericalharmonicsareanorthonormalbasisfor thespaceof
functionsde�ned on thesurfaceof thesphere:
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� aretheassociatedLegendrepolynomials.They de�ne the � -th frequency
subspaces:
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whichhasthefollowing two essentialproperties:
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Figure A.1: The sphericalharmonics. The functionsare visualizedby scalingpoints on the
spherein proportionto the magnitudeof the function at that point, wherepointswith positive
valuearedrawn in red,andpointswith negative valuearedrawn in blue.

1.
�

� is a representation: The subspace
�

� is closedunderthe actionof rotation,so
thatfor any rotation � � � � � � � andany function

�

�

�

�

� , wehave � �

�

�

���

�

� .

2.
�

� is irr educible: The subspace
�

� cannotbe decomposedfurther as the sumof
(non-trivial) representations.Thus, the decompositionof the spaceof spherical
functionsinto the rotationally-independentfrequency componentscannotbe fur-
therre�ned.

FigureA.1 showsavisualizationof thesphericalharmonics.Thefunctionsarevisual-
izedby scalingpointson thespherein proportionto themagnitudeof thefunctionat that
point, wherepointswith positive valuearedrawn in red,andpointswith negative value
aredrawn in blue. Eachrow representsa differentfrequency � , with functionswithin a
row correspondingto thedifferent �

�

� , for �x ed � . Note thatasthefrequency increases
(1) thenumberof different �

�

� increases,and(2) thenumberof lobes,or undulations,of
theconstituentfunctionsalsoincreases.

Ef�cient methodsfor computingthe forward andinversesphericalharmonictrans-
form of a sphericalfunctionhave beendeveloped[15, 20, 56], performingthe transfor-
mationin � ��� �

�����
� �	� time for functionsde�ned on thesurfaceof a sphere,sampledon

a regular � ��� � � grid.
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A.2 Wigner-D Functions

While the sphericalharmonicsprovide a decompositionof the spaceof sphericalfunc-
tions into rotation-independentcomponents,theWigner-D functionsdescribehow rota-
tions act on the sphericalharmonics.Thesearean orthonormalbasisfor the spaceof
functionsde�ned on thegroupof rotations:

�

�


 �

�

� � � 
 � ���

�

� � � �

�

�

� ��)

Thus,giventhesphericalharmonicdecompositionof a function
�

as:
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thecoef�cients of any rotationof
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canbeexpressedin termsof thesphericalharmonic
coef�cients of

�

andtheWigner-D functions.In particular, for any rotation � � � ��� � � ,
wehave:
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Ef�cient methodsfor computingthe forward and inverseWigner-D transformof a
function de�ned on the group of rotationshave beendeveloped[15, 33, 20, 55], per-
forming thetransformationin ����� �	� time for functionsde�ned on thegroupof rotations,
sampledona regular � ���

�
� grid.

A.3 Corr elation

In this thesis,we areprimarily concernedwith matching3D modelsacrossdifferentro-
tationsandre�ections. To this end,thesphericalharmonicstransformandtheWigner-D
transformprovide toolsfor theef�cient computationof thedistancebetweentwo models
over thespaceof all possiblerotations/re�ections[34]. In particular, giventwo spherical
functions

�

and � , ourgoalis to compute:
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for everyrotation/re�ection� � � � � � . This reducesto theproblemof computingthecor-
relationof thetwo functions �

�

��� � � � � overthespaceof all rotations/re�ections� � � � � � .
Usingtheforwardsphericalharmonictransformto decomposethesphericalfunctionsin
termsof theirharmonics,crossmultiplying harmoniccoef�cients within eachfrequency,
andthenapplyingtheinverseWigner-D transform,providesanef�cient methodfor com-
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putingthecorrelationof thetwo functionsat every rotation. In particular, if we express
thefunctions

�

and � in termsof theirharmonics:
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thenthe correlationat a rotation � � � � � � � canbe obtainedby cross-multiplyinghar-
monictermswithin eachfrequency:
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Thisgivesthevalueof thecorrelationasthelinearsumof theWigner-D coef�cients and
the inverseWigner-D transformcanbe usedto get the valueof thecorrelationat every
rotation.

If � � � � � � and � is not a rotation(i.e. � hasdeterminant��� ) then � is theproduct
of somerotation � � � � � � � andtheantipodalmap � – the transformationthatsendsa
point � to thepoint � � . In orderto computethevalueof thecorrelationof

�

with � at � ,
weobserve thattheantipodalmapactson a function

�

asfollows:

1. If
�

is anevenfunctionthentheantipodalmapleaves
�

unchanged

2. If
�

is anoddfunctionthentheantipodalmapsendsthefunction
�

to �

�

.

Thus,we cancomputethe correlation �

�

� � ��� � � � � � if we addresstheeven andodd fre-
quenciesof

�

and � independently. In particular, we express
�

and � asthesumof their
evenandoddcomponents,
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Then, insteadof computingthe correlationof
�

with � over all rotations,we usethe
inverseWigner-D transformto computethe correlationof the even andoddpartsinde-
pendentlyto get:
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Thisgivesanexpressionfor thecorrelationof
�

with � overall rotations/re�ections,as:
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for all � � � ��� � � . Sinceany � � ��� � � is eitheritself a rotation,or theproductof some
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rotation � � � � � � � andthe antipodalmap, this providesa methodfor computingthe
correlationof

�

with � overall rotations/re�ections.

Complexity: If the sphericalfunctionsare band-limitedwith band-width � and are
representedasregularsampleson a � �

�

� � grid of sphericalangles,thenthespherical
harmonictransformcanbe computedin ����� � �����

�

�	� time, the crossmultiplication can
be donein � ��� � � time, andthe inverseWigner-D transformcanbe performedin ������� �

time, resultingin a total running time of ����� �	� to computethe correlationat eachof
� ��� � � rotation.(Notethatabruteforcealgorithmwouldcomputethedot-productateach
of � � � � � rotationsby performingan ����� � � comparisonof

�

with the rotationof � , and
would resultin anoverall runningtimeof � � �

�

� .)

Surprisingly, increasingthecomplexity of thefunctionfrom a singlesphericalfunc-
tion to a collectionof sphericalfunctions,doesnot changethe time for computingthe
correlationif thenumberof sphericalfunctionsis order � � ��� . In particular, giventhecol-
lection of sphericalfunctions �
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differencebetween
thetwo setsof functions,atany rotation/re�ection � , is givenby:
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Thus, as in the caseof a single sphericalfunction, computingthe differenceover all
rotations/re�ectionsreducesto the problemof computingthe correlation. Expressing
eachsphericalfunctionin termsof its harmonicdecomposition:
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rotation/re�ection � � ��� � � as:
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Complexity: If thesphericalfunctionsareband-limitedwith band-width� andthereare
� ���	� of them,thenthecorrelationcanbecomputedin � � �

�
� time. In particular, thehar-

monictransformis computedin �����	� � �����

�
�����

�

�	� time, thecrossmultiplicationcanbe
donein � � �	� � ����� � � time,andthesingleinverseWigner-D transformis still performedin

� ��� �	� time. Thus,thelimiting complexity of � � �	� � for computingtheinverseWigner-D
transformis not exceededandcomputingthe correlationof two collectionsof spheri-
cal functionscanstill be donein � � � ��� time. (Note that a bruteforce algorithmwould
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computethedot-productat eachof � � � � � rotationsby performingan ����� � � comparison
of �

�

&

� ) ) ) �

�

� � with therotationof � �

&

� ) ) )�� �!� � , andwould resultin anoverall running
timeof �����

�

� .)
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