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Abstract
Whileexistingmethodsfor 3D surfaceapproximationuselocal geometricproperties,weproposethat more intu-
itive resultscanbeobtainedby consideringglobal shapepropertiessuch assymmetry. We modifytheVariational
ShapeApproximationtechniqueto considerthesymmetries,near-symmetries,andpartial symmetriesof theinput
mesh.Thishastheeffectof preservingandevenenhancingsymmetriesin theoutputmodel,if doingsodoesnot
increasetheerror substantially. We demonstratethatusingsymmetryproducesresultsthatare more aesthetically
appealingandcorrespondmorecloselyto humanexpectations,especiallywhensimplifyingto veryfew polygons.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:GeometricAlgorithms

1. Intr oduction

In applicationssuch as interactive rendering,editing, or
physicalsimulationof largescenes,it is importantto adapt
thecomplexity of themodelsto thedetailpresentin thesur-
face.This is especiallythe casegiven the increasedprac-
ticality of 3D scannersand proceduralmodelingsystems,
which has led to an abundanceof over-tessellatedmodels
containingmillions of primitives.Correspondingly, over the
lastdecademany methodshave beendevelopedto simplify
3D modelswhile closelyapproximatingtheir geometry.

While suchapproximationmethodsmaintainthe geom-
etry of the original model, they do not explicitly preserve
othertypesof high-level information.In particular, thesym-
metry of the model in Figure 1a would not be preserved
by existing remeshingtechniques.The recently-introduced
VariationalShapeApproximation[CSAD04], for example,
yieldsFigures1b and1d, in whichtheapproximateleft-right
symmetryis not capturedin thetriangulation.

To addressthis, we proposea framework for model
simpli�cation that automaticallydetectssymmetricregions
andactively preservesandeven strengthensthosesymme-
triesduringsimpli�cation. Speci�cally, we have adaptedall
stagesof VariationalShapeApproximationto includesym-
metry. During theproxygenerationstage,we extendtheno-
tion of aproxyto includemultipleconnectedcomponentsre-
latedby apre-de�nedsetof symmetrytransformations(e.g.,
planarre�ection). Thus,while growing proxieswe consider
not only neighboringtriangles,but alsore�ected triangles.
In the triangulationstage,we explicitly �nd corresponding
symmetricpointsbasedontheproxiesgrown previously. We
force the triangulationto follow thesecorrespondencesas
muchaspossible,yielding a moresymmetrictriangulation.

The result is the meshof Figures1c ande, which captures
symmetrywhile yieldingacomparableapproximationerror.

(a) Initial model
 with symmetry 
         plane

(b) Traditional 
       proxies 

(c) Symmetric
       proxies

(d) Traditional 
  triangulation

(e) Symmetric 
  triangulation

Figure 1: Remeshingwithout symmetrydoesnot createa
symmetrictriangulationwithoutexplicit accountingfor sym-
metry. Column(a) showsa model(62K triangles)of a rela-
tively symmetricmask.Column(b) showsa visualizationof
theproxiesfoundby a standard remeshingalgorithm,while
(c)showstheproxiesobtainedtakingsymmetryinto account.
(d) and(e) showtheresultingtriangulations.
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The restof the paperwill be organizedas follows: Sec-
tion 2 will describepreviousremeshingtechniquesin greater
detail, Section3 will provide the detailsof our algorithm,
Section4 will show resultsandSection5 will includea dis-
cussionandfuturework.

2. Previous Work

2.1. SurfaceApproximation

Due to theusefulnessof simpli�ed modelsfor many appli-
cationsin computergraphics,thereis a longhistoryof tech-
niquesdesignedto approximatea3D surfacewhile optimiz-
ing for varioustypesof geometricerror.

Onecommonmethodfor meshsimpli�cation involvesap-
proximatingthesurfacelocally eitherby greedilyclustering
localgroupsof trianglesor by collapsingtheedgesof amesh
usinga local errormetric that capturesthegeometrydefor-
mationof thesimpli�ed area[Hop96,KLS96,GH98,Tur92].
Other methods,including [KT03] and [STK02], seek to
combinesetsof facescontainingsimilar propertiesto gen-
eratecharacteristicregions.

An alternativeparadigmfor simpli�cation involvesgener-
atinga a maximally-accurateapproximationwith respectto
a global error metric, while reducingthe numberof faces.
Work such as [HDD� 93] generatesan energy functional
basedon a point-to-surfacedistanceof theinput mesh.This
error function capturesthe curvatureandsurfacevariations
from theoriginal model.Departingslightly from theuseof
surfacedistance(the L2 metric), [CSAD04] de�ne a met-
ric basedon the normalsof the surface(The L2;1 metric).
They alsosolve the global error function by �xing a num-
ber of proxiesand then optimally placing theseproxiesto
bestapproximatethesurface.Usingnormalsratherthanthe
morewidely usedsurfacedistanceis motivatedby thedesire
to generatemorevisually pleasingresults,for exampleby
moreaccuratelyretaininghighlights.

Weproposeto extendthisreasoningby notingthatin gen-
eral,peoplearesensitive to symmetry, andwill noticedepar-
ture from symmetrymorereadily thansomegeneraldefor-
mationof the surface.To this end,we proposeto augment
remeshingtechniquesby directly incorporatingsymmetry
informationinto thealgorithm.

2.2. Detectionof Symmetry in 3D Shape

Perfect Symmetry: The traditionalapproachto symmetry
detectionworks with discretesymmetries— perfect sym-
metries under rotation, re�ection, or translation [Ata85,
WWV85, MIK93, TW05]. While thesemethodscandetect
perfect symmetrieswith varying degreesof toleranceto
noise,they do not work with imperfectsymmetriesor with
symmetriesthatre�ect only partsof themodel.

Imperfect Symmetry: In the last decade,methodshave
beenprovided for measuringimperfectsymmetries.Work
suchas[ZPA95,KFR04] pavedthewayby de�ning acontin-
uousnotionof symmetryfor partialre�ection of models.Re-

(a) (b)

Figure 2: An exampleof a 2D symmetrytransform.(a) The
initial model.(b) Thetransformof themodelwith thedarker
linesrepresentingstronger symmetries.Notetheline of per-
fect symmetrypassingthroughboth the square and the el-
lipse, as well as additional weaker lines of imperfectsym-
metry. In all cases,the local maximaof the transformare
signi�cant symmetries.

Figure 3: An example of principal symmetriesof a 3D
model,extractedfromthe3D symmetrytransform.Notethat
thesecapture thepartial andapproximatesymmetriesof the
ears,head,bodyandlegsof thebunny.

cently, [MGP06] have shown how to ef�ciently �nd imper-
fect symmetriesin a model,while [PSG� 06] de�ned a sym-
metrytransform, capturingthedegreeof symmetryaboutall
planespassingthougha 3D model. An example in 2D is
shown in Figure2. Thereare two typesof imperfectsym-
metry:localsymmetry, in whichaportionof amodelis per-
fectly symmetricwhile therestof it is not,andapproximate
symmetry, in which the entiremodel is not symmetricbut
could be madesymmetricwith a slight deformation.Both
typesof imperfectsymmetrymay be found automatically
usingthesymmetrytransformby extractingthesetof Prin-
cipal Symmetriesof the model,a setof planesthat are lo-
cal maximaof thetransform.An exampleof theseprincipal
symmetriescanbeseenin Figure3. We usetheseprincipal
symmetriesto guideour approximationof thesurface.

3. Symmetric Remeshing
3.1. Our Approach
Thegoalof ourpaperis to remesha surfacein a “symmetry
aware”environment.If wewereonly concernedwith perfect
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symmetries,a simplealgorithm would be to remeshusing
any existing technique,then force symmetryby mirroring
the output.However, in mostpracticalsituations,the sym-
metrieswill be imperfect.For example,theremay benear-
symmetriesthatarenotperfectbecauseof noiseor differing
tessellation,or partial symmetriesin which regions of the
modelmaybesymmetricaboutdifferentplanes.In addition,
somemodelsmay exhibit approximatesymmetry. In these
cases,faithful remeshing(resulting in a large numberof
polygons),shouldprioritize geometricaccuracy. However,
remeshingsuchmodelswith fewerpolygonsshouldresultin
a symmetricoutput,providedthatdoingsointroduceserror
of thesameorderasthatnecessarilyintroducedby remesh-
ing. In thisway, weavoid symmetrizingif thereis noreason
to do so: the choiceto remeshwith many polygonsshows
thattheuser's overridingconcernis to preserve detailaccu-
rately.

Our approachis to modify the algorithm proposedby
[CSAD04] so that it explicitly preserves symmetry. We
choseto begin with thisalgorithmbecauseit hasbeenshown
to producegoodresultsfor low polygoncounts,for which
thecarefulchoiceof symmetrizationalgorithmhasthemost
visible impact. In addition, as we will show later, this al-
gorithm allows us to smoothlycombinemultiple planesof
symmetry, as well as both symmetricand asymmetricre-
gionsof themesh.

Our adaptedalgorithm usesas input a list of principal
planesof symmetry, asextractedby themethodsdescribed
in [PSG� 06]. Theseplanesareusedduring the threestages
of thealgorithm:proxy generation,point selection,andtri-
angulation.In the next threesubsectionswe describeeach
stepbrie�y andexplain how we modify the original algo-
rithm to incorporatesymmetry.

3.2. Symmetric Proxy Generation
The �rst stepof the algorithm is to generateproxies, pla-
nar regions that closely approximatelocal sectionsof the
surface.This is donewith an iterative techniquebasedon
Lloyd's algorithm.At every iteration:
1. Every proxy is assignedtrianglesof the model from a

singlepriority queue.WhenatriangleD is removedfrom
the queueandassignedto a proxy P, all trianglesadja-
centto Dareaddedto thequeuewith aweightde�ned by
thecompatibilityof thosetrianglesto P. Thisassuresthat
eachproxy is asingleconnectedcomponent.

2. Onceall triangleshave beenassigned,optimalproxy pa-
rameters(i.e., centerandnormal)arere-computedbased
on thetrianglescurrentlyassignedto theproxy.
In orderto avoid converging to local minima,smallprox-

ies areoccasionallydeletedandnew proxiesintroducedat
appropriatelocations(“teleportation”).

Ourmethodfollowsthisapproachbut generalizesthedef-
inition of aproxyby allowing it to representaplanarregion,
possiblytransformedby a discretesetT1::Tk of symmetry
transformations.This is a key componentof our algorithm,

(a) (b)

Figure 4: (a) A proxy with two patches.Thepurple patch
is associatedwith the identity and the greenpatch is asso-
ciatedwith the re�ection planeshown.(b) Whena triangle
(orange) is assignedto a proxy(green),theneighboringtri-
angles(black) are addedto thequeue. Thetrianglesacross
theplaneof re�ection (red)are addedaswell.

asproxiesmaynow containmultipleconnectedcomponents
symmetricto oneanother. Weallow amaximumof onecon-
nectedcomponentper symmetrytransformation(including
the identity), called patches. As an example,we show in
Figure4(a) a proxy with two patches,oneassociatedwith
the identity (purple triangles)and one associatedwith the
re�ection planeshown (greentriangles).

In ourmethod,atriangleDmaybeassignedto aproxyP if
it is adjacentto a trianglepreviously assignedto P, or if the
trianglenearestto Ti(D) haspreviously beenassignedto P.
Considertheexampleshown in �gure 4(b). Theorangetri-
anglewasrecentlyassignedto theproxyshown (darkgreen),
soany of theblacktrianglesmaynow beaddedto theproxy;
underourextendedde�nition, theredtrianglesmaybeadded
aswell.

The remainderof the iterative algorithm is nearly un-
changed,with trianglesextractedfrom thepriority queuein
orderof increasingerror, andnew patchcentersandposi-
tions computedafter eachiteration.The teleportationpro-
cessis augmentedto allow individualpatches, in additionto
entireproxies, to bedeleted.

After a few iterations, we observe that, where possi-
ble, proxieswill have symmetricpatchescorrespondingto
“good-enough”symmetry transformations.This will ulti-
matelyleadto symmetricoutputs,sincetheboundariesbe-
tweenthe proxiesdeterminethe topology of the �nal sur-
face.Note that the orderwith which trianglesareselected
from the priority queuecompletelydetermineswhetheror
notthe�nal proxiesaresymmetric.Thatis,symmetricprox-
ies will be createdif and only if the error of doing so is
comparableto the error introducedby the remeshingitself.
Multiple planesof localsymmetryareusedautomaticallyin
theappropriateregions,andnouserinterventionis required.
An exampleof this canbeseenin Figure5, wherethearea
aroundthechin is not symmetric.Therefore,in this region,
unlikethetherestof theface,theproxiesaregeneratedwith-
outa re�ection.
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Figure5: Thismodelis quitesymmetric,exceptfor thegash
in theright sideof thechin.Notehowour algorithmdoesnot
createsymmetricpatchesfor the proxiesthat approximate
that area,becausetheerror introducedwouldbetoo great.
Theremainderof theheadhowever, hassymmetricpatches.
Themodelwasremeshedusing50 proxiesandoneplaneof
symmetry(up to two patchesperproxy).

It is alsobe possibleto augmentthe methodwith addi-
tionalusercontrol.This mayconsistof limiting thesymme-
triesthatareconsideredfor particularportionsof thesurface,
or couldextendto implementingathresholdonthedeviation
from perfectsymmetrythatis allowedwhenaddingtriangles
to thepriority queue.For theresultspresentedin this paper,
only �gure 10 usesany usercontrol.In thatexample,every
triangleis limited to consideronly a singlere�ection.

3.3. Point Corr espondences
Oncetheproxiesareplaced,ourgoalis to placeasetof sym-
metricpointson thesurfacethatwe will latertriangulate.

[CSAD04] placetwo categoriesof pointsonto the new
surface. The �rst category of points is anchor vertices,
placedat junctionswherethreeor moreproxiesmeet.The
secondcategory of points is secondarypoints, which are
placedalongtheboundariesbetweenproxiesto improve the
geometryapproximationof thenew surfaceandto assureat
leastthreepointsperproxyboundary. New positionsfor an-
chor andsecondarypoints are computedby averagingthe
projectionsof eachvertex ontoall adjacentproxies.

Ourmodi�cationsto thisvertex-placingalgorithminvolve
determining symmetric correspondencesbetweenpoints.
For anchorvertices,we checkwhethertheproxiesadjacent
to somevi all have re�ections thatmeetin anidenticalcon-
�guration at somev j . If this is thecase,thenwe establisha
correspondencebetweenvi andv j , andfurther adjusttheir
new positionsto beperfectre�ectionsof eachother.

We �nd matchingsecondarypoints by establishingcor-
respondencesbetweenproxy boundaries:mesh-edgepaths
that run betweencorrespondinganchorverticesareconsid-
eredto bein correspondencewith eachother. Whenadding
a secondaryvertex to a boundary, we searchthroughcor-
respondingboundariesfor thenearestsymmetricvertex. As

(a) (b)

Figure 6: This �gure showstheneedfor splitting facesthat
crossover re�ection planes.(a) Without splitting faces,tri-
anglesthat crosstheplaneof re�ection are assignedto only
oneof there�ectionsof theproxy. Thiscausesa jagged tri-
angulation.(b) Whenwe split the triangles that crossthe
re�ection plane, the tessellationis symmetric.The models
have342and358facesrespectively.

with anchorvertices,we adjustthepositionsof suchcorre-
spondencesto beperfectre�ections.

3.4. Triangulation
Onceweobtainall ourcorrespondencesbetweenanchorand
secondarypoints,all thatremainsis to triangulatethesetof
pointssymmetrically.

We triangulatetheproxiesin thesamemannersuggested
by [CSAD04]. This consistsof �ooding using Dijkstra's
shortest-pathalgorithm, where the sourcesare the anchor
andsecondarypoints,andwith eachedgeweightedaccord-
ing to its length.At the endof the �ooding, adjacency of
regionsimpliesthattheir sourcepointsshouldbeconnected
in the resultingtriangulation.As a �nal pass,edge�ipping
andedgeremoval arerun to obtaina bettertessellation.

We usethe same�ooding algorithm,but run edge�ip-
ping on eachproxy separatelyto prevent edge�ips in one
proxy from alteringthe triangulationof its neighbors.This
processis guaranteedto converge to the sametopologyfor
symmetricproxiesif the associatedtrianglesareco-planar.
In practice,we �nd that this methodproducesa consistent
topologyevenwhenthetrianglesarenotco-planar.

3.5. ProxiesSpanningRe�ection Planes
The algorithmsfor proxy assignmentand triangulation,as
describedabove, operateat the granularityof entire trian-
glesof the input.This leadsto potentialproblemsfor prox-
ies that lie neartheplanesof symmetry, sincetrianglesthat
originally crossa symmetryplanewill beassignedentirely
to oneor anothercomponent(patch)of aproxy. Theresultis
non-symmetrictriangulationsalongtheplanesof re�ection,
ascanbe seenin Figure6a. Obtaininga symmetricoutput
thereforerequiresusto treatthissituationasa specialcase.
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Bull planes (a = 0) (a = 0:4)

Figure 7: At left, weshowa bull remeshedto 200proxieswith two planessimultaneously, onepassingthroughtheheadand
onepassingthroughthe body. In the centercolumnwe showresultsusingthe basicL2;1 metric (a = 0). At right, we show
resultswhena = 0:4. Notethat themodelbecomesmore symmetric,at theexpenseof geometricaccuracy.

We preprocessthe model by splitting eachtriangle that
crossesa re�ection plane,creatingnew verticeswherethe
original triangle's edgesintersectthe re�ection planeand
replacingthe original with threenew triangles.The proxy-
�tting stageproceedsaspreviously described.Then,at the
beginning of the triangulationstage,we explicitly check
eachof thesplit trianglesto seeif bothsidesof thetriangle
wereassignedto differentpatches.If so, we explicitly en-
forcethattheverticeswe insertedto performthesplit (lying
on the re�ection plane)be anchorvertices.The restof the
algorithmproceedsasabove,with theresultthatthetriangu-
lation now becomessymmetric(�gure 6b). In theexamples
in this paper, splitting trianglesadds3% to the numberof
triangles.

3.6. Err or Metric
While it is notpossibleto changetheamountof weightgiven
to symmetryvs. geometricdeformation,sinceall we do is
addmoretrianglesfor thepriority queueto consider, in cer-
tain casesit might beimportantto considersymmetrymore
strongly thansurfacedeformation.In thesecases,we have
observed that theL2;1 metricproposedby [CSAD04] is not
ideal for preservingsymmetry. This is becauseit considers
only normals,which tendto bemoresensitive to noiseand
smalldeformationthandoesthegeometryitself. Therefore,
in orderto allow morefreedomfor thealgorithmto capture
a model's near-symmetries,we have consideredother, more
“symmetryfriendly” errormetrics.

We begin by noting that in the L2;1 metric, the distance
of a triangle to a proxy dependsonly on the normal,and
indeedthe centerof the proxy is not relevant, beingsetas
theweightedaverageof thetrianglesin theproxy for book-

keepingpurposesonly. We notethat if themetricweresim-
ply the weightedEuclideanDistanceof the centersof the
trianglesto the centerof the proxy, thenthe optimal proxy
position would also be at the weightedaverageof the tri-
angles,without considerationof thenormal.We expectthat
sucha purely position-basederror metric allows the algo-
rithm greateropportunityto capturenear-symmetries,at the
expenseof less-faithful preservation of theoriginal geome-
try.

Thus,we have investigateda combinederrormetric,with
onetermdependentonly on positionsandoneonly on nor-
mals.Speci�cally, we take

Ecombined = a





 ctr iangle � cproxy








2
+

(1� a) Aavg






 ntr iangle � nproxy








2
;

wherec andn representthe averagepositionsandnormals
of trianglesand proxies,Aavg is the averagetriangle area
(included to ensurethat the two terms are dimensionally
compatibleand the metric is scale invariant), and a is a
user-selectedparameter. In Figure 7 we show an example
of remeshinga bull with a = 0 andwith a = 0:4. Notethat
theproxieslook moresymmetricasweincreasea, at theex-
penseof a less-faithful reproductionof theoriginal surface.

4. Results

We evaluatethe algorithm describedin the precedingsec-
tions usinga numberof well-known 3D meshes.Our goal
is to producesimpli�ed meshesthat maintainandeven en-
hancesymmetries,while minimizing geometricapproxima-
tion error. In thefollowing subsections,weanalyzethealgo-
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Original 600 50

Figure8: Increasingtheamountof geometricsimpli�cation
(towardsright) resultsin greatersymmetrypreservation.Im-
ages in the bottomrow are colored to representdeviations
fromsymmetry(howfar each point is fromthere�ectedsur-
face)with blueindicatingperfectsymmetry.

rithm for both singleandmultiple planesof symmetryand
presentrunningtimes.

4.1. ApproximateSymmetries

A �rst example shows resultsfor a mask (Figure 1): the
original model (a) contains62K facesand is only roughly
symmetric.Figure 1(b) shows proxies for the model gen-
eratedusing the unmodi�ed algorithmof Cohen-Steineret
al. [CSAD04]. Notethattheproxiesarenotsymmetric.Fig-
ure1(c) shows theresultof usingoursymmetry-awarealgo-
rithm: notethat theproxiesarenow symmetric.Sincesym-
metric remeshingallows proxiesto have multiple patches,
we used100 proxies in the basicmethodand 50 proxies
in the symmetry-aware versionto ensurea similar-quality
tessellation.Note that our algorithm (e) producesa trian-
gulation with more symmetrythan the traditional method
(d), asexpected.Moreover, we �nd that it introducesvery
little geometricerror in the shapeapproximationas com-
paredto theoriginal Cohen-Steineralgorithm— theRMSD
increasesby 4%, while the symmetryerror (RMSD to re-
�ection) decreasesby 50%.This resultsuggeststhatmore-
symmetrictopologycanbeprovidedfor approximatelysym-
metricmodelsat very little cost.

Figure8 demonstratesthat increasingtheamountof sim-
pli�cation resultsin meshesthataremoresymmetric.At top
we show the Max Planckmodel simpli�ed to 600 and 50

Original Asymmetry Remeshed

Figure 9: 3D scanof a sacrum(605K polygons,shownat
left) remeshedwith 200proxies(right). Notethat themodel
is onlyapproximatelysymmetric(middle).

proxies,while at bottomwe illustratedeviations from per-
fect symmetry(blueis mostsymmetricwhile green,yellow,
andredindicatemoreasymmetry).This illustratestheprop-
ertyof ouralgorithmthatit automaticallycapturessymmetry
if doingsois compatiblewith thecurrentdeformationerror.

A third exampleis the sacrumin Figure9 (605K faces)
which wasremeshedusing200 proxies.This is modelof a
naturalobjectthatis closeto symmetricyetnotperfectlyso,
asshown in thecolor-codedvisualizationat center. In addi-
tion, thismodelwascreatedfrom asetof 3D scans,meaning
thathigh-frequency scanningnoisecausedfurtherdeviations
from symmetry. At right we show our remeshedresult,pro-
ducedin justovereightminutes.Ourmethodremainsrobust
despitethehigh-frequency noise,thepresenceof holesand
thelargesizeof themesh.

4.2. Multiple Symmetries

Our �rst exampleof remeshingwhile consideringmultiple
planesof symmetryis the bull (Figure7). This modelhas
separateplanesof re�ection indicating approximatesym-
metriesof the headand the body. Theseplaneswere au-
tomaticallyextractedby �nding local maximaof the sym-
metry transform and iteratively optimizing their position
[PSG� 06]. Notethattheremeshingresultsin symmetrictri-
angulationsfor the headand the body with a reasonable
(thoughnotsymmetric)triangulationat theneck.

Our secondexample (Figure 10) shows results for the
Stanfordbunny. While it is intuitively obviousthatthebunny
hastwo major planesof symmetry, the resultof automatic
symmetryanalysisis that therearein fact four strongsym-
metries.Figure3 illustratesthesefour planes,whichcapture
theseparatesymmetriesof theears,body, head,andlegsof
the bunny respectively. We show in Figure10 the resultof
remeshingwith respectto two, three,andfourplanesof sym-
metry. Note that remeshingwith only threeplanesfails to
capturethesymmetryof thefeet,while consideringonly two
planes(throughthebodyandears— thestrongestplanesre-
sulting from the symmetryanalysis)fails to triangulatethe
headsymmetrically. In contrast,theresultatright showsthat
weareableto takeadvantageof all four symmetryplanesto
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2 symmetryplanes 3 symmetryplanes 4 symmetryplanes

Figure 10: Thebunny is shownhere remeshedwith 250 proxies,using2, 3, or 4 planesof symmetry. Note that increasing
thenumberof symmetriesresultsin progressivelymore symmetricandmore intuitive triangulations,while retainingplausible
triangulationsat theboundariesof symmetricregions.

produceanintuitive resultwith locally-symmetrictriangula-
tionsandsmoothtransitionsbetweenthesymmetricregions.

To producetheseresults,we segmentedthe input mesh
accordingto thestrongestsymmetryateachpoint, thencon-
strainedthe proxy �ooding to only consideronecandidate
symmetryper triangle.The remeshingitself, however, was
still run on the entire model, allowing smoothblendsbe-
tweensymmetryregionsto becomputedautomatically.

4.3. Computation Time

We ranour experimentson a 3GHzPCwith 1GB of RAM.
As a preprocess,for every modelwe calculateda symme-
try transformusinga 128x128x128grid, thenran the Iter-
ative SymmetricPointsalgorithm(describedin [PSG� 06])
to re�ne eachof theextractedprincipalsymmetries.Theto-
tal computationtimefor extractionof symmetryinformation
tookroughlyhalf aminute,with minimaldependenceonthe
sizeof theoriginalmodel.While mostmodelsexhibit a sin-
gle strongplaneof symmetry, we have extractedup to four
principalplanesfor themodelsconsideredin this paper.

Our remeshingalgorithm can take up to several min-
utes for large (i.e., 600k polygons) models. The most
time-consumingphaseis thedistortion-minimizing�ooding,
which takesO(m� nlogn) time for m iterationson a mesh
with n triangles.Notethatthis time is similar to whatwould
berequiredfor theunmodi�edremeshingalgorithm.In com-
parison,the time requiredfor anchorand secondarypoint
placementandtriangulationis muchlower, rangingfrom a
few secondsto half a minute if the model is simpli�ed to
have largepatches.The total time for theclusteringpartof
thealgorithmcanbeseenin Table1. Unlessotherwisenoted,
all modelsin thispaperwereremeshedwith a = 0:002.

5. Discussion

Sincehumanbeingscanrecognizesymmetryeasily, retain-
ing thesymmetryof modelsduringsimpli�cation is impor-
tant. We have shown how to modify the existing remesh-
ing techniqueproposedby [CSAD04] to directly incorpo-
rate symmetrywithout deformingthe model too much. In
fact, the approximationerror introducedby our algorithm

canbetrivially bounded.Theupperboundis simply theer-
ror of the unmodi�ed algorithm with the samenumberof
proxies,while the lower boundis the error of the original
algorithmusinga numberof proxiesequalto thenumberof
ourpatches. For example,if weremeshusingonly oneplane
of symmetry(upto 2 patchesperproxy)usingK proxies,the
errorwill bebetweentheerrorsresultingfrom usingthetra-
ditionalmethodwith K and2K proxies.

We have observedthatmany modelsexhibit approximate
andpartialsymmetries,andhavedemonstratedthatouralgo-
rithm is ableto take advantageof eventheseimperfectsym-
metriesduring remeshing.Moreover, we canhandlemulti-
plesymmetries,producingregionsof symmetrictessellation
joined by plausibletriangulations.While the resultsshown
in theprevious sectionsprovide an initial demonstrationof
opportunitiesfor usingandmaintainingapproximatesym-
metriesduring remeshing,our methodhaslimitations that
suggestavenuesfor futurework.

First, our approachto symmetricremeshingis limited by
the fact that our �nal edge-�ipping techniquedoesnot ex-
plicitly searchfor symmetry. While the methodworks in
caseswhereentireproxiesaresymmetric,if aproxycontains
both symmetricand non-symmetricanchorand secondary
points, the edge-�ipping techniquemight adversely affect
thetriangulationin thesymmetricareas.A furtherweakness
of this techniqueis that running edge-�ipping on patches
separately, ratherthanon the entiremeshat once,may re-
duce the quality of the �nal triangulation of the model.

Model # Triangles # Proxies Time (s)
Mask 62K 50 62
Igea 130K 50 99

Teapot 8.5K 100 7
Bull 49K 200 72

Max Planck 98K 600 85
Sacrum 605K 200 491
Bunny 69K 30 49

Table 1: Timing resultsfor the proxy-growing stage of our
method,for variousmodelsanddifferentnumbersof proxies.
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Thus,symmetry-preservingedge-�ipping is a topic for fu-
turework.

Another limitation of the approachis our non-re�exive
methodof dealingwith symmetry. If for example,oneside
of a modelis re�ected only oncewhile theothersideis re-
�ected twice, thenumberof patchesfor a proxy in thatsec-
tion dependson thestartingtriangle.This is merelya man-
ifestationof a problemwith Lloyd's algorithm- it doesn't
convergeto a minimum.

Thereareotherlimitationsof ourtechniqueinheritedfrom
theunderlyingVariationalShapeApproximationalgorithm.
For example, the patch �ooding requiresa computation-
ally expensive iteration,andthe�nal triangulationalgorithm
is constrainedto useoriginal verticesof the model and is
not error-driven. Moreover, the algorithm is optimizedfor
the caseof signi�cantly fewer output than input polygons,
thusmakingoursymmetry-enabledvariantinappropriatefor
symmetricremeshingthatpreservesall originaldetail.

A further limitation of this work is that the useof sym-
metry is necessarilycoupledto the error metric. Although
we believe that this couplingis theoreticallysoundandin-
tuitively understandable,it may be inappropriatefor some
applications.Therefore,a futureextensionof this work may
considerexplicitly allowing for greaterdeformationif doing
sowill strengthensymmetry.

Finally, weuseplanarproxiesasthefoundationof oural-
gorithm,but our algorithmshouldwork for generalproxies.
An possibleavenueof future work is to implementour al-
gorithmusingthegeneralizedproxy de�nitions of [WK05]
or [YLW06].
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