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Figure1: ThePlanarRe�ective SymmetryTransformcapturesthedegreeof symmetryof arbitraryshapeswith respectto re�ection through
all planesin space.Although symmetrymeasuresarecomputedfor planes(lines in 2D), for this visualization,pointsarecoloredby the
symmetrymeasureof theplanewith thelargestsymmetrypassingthroughthem,with darker linesrepresentinggreatersymmetries.

Abstract

Symmetryis animportantcuefor many applications,includingob-
ject alignment,recognition,and segmentation. In this paper, we
describea planarre�ective symmetrytransform(PRST)that cap-
turesa continuousmeasureof there�ectional symmetryof a shape
with respectto all possibleplanes. This transformcombinesand
extendspreviouswork thathasfocusedon globalsymmetrieswith
respectto the centerof massin 3D meshesandlocal symmetries
with respectto pointsin 2D images.Weprovideanef�cient Monte
Carlosamplingalgorithmfor computingthetransformfor surfaces
andshow that it is stableundercommontransformations.We also
provide an iterative re�nementalgorithmto �nd local maximaof
the transformprecisely. We usethe transformto de�ne two new
geometricproperties,centerof symmetryandprincipal symmetry
axes,andshow thatthey areusefulfor aligningobjectsin a canon-
ical coordinatesystem.Finally, we demonstratethat thesymmetry
transformis useful for several applicationsin computergraphics,
includingshapematching,segmentationof meshesinto parts,and
automaticviewpoint selection.

Keywords: symmetry, shapeanalysis,registration,matching,seg-
mentation,viewpoint selection

1 Intr oduction

Symmetryis an importantfeatureof almostall shapes:nearlyev-
eryman-madeobjectcontainsat leastoneplaneof perfectsymme-
try, andmostnaturalobjectsexhibit near-perfectsymmetries(look
aroundyour of�ce andcountthesymmetricobjects).

While symmetryis known to provide visual cuesfor humanvi-
sion [Ferguson2000], it has seenonly limited use as a feature
for applicationsin computergraphicsand geometricprocessing.
In recentyears,symmetryinformationhasbeenusedto detectlo-
cal featuresin 2D images[Reisfeldet al. 1995],guidereconstruc-
tion of 2D curves andrangescanswith missingdata[Zabrodsky

et al. 1993;ThrunandWegbreit2005],rotateshapesinto a canon-
ical coordinateframe[Kazhdanet al. 2003a],matchtheshapesof
meshes[Kazhdanet al. 2004],andrecognizeinstantiationof parts
in assembledscenes[Martinet et al. 2005]. However, mostof this
work has focusedon local symmetrywith respectto points and
globalsymmetrywith respectto planesthroughthecenterof mass.

In this paper, we describea planar re�ective symmetrytransform
(PRST),a transformfrom thespaceof pointsto thespaceof planes
that providesa continuousmeasureof the re�ective symmetryof
an objectwith respectto all planesthroughits boundingvolume.
This transformrepresentsboth perfectandimperfectsymmetries;
it capturesglobalsymmetriesof anobject;and,it highlightslocal
symmetriesof salientparts.

As anexample,considerthevisualizationsof thePRSTsfor several
2D outlines(blacklines)shown in Figure1. Notethatthepoint of
maximalsymmetry(darkestpoint) usuallycorrespondsto thecon-
ceptualcenterof theobject,andthe main ridgesin thePRSTfre-
quentlycorrespondto themainaxes,evenfor partialobjects(e.g.,
the�o wer). Also noticethatsymmetriesin partsof objects(e.g.,the
wheelsof themotorcycle)appearaslocalmaximain thetransform,
while smallextraasymmetricfeatures(e.g.,thehandleof themug)
donotaffect theglobalmaxima.Thesepropertiesareadvantageous
for several applications,includingselectionof a canonicalcoordi-
natesystem,matchingof 3D shapes,segmentationinto parts,and
optimalviewpoint selection(seeresultsin Section5).

Thecontributionsof ourwork aresix-fold. First,wede�ne thepla-
narre�ective symmetrytransform(Section3). Second,we present
anew algorithmbasedon MonteCarlointegrationfor computinga
discreteversionof thePRST(Section4.3).Third, weprovideanit-
erative re�nementalgorithmfor �nding local maximain thePRST
with arbitraryprecision(Section4.4). Fourth, we de�ne the new
shapepropertiescenterof symmetryandprincipal symmetryaxes,
anddemonstratetheir utility for alignmentof 3D meshes(Section
5.1). Fifth, we investigateusingthe PRSTasa representationof
shapein matchingandretrieval experiments(Section5.2). Finally,
we explore theuseof local symmetriesin segmentationandview-
point selection(Sections5.3and5.4respectively).

2 Previous Work

Perfect Symmetries: Traditional approachesto symmetryde-
tection work with discretesymmetries— perfectsymmetriesun-
der rotation, re�ection, or translation. For instance,ef�cient al-



gorithmshave beendescribedfor �nding whole-objectsymmetries
usingsubstringmatching[Atallah 1985;Wolter et al. 1985;Zhang
andHuebner2002],usinganoctreerepresentation[Minovic et al.
1993], the extendedGaussianimage[Sun andSherrah1997] and
thesingularvaluedecompositionof thepointsof themodel[Shah
and Sorensen2005]. Furthermethodsare available for describ-
ing local symmetrieswith a respectto a point— e.g., the medial
axis [Blum 1967]. However, sincethesemethodsconsideronly
perfectsymmetries,they areunstablewith addednoiseor missing
dataandfail to recognizethepotentiallyimportantcuesof imper-
fect symmetries.

As a recentexample, Thrun and Wegbreit [2005] detectperfect
symmetriesin scannedmodelsbyexplicitly searchingever-growing
setsof pointswhile maintaininga list of possiblerotationalandre-
�ectional perfectsymmetries.In this way, scansof modelscom-
posedof symmetricalpartsmay be completedby extending the
measuredsymmetriesto theentiremodel.

Also recently, Martinet et al. [2005] have introduceda method
basedon generalizedmomentsto detectperfectsymmetryin 3D
shapesaccurately. Their approachcombinesthepropertythateven
ordermomentscontainthesamesymmetriesasthemodelwith an
ef�cient methodfor calculatingmomentcoef�cients usinga spher-
ical harmonicdecomposition.While their methodis ef�cient and
candetectperfectsymmetriesof a segmentedmodel, they do not
work with imperfectsymmetries,nor do they investigatetherange
of applicationsaddressedin thispaper.

Imperfect Symmetries: In the last decade,methodshave been
provided for measuringimperfect symmetries. For example,
Zabrodsky et al. de�ned thesymmetrydistanceof a shapewith re-
spectto atransformationasthedistancefrom thegivenshapeto the
closestshapethat is perfectlysymmetricwith respectto thattrans-
formation [Zabrodsky et al. 1995; Zabrodsky et al. 1993]. They
provideanalgorithmto �nd thesymmetrydistancefor asetof con-
nectedpointsfor any given re�ective or rotationaltransformation,
andthey useit for completingtheoutlineof partially-occluded2D
contours,for locating facesin an image,and for determiningthe
orientationof a 3D shape.However, their methodconsiderssym-
metrywith respectto only onepoint or planeat a time, andthusit
is not asgeneralnor asdescriptive asthemethodsproposedin this
paper.

Symmetry descriptors: Kazhdanet al. usedthesamecontinuous
measureof imperfectsymmetriesto de�ne a shapedescriptorthat
representsthesymmetriesof anobjectwith respectto all planesand
rotationsthroughits centerof mass[Kazhdanet al. 2003a;Kazh-
danet al. 2004]. They describeanef�cient algorithmfor comput-
ing the descriptorfrom a 3D voxel representation,andshow that
planarsymmetriescanbe usedfor alignmentandclassi�cationof
3D meshes.We build uponthis work to considersymmetrieswith
respectto all planesthroughan object's boundingvolume,an ex-
tensionthatenablesmorerobust alignmentandmatching,aswell
asnew applicationsbasedon local symmetries.

Symmetry Transforms: More generalsymmetrytransformsde-
�ned for all pointsin spacehavebeenusedfor adecadein computer
vision,mainlyfor robustdetectionof radiallysymmetricfeaturesin
naturalimagesprior to segmentation.For example,Reisfeldet al.
de�ned a GeneralizedSymmetryTransformfor local point sym-
metries[Reisfeld et al. 1995], and relatedapproacheshave been
describedin [Bigun 1997;Di Gesùet al. 1997;Loy andZelinsky
2002;Choi andChien2004]. Thesemethodshave beenshown to
be effective for �nding featuresin noisy images(e.g., eyes on a
face[ReisfeldandYeshurun1992]),discriminatingtextures[Bon-
nehet al. 1994;Chetverikov 1995],andsegmentingimagesbased
upon local symmetries[Kelly and Levine 1995]. However, they
aredesignedmainly for detectinglocal point symmetriesin unseg-

Figure2: Visualizationof thePRSTfor severalsimple2D shapes.

mented2D images,asopposedto globalplanarsymmetriesin 3D
meshes,andthusthey donotaddressthemeshprocessingproblems
andcomputergraphicsapplicationstargetedin thispaper.

3 Planar Re�ective Symmetr y Transf orm

The Planar Re�ectiveSymmetryTransform(PRST)is a mapping
from ascalar-valuedfunction f de�ned overad-dimensionalspace
of points to a scalar-valuedfunction PRST( f ;g) de�ned over the
d-dimensionalspaceof planes,suchthatthescalarvalueassociated
with every planere�ection g is a measureof f 's symmetrywith
respectto thatplane.

Following previous work on continuous symmetry analy-
sis [Zabrodsky et al. 1995; Kazhdanet al. 2003a;Kazhdanet al.
2004],wede�ne thesymmetrydistance,SD( f ;g) of f with respect
to a planere�ection g astheL2 distancebetweenf andthenearest
functionthatis invariantto thatre�ection:

SD( f ;g) = min
gjg(g)= g

k f � gk:

Sincethesymmetrydistancelies between0 andk f k andprovides
a measureof the “anti-symmetry”of the shapewith respectto g,
we complementit anddivide by themagnitudeof f , to producea
normalizedsymmetrymeasurefor our PRST, suchthat

PRST2( f ;g) = 1�
SD2( f ;g)

k f k2

This de�nition waschosensothatPRST( f ;g) is 1 if f is perfectly
symmetricwith respectto g, 0 if f is perfectlyanti-symmetricwith
respectto g, andanintermediatevaluefor partialsymmetries.It is
alsoimportantfor computingthePRSTef�ciently , sincethesquare
of thePRSTfor any planere�ection reducesto adotproductunder
this formulation,aswill beseenin thefollowing section(for func-
tionson a grid, a dot productis thesumof theproductof eachpair
of correspondingelements).

To giveanintuitivesensefor theinformationprovidedby thePRST,
visualizationsfor severalsimple2D shapesareshown in Figures1
and2. In theseimages,symmetryis measuredfor everyplane(line



in 2D), andthedarknessof everypoint representsthemaximumof
PRSTvaluesover all planespassingthroughthepoint (darker val-
uesrepresentlargersymmetries).While theseimagesdo not show
thePRSTdirectly, sincethePRSTis de�nedonthespaceof planes,
not points,they areeasierto understandthanvisualizationsshown
in planecoordinates,andthey give a goodsensefor whereplanes
of high symmetrycanbefound.Thus,we displayvisualizationsof
this typethroughoutthepaperunlessotherwisenoted.

Theseimagesdemonstratetwo importantpropertiesof the PRST.
First, we seethat the dominantpoints and planesof symmetry
matchour humanintuition of the“center” and“major axes” of the
object. For example,trivially, the planeswith maximalsymmetry
throughacircleintersectatthecenter, andthemajorandminoraxes
of a rectangleappearasglobalandlocal maximain thePRST, re-
spectively. In general,thelocalmaximaof thePRSTcoincidewith
the axes of the large (nearly) symmetricpartsof an object (Fig-
ure1).

Second,sincethePRSTfor everyplanetakesinto accounttheshape
of theentireobject,it is not sensitive to noiseandvariescontinu-
ously with deformations. Theseprovable propertiescan be seen
empirically in Figure2— i.e., the PRSTis stablewhena regular
polygondeformsinto acircle,whenasquaredeformsinto arectan-
gle,andwhennoiseis addedto theboundaryof astar�sh. Thissta-
bility is in starkcontrastto themedialaxis transform,which �nds
local point symmetriesbut is sensitive to small boundarypertur-
bations,shootingoff a new branchfor every small bump on the
boundary(Figure3).

PRST MAT

Figure3: The PRSTand the medialaxis transform(MAT) for a
rectangleanda rectanglewith a bump. ThebumpleavesthePRST
largelyunaffected(left), but dramaticallychangestheMAT (right).

While thesevisualizationsare shown for contoursin 2D, re�ec-
tive symmetrytransformscanbede�ned in any dimension,for any
symmetrygroup,for any symmetrymeasure,andfor any shaperep-
resentation,including point sets,surfacemeshes,and volumetric
functions. For thesake of simplicity andgenerality, we focusour
initial discussionin thefollowing sectionsonplanarsymmetriesfor
3D volumetricfunctions,however othershaperepresentationscan
trivially beconvertedto this representation.

4 Computation

Computingtheplanarsymmetrytransformis challenging,asanin-
�nite numberof planescanpassthroughanobject,andameasureof
symmetryfor anentireobjectmustbedeterminedfor all of them.
In the following subsections,we provide backgroundinformation
that canbe usedto gain insight into computationalsolutions,and
thenwe describethreealgorithmicstrategies.The�rst two provide
methodsfor computingadiscreteversionof thePRSTfor volumet-
ric functionsandsurfacemeshes,respectively, while thethird pro-
videsa continuousmethodfor �nding local maximaof the PRST
precisely.

4.1 Backgr ound

Givena function f in a d-dimensionalspace,we aim to developan
algorithmthatwill compute

PRST2( f ;g) = 1�
SD2( f ;g)

k f k2

for every planere�ection g, whereSD( f ;g) representstheL2 dis-
tancebetweenf and the closestfunction that is symmetricwith
respectto g.

In previouswork, [Kazhdanetal.2003a]hasobservedthatthenear-
estsymmetricfunctionto f is simply theaverageof f andg( f ):

SD( f ;g) =








 f �

f + g( f )
2








 =

k f � g( f )k
2

:

Combiningthetwo equations,we get

PRST2( f ;g) = 1�
SD2( f ;g)

k f k2 = 1�
k f � g( f )k2

4k f k2 =

1�
k f k2 � 2f � g( f ) + kg( f )k2

4k f k2 :

If f is normalized,thenkg( f )k = k f k = 1 (sincenormsarepre-
servedby re�ection), andweobtain

PRST2( f ;g) = 1�
1� 2f � g( f ) + 1

4
=

1+ f � g( f )
2

: (1)

Therefore,the calculationof the symmetrymeasurefor a single
planereducesto thecalculationof a dot productbetweenf andits
re�ection:

D( f ;g) = f � g( f ): (2)

Intuitively, this meansthat the PRST2( f ;g) for a singleplanere-
�ection g is relatedto how well f correlateswith g( f ), andit can
becomputedwith anintegrationof f � g( f ) over theboundingvol-
umeof f .

In orderto applytheabove de�nition to surfaces,it is necessaryto
convert themto volumetricfunctions.While we couldsimply ras-
terizethesurfacesinto a (binary)occupancy grid, this would result
in sensitivity to noiseandsmallfeatures.Instead,weusetheGaus-
sianEuclideanDistanceTransform(GEDT),aswaspreviouslypro-
posedby [Kazhdanet al. 2004]. For a modelM andwidth s , the
GEDTatanarbitrarypoint in spacex is de�ned as:

f (x;M;s ) = e� dist2(x;M)=s 2
;

wheredist(x;M) representsthedistanceof thepoint x to thenear-
estpoint on M. This allows surfacesto beslightly misaligned(by
theGaussianwidth s ) underre�ection, allowing usto captureim-
perfectsymmetriesof the surface. We chooses for the Gaussian
accordingto the maximal frequency of the grid in order to avoid
aliasingandto provide a graduallydecreasing“penalty” for imper-
fect symmetries.Thenetresultis a 3D functionthat is exactly one
at thesurfaceof theobjectandgraduallydropsoff to zeroat both
interior andexterior points.Similar methodscanbeusedfor other
shaperepresentations.

4.2 Discrete Computation for Volumetric Functions

With this background,we canproposeseveralalgorithmsfor com-
putinga discreteversionof thePRSTfor a function f represented
on a regularn� n� n grid. Thesealgorithmsareef�cient for char-
acterizingall the planarsymmetriesof a denselysampledvolume



(a)Samplingorientations (b) Samplingtranslations

Figure4: Computingthe PRSTfor many planesat onceby: (a)
samplingorientationsandconvolving overplanetranslations,or (b)
samplingpositionsandconvolving over planerotations.

(e.g.,medicalimagingdata).However, aswe will show in thefol-
lowing section,more ef�cient algorithmsare possiblefor sparse
functionsrepresentingsurfacesandpoint clouds.

As a �rst step, we could naively apply Equation1 to evaluate
PRST2( f ;g) for every possibleplanere�ection g separately. Since
thereareO(n3) possibleplanesthrougha n� n � n grid, andthe
evaluationof a dot productover the grid for eachplanerequires
O(n3), the total complexity of this bruteforcealgorithmis O(n6),
which is prohibitively expensive for mostapplications.However,
sincethePRSTvaluesfor planeswith thesameorientationrequire
dot productsof functionssuccessively shiftedat regular intervals
with respectto oneanother(Figure4a),wecancomputethemall at
thesametime with a singleconvolution. Sincetheconvolution for
a singledirectiontakesO(n3 log n), andthereareO(n2) possible
directionsthroughthegrid, thetotal runningtime of this algorithm
is O(n5 log n).

Equivalently, we canconsiderconvolutionsover rotationsat a dis-
cretesetof points(Figure4b). In this case,we usethe frequency
domainalgorithmdescribedin [Kazhdanet al. 2003a]to compute
thePRSTfor all planesthroughO(n) points(Figure4b). Sinceeach
invocationof Kazhdanet al.'s algorithmtakes(n4 log n), the total
runningtimeisagainO(n5 log n). A multiresolutionapproximation
is possiblein O(n4 log n).

We have investigatedall threeof theseapproaches.In our imple-
mentation,wediscretizethespaceof planesto matchtheresolution
of thegrid (�ner samplingof theplanesyieldsno additionalinfor-
mation aboutthe band-limitedPRST).When working in 2D, we
usea uniform parameterizationof the setof lines by their angles
q 2 [0;p] anddistancefrom theorigin r 2 [� rmax; rmax]. Note the
slightly unusualchoiceof angleson a semicircleandbothpositive
andnegative radii, which avoids a singularityat the origin. Sim-
ilarly, we parameterizeplanesin 3D by the sphericalcoordinates
of their normalsq 2 [0;p=2]; f 2 [0;2p] anddistancefrom theori-
gin r 2 [� rmax; rmax]. (Notethatthe“buckets” of planesarenot of
uniformsize,shrinkingtowardsthepolesassinq).

We �nd thattheseconvolution algorithmstake 40 secondson aver-
agefor gridswith 64� 64� 64 voxelson a 3GHzprocessor.

4.3 Discrete Computation for Surfaces

While the algorithmsdiscussedso far areequallyef�cient for all
functions,rasterizedsurfacesandpoint setsnaturallyleadto spar-
sity over the volume. In this section,we describea Monte Carlo
algorithmfor computingthePRSTthattakesadvantageof thisspar-
sity to increaseef�ciency.

Our discussionof the algorithm begins with the brute-forceap-
proachpresentedin Section4.2:

Figure 5: The ef�cient Monte Carlo algorithm selectsa pair of
points and votesfor the planebetweenthem. The vote must be
weighted,accountingfor thefactthatasapoint is fatherawayfrom
the planeof re�ection, the chanceof �nding a re�ection point is
increased(thesizeof theblueareais largerasthepointsarefarther
apart).

for eachplaneg:
for eachpoint x:

x0 g(x)
PRST2( f ;g) += f (x) � f (x0)

We observe thatfor sparsefunctionsthis is inef�cient, sinceit per-
forms uselesscomputationwhenever either f (x) or f (x0) is near
zero. Instead,we interchangethe orderof computationsandper-
form importancesamplingin a MonteCarloframework:

for sampledpointsx:
for sampledpointsx0:

g  re�ection plane(x; x0)
PRST2( f ;g) += w(x; x0; g) � f (x) � f (x0)

Intuitively, this algorithm repeatedlypicks a pair of points and
“votes” for the planebetweenthem. The samplingof x andx0 is
performedaccordingto the energy in the function f , allowing us
to focuseffort on computationsthatwill contributeto the �nal an-
swer. For atypical3D surface,non-negligible valuesappearin only
O(n2) voxels, and thusthis algorithmrequiresonly O(n4) opera-
tionsto computetheentirePRST.

Weighting: In orderfor theabove algorithmto computethePRST
correctly, it is necessaryto weight thecontribution of each“vote”
appropriately. This is the role of the function w(x; x0; g), which
consistsof two terms. The �rst term accountsfor the importance
samplingthatwe perform,andis simply thereciprocalof theprob-
ability of having selectedx andx0:

wsamp(x; x0; g) =
1

f (x) � f (x0)
:

The secondterm representsa change-of-variables, accountingfor
thetwo differentwayswe have of samplingthespaceof planes:as
a pair of points(x; x0) andwith our discretizedbinsover (r; q; f ).
While partof this change-of-variablestermis intuitive (accounting
for thesinq decreasein bin size),anotherpartaccountsfor thefact
thatbinsof planeswill receive morevotesif x andx0 arefar apart
thanif they arenearby. For example,bothpartsof Figure5 consider
a singlebin of planes.However, for a �x edx, it is clearthatmore
pointsx0will votefor thatbin if thepointsarefurtherapart,sowe
shouldweight the contribution of suchpairs lower than votesby
nearbypoints.

To derive the change-of-variablesweight, we simply computethe
determinantof theJacobianof the transformationbetweenthepa-
rameterizationof the planesof re�ection and the re�ected points
themselves.If we let

n̂ =

0

@
sinq cosf
sinq sinf

cosq

1

A



bethenormalof theplaneof re�ection, thenwe canwrite

O
r

n

x'

x

d/2

d/2

g

d = kx� x0k

= 2(r � n̂ � x)

x0 = x+ dn̂

= x+ 2rn̂� 2(n̂ � x)n̂

J =

0

@
" " "� ¶ x0

¶ r

� � ¶ x0

¶ q

� � ¶ x0

¶ f

�

# # #

1

A

andsolve for thedeterminant:

wchange-of-variables= jJj = 2d2 sinq:

Therefore,we have

w(x; x0; g) = wsamp � wchange-of-variables;

=
1

f (x) f (x0) 2d2 sinq
:

So,overall,ourMonteCarloestimatoris:

D( f ;g) =
1

Nsamp

Nsamp

å
i= 1

1
2d2 sinq

Computation time: By exploiting sparsity in the volume, the
MonteCarloalgorithmis ableto computethePRSTof 3D surfaces
ef�ciently . As with all randomizedalgorithms,noisein the �nal
approximationdecreaseswith additionalsamples,but asshown in
Figure6, thealgorithmconvergesquite quickly. For example,for
the 643 grid resolutionusedthroughoutthis paper, computingthe
PRSTto 1% noisetakesanaverageof 8 secondson a 3 GHz pro-
cessor, correspondingto two million sampledpointpairs.Thesere-
sultsaretypical- thereis little variationin computationtime,except
for very largemodels(for which therasterizationtime canbegin to
dominate).
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Figure6: Comparisonof errorin theMonteCarloapproximationto
thePRST, asa functionof time. For typical grid sizes,suchasthe
643 usedthroughoutthis paper, computingthePRSTtakesonly a
few seconds.

4.4 Contin uous Re�nement for Local Maxima

While the PRSTtaken asa whole characterizesall of an object's
symmetries,its local maximaform animportantandintuitive sub-
set.They maycorrespondto theprincipalsymmetriesof thewhole
object,weaker or partial local symmetries,or perfectsymmetries
of parts. Due to their intuitive nature,they areimportantfor sev-
eral applications,including all thosedescribedin Section5. We
now discussanapproachthatbuilds uponthealgorithmpresented
in the previous sectionto �nd local symmetrymaximaprecisely:
we extract candidatesfor local maximafrom the discretePRST,
thenre�ne their locationsusingan iterative local optimizational-
gorithm. This algorithmis ableto �nd local maximaof thePRST
with arbitraryprecision.

Giventhefull 3D symmetrytransform,tabulatedatamoderateres-
olution, we �rst look for cells with a highersymmetryvaluethan
all their immediateneighbors.This yields a largenumberof can-
didates,so we apply a numberof thresholdsto extract only the
strongestsymmetries.First, we apply a thresholdon the strength
of the symmetryat that cell. While we could usea single �x ed
threshold,we have observedthatportionsof themodelaway from
thecenternaturallyhave lowersymmetryvalues(sincethereis less
of themodelthatcouldpotentiallymaponto itself underthosere-
�ections), so it is morenaturalto usea lower thresholdnearthe
edgesof the model than nearthe center. In particular, we usea
thresholdproportionalto 1� r=R, whereRis theradiusof theobject
andr is thedistanceof thecandidateplanefrom thecenterof mass.
On top of the symmetrythreshold,we alsodiscardshallow max-
ima, which arepotentiallysubjectto noise:we imposea threshold
on thediscreteLaplacian(sumof secondpartialderivatives)of the
PRST. Thethresholdsaresetautomaticallyto 1=10 of thevaluesat
thestrongestlocal symmetry.

Oncewe have a list of candidatelocal maxima,we re�ne themto
�nd theplanesof symmetrywith high precision.This approach,of
�nding maximaof afunctionby �rst tabulatingit thenlocally re�n-
ing candidatemaxima,is commonlyusedfor numericalmaximiza-
tion in general,andalsoresemblesthelocaloptimizationperformed
by Martinetetal. [2005]. Our re�nementmethodis inspiredby the
Iterative ClosestPointsalgorithm [Besl and McKay 1992], com-
monly usedto performpairwisealignmentof meshes,but solves
for a planeof re�ection ratherthana rigid-bodytransformation.

Our “Iterative SymmetricPoints”or ISP algorithmbegins by ran-
domly samplingpoints from the mesh(we typically use around
10,000points per iteration), then re�ecting them acrossthe can-
didateplane.We matcheachre�ectedpoint to theclosestpoint on
themesh,thensolve for thethreeparametersof there�ection plane
that minimizesthe sumof distances(weightedto accountfor the
GaussianEuclideanDistanceTransform)betweencorresponding
points(notethat the minimal sumof weighteddistancesprovides
a maximumfor Equation2 when f is the GEDT of the surface).
Theprocessis iterateduntil it convergesto a localmaximumof the
PRST. Figure7, left, shows an iterationof ISP, with sourcepoints
in red, the candidateplanein gray, andre�ected points in green.
Thesupportof the�nal maximumis shown at right.

If the iterationcausesthe re�ection planeto leave its cell (in the
discretePRST),thecandidateis determinedto beanunstablelocal
maximumanddiscarded.Of course,this shouldnot happenif the
function f is suf�ciently bandlimitedby the GEDT. However, we
have found this checkis necessarysincedifferentpoint sampling
strategiesareusedby thediscreteanditerative algorithms.

In our experiments,this two-stageprocessof �rst tabulating the
PRSTthenre�ning candidatelocalmaximahasprovenbothrobust
andef�cient. The local re�nementconvergesin a few secondsfor
eachplane,and we typically �nd 10–20stronglocal maximaof



Figure7: At left, we show an iterationof ISP. We selectrandom
points (red), re�ect themthroughthe candidateplaneof symme-
try (gray),and�nd closestpointson thesurface(green).We then
updatetheplaneof re�ection to optimizethesumof Gaussiandis-
tancesbetweencorrespondingpointpairs(sampleswith low weight
have beenculled in this visualization).At right, we show thesup-
portof the�nal localsymmetrymaximum,asindicatedby thegray
level.

symmetryfor modelsof moderatecomplexity. Figure8 shows the
four strongestlocalmaximafor abull model,togetherwith thesur-
facesupportof eachplanere�ection (white regionsof thesurface
re�ect ontoeachotheracrossthechosenplane).Notethatwe �nd
planescapturingthe global symmetriesof the bull (1), aswell as
separatelocal maximacapturingsymmetriesof theneck(2), body
(3), andhead(4).

5 Applications

The PRSTis a general-purposetransformwith potentialapplica-
tions in computervision, medicalimaging,anda variety of other
�elds. In this section,we investigatefour applicationsin computer
graphics.

5.1 Alignment

Alignment of objectsinto a canonicalcoordinateframeis an im-
portantpreprocessingstepfor a variety of tasks,including visual-
ization, studyingthe variation of modelsacrossdifferentclasses,
compositionof scenes,and indexing of 3D model databases.To
performthisalignment,aglobalpointof referencemustbeselected
for theorigin andasetof axesmustbechosento determinetheori-
entation.

Typically, alignmentsof thistypearecomputedwith principalcom-
ponentanalysis(PCA): thecenterof massis chosenastheorigin,
andtheprincipalaxesareusedto determinetheorientation[Duda
et al. 2001]. However, it is well known thatPCA doesnot always
producecompatiblealignmentsfor objectsin thesameclass[Kazh-
danetal. 2003b],andit certainlydoesnotproducealignmentssim-
ilar to whatahumanwouldselect.Consider, for example,themugs
shown in Figures9 and10. Most humanswould suggestthat the
centralaxis of thesemugsrunsstraightup anddown throughthe
middle of the cup, and the centeris somewherealong this axis.
However, the centerof massand principal axes (shown in green
in Figure9) arebiasedtowardsthehandleto differentdegreesde-
pendingon thesizeandshapeof thehandle,producingalignments

(1) (2)

(3) (4)

Figure8: In this visualization,the trianglesof thebull arecolored
to show how symmetricthey arewith respectto theplaneof sym-
metry displayed,with black meaningno supportof the planere-
�ection. Planesrepresentingthe four strongestlocal maximaof
thePRSTareshown here. Notehow pointssupportingre�ections
acrossplanes(2), (3), and (4) tend to cluster into regions corre-
spondingto theneck,body, andhead,respectively.

inconsistentwith othermugsandundesirablefor mostapplications
(e.g.,placementin a scene).Similarly, sincethecenterof massis
shiftedoff the centralaxis of the cup, the symmetrydescriptorof
Kazhdanet al. [2003a]will not detectits perfectsymmetriesand
will producepooralignments.

Figure9: A line drawing of a mugwith andwithout handles.The
thecenterof massandPCA axesaredrawn in dottedgreen— note
that they move dependingon the presenceof handles. A visual-
izationof thePRSTis overlaid on thedrawings,andthecenterof
symmetryandprincipal symmetryaxesareshown in solid red—
they remainstableunderperturbationof theshape.

In thissection,weinvestigatetheuseof thePRSTto producebetter
alignments.Speci�cally, we introducetwo new concepts,theprin-
cipal symmetryaxes(PSA) andthe centerof symmetry(COS),as
robustglobalalignmentfeaturesof a model.Intuitively, theprinci-
pal symmetryaxesarethenormalsof theorthogonalsetof planes
with maximalsymmetry, andthe centerof symmetryis the inter-
sectionof thosethreeplanes.Speci�cally, givena PRSTwe select
the�rst principalsymmetryaxisby �nding theplanewith maximal
symmetry. Wethenselectthesecondaxisby searchingfor theplane
with maximalsymmetryamongthoseperpendicularto the�rst, and



Centerof massandPCA

Centerof symmetryandprincipalsymmetryaxes

Centerof massandPCA

Centerof symmetryandprincipalsymmetryaxes

Figure10: Alignmentfor translationandrotationbasedon centers
of symmetryandprincipalsymmetryaxes,ascomparedto centerof
massandPCA.In eachcase,thered,green,andbluelinesrepresent
the �rst, second,andthird principal axes,andtheir intersectionis
thecomputedcenter.

�nally wechoosethethird axisin thesameway, searchingonly the
planesperpendicularto boththe�rst andsecondselections.

We �nd that this simplemethodproducescoordinateframesthat
arebothrobustandsemanticallymeaningfulfor mostobjects.For
example,for the mugsshown in Figures9 and 10, the centerof
symmetryandprincipalsymmetryaxesappearright in themiddle
of thecylindrical cup. Similarly, for the mailboxesshown in Fig-
ure 10, the centerof symmetryandprincipal symmetryaxescon-
sistentlyresidein themiddleof thebox— unlikethecenterof mass
andprincipalaxes,they arenotaffectedby theshapesof thestands.
In general,theprincipalsymmetryaxesandcenterof symmetryare
determinedby an object's largepartswith signi�cant symmetries,
andthusthey closelymatchour intuition of an object's canonical
coordinateframe.

In order to test whetherthe PRSTis robust, even for partial sur-
faces,we experimentedwith alignmentsof syntheticallygenerated
rangescans.This experimentis motivatedby anobjectrecognition
applicationin which (partial-object)scansareacquiredandregis-
teredto (whole-object)meshesstoredin a database,with thehope
of automaticallyrecognizingwhichobjectwasscanned[Shanetal.
2004]. For this application,it is usefulto align thepartial scanto
thecompleteobjectautomatically.

(Centerof Symmetry) (Centerof Mass)

Figure 11: To evaluatethe stability offered by symmetry-based
alignmentin ascanrecognitionapplication,wecomputedeightvir-
tual scansof 907 models(top two rows of images),and for each
computedcoordinateframesusingour symmetry-basedapproach
andPCA. Note how the centersof symmetrycomputedfrom the
partial scans(shown ascross-hairs)clusternearthe centerof the
wholecarbetterthando thecentersof mass.
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(a) (b)

Figure12: Histogramsof translational(a) androtational(b) mis-
alignmentin our virtual-scanexperiment. In blue we show align-
mentbasedon centerof symmetryandPSA, with centerof mass
andPCA in green.Largervaluesnearthe left of eachgraphindi-
catebettermatchingperformance.

For theexperiment,weusedaray tracerto generateeightsynthetic
rangescansof approximately10,000points(Figure11, top) for the
907meshesprovidedaspartof thePrincetonShapeBenchmarktest
set[Shilaneet al. 2004]. For eachmesh,thevirtual scannerwasin
turn placedat eachof the eight cornersof a cubesurroundingthe
model, always pointing toward the centerof the meshbounding
box. Theview distancewastwice the lengthof theboundingbox
diagonal,and the �eld of view was0:4 radians(Figure11). For
eachscan,we voxelizedthepoint cloud,computedthePRST, and
extractedtheprincipalsymmetryaxesandcenterof symmetry(Fig-
ure11, bottomleft). Then,we evaluatehow well thesecoordinate
framesmatchthe framescomputedfor the completemeshes,and
compareto theaccuracy of the framescomputedusingtheprinci-
palaxesandcenterof mass(Figure11,bottomright).

Figure12 shows theresultsof this experiment.In the�rst plot, we
seehistogramsof thetranslationalmisalignmentbetweenthepartial
rangescansandthewholeobjectswhenalignedwith thecenterof
symmetry(bluecurve)andcenterof mass(greencurve). In general,
thepartialscansweresuf�cient to recover themajorsymmetriesof
the objectcorrectly, leadingto lower averageerrorsfor center-of-
symmetryalignmentas comparedto center-of-mass. Of the 907
modelstested,thecenterof symmetryfor a scanwascloserto that
of theentiremodel90%of thetime. On average,they werecloser
by a factorof 1.5, with betterresultsoccurringwhena particular
viewpoint causedsigni�cant portionsof themodelto bemissing.
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Figure13: Plot of precisionversusrecallachievedwith four shape
matchingmethods:PRSD(magenta),PRST(thick blue), GEDT
(green),andthecombinationof PRSTandGEDT(thick red).Note
that thePRSTcapturesinformationcomplementaryto othershape
matchingmethods,hencecan be usedto augmenttheir retrieval
performance.

Figure12bshows histogramsof therotationalmisalignmentof the
partialscanswith respectto thefull objectwhenalignedwith prin-
cipalsymmetryaxes(PSA)andwith theprincipalaxes(PCA).Note
the largepeaknearzeroin thebluecurve, indicatingthatPSAre-
coveredthe rotationfor mostrangescansto within a few degrees
of thatcomputedfor theentireobject.In contrast,PCA provideda
largerspreadof misalignmentangles.Moreover, even thoughless
thanhalf of the surfacewasavailable in any scan,we found that
the coordinateframechosenwith PSA waswithin 5 degreesof a
humanchosensetof axesfor thewholeobjectin 70%of thescans,
asopposedto only 50%for PCA.

5.2 Matching

For many applications,it is important to be able to classify 3D
modelsor retrieve them from a databasebasedon their geomet-
ric properties.Thegoalis to �nd arepresentationof shape(ashape
descriptor) thatcanbecomputedrobustly, matchedef�ciently , and
usedto discriminatedifferentclassesof objectseffectively. In this
section,we investigateusingthePRSTassucha shapedescriptor.

Oureffortsaremotivatedby theobservationthatsymmetryproper-
tiesareoftenconsistentwithin a classof objects.For example,al-
thoughchairsmayvary in theirsize,whetheror not they havearms,
etc.,their re�ective planarsymmetriesarealmostalwaysthesame
(perfectleft-right symmetry, aweakerglobalsymmetrybetweenthe
backandseat,local symmetriesthroughthe seatandback,etc.).
This is true for many other object classesas well, including air-
planes,tables,people,etc. Perhapsit is possibleto classify 3D
meshesautomaticallyby comparingtheir computedsymmetriesto
thoseof meshesin a supervisedtrainingset.

In previous work, Kazhdanet al. investigatedthis approachusing
their re�ectivesymmetrydescriptor. They employedthemaximum
differencebetweenthesymmetrymeasuresof any two correspond-
ing planesthroughthecenterof massasadissimilaritymeasurefor
a pair of 3D meshes.We extendthatpreviouswork by considering
symmetrieswith respectto all planesthroughan object's bound-
ing volume.In our matchingmethod,we measurethedissimilarity
betweena pair of alignedmeshesastheL2 distancebetweentheir
discretePRSTs(Section4.3), weighting the differencesbetween
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Figure 14: The PRST provides better retrieval performancefor
someclasses(top), while the GEDT is betterfor others(bottom).
Combined,they producebetterretrieval performancethan either
alone.

correspondingbins of the PRSTby
p

sinq (whereq is the polar
angleof the planerepresentedby the bin) to accountfor different
bin sizes. This measureproducesa large distancewhenthereare
planesfor which oneobjectis (nearly)symmetric,while theother
is not.

In orderto evaluatethePRSTasashapedescriptorfor shape-based
retrieval andclassi�cationapplications,we rana setof “leave-one-
out” experimentswith thePrincetonShapeBenchmarktestset[Shi-
laneet al. 2004], a databaseof 907 polygonalmodelspartitioned
into 92 classescommonlyusedfor shapematchingevaluations.In
orderto focusour studyon shaperepresentationratherthanalign-
ment,wemanuallyregisteredall modelsinto acommoncoordinate
framebeforematchingevery modelagainstall theothers.TheL2
distancesbetweenPRSTswereusedto producea ranked retrieval
list for each“query” model,andthenstatisticswerecomputedto
evaluatehow oftenmodelswithin thesameclassappearat thefront
of thecomputedretrieval lists.

Figure13 shows averageprecision-recallplots comparingour re-
trieval performancewith that of Kazhdanet al.'s planarre�ective
symmetrydescriptor(PRSD)andtheGaussianEuclideanDistance
Transform(GEDT), which is currentlyusedin at leastoneshape
basedsearchengine [Funkhouseret al. 2003]. The horizontal
axisof this plot representsincreasingrecall values(fractionof the
query's classretrieved),while thevertical axis representsretrieval
precision(fractionof theretrievedmodelsthatarein thesameclass
asthequery).Highercurvesrepresentbetterperformance.

We �nd that theprecisionachievedwhenmatchingwith thePRST
(thick blue curve) is higher thanwith the PRSD(magentacurve)
for every recall value. This con�rms the expectationthat the ex-
tra informationprovided by the PRST(symmetriesfor off-center
planes)addsprecisionfor shapematching. Of course,it is more
expensive to store(32;768 �oats versus1;024 �oats) andto com-
pare(0.1 msversus0.004ms),but theextra costseemsworth the
improvedperformancefor mostapplications.

We also �nd that both the PRSDand PRSTprovide lessmatch-
ing precisionthan the GEDT (greencurve) on average. We be-
lieve that this is becausemany objectclasseswithin the Princeton
ShapeBenchmarkhave thesamesymmetries(e.g.,almostall man-
madeobjectshave perfectleft-right symmetry). Even thoughthe
symmetriesmay be consistentwithin a class,they do not always
help discriminatebetweenclasses.However, we observe that the
PRSTprovides bettermatchingresultsfor sometypesof objects
(i.e., oneswith distinctive symmetries),while the GEDT provides
betterresultsfor others(Figure14). So,we �nd thatcombiningthe
two shapedescriptors(by simplymultiplying theL2 distancescom-
putedseparatelyfor the two descriptors)provides betterretrieval
performancethaneitheralone(the thick red curve in Figure13).



Thenearestneighborclassi�cationrateanddiscountedcumulative
gain scoresfor the combinedmethodwere69.2%and68.6%,re-
spectively, whichrepresentgoodretrieval performancefor thisdata
set[Shilaneet al. 2004]. This leadsus to concludethat thePRST,
while perhapsnot thebestshaperepresentationfor retrieval of this
typeof dataon its own, canprovide usefulinformationfor shape-
basedmatchingandcanbeusedto discriminateclassesof objects
thataredif�cult to distinguishwith othermethods.

5.3 Segmentation

AlthoughthePRSTnaturallyrepresentsthesymmetriesof anentire
object, it alsoimplicitly capturesthe symmetriesof its parts. We
proposeto usethis informationfor segmentation:we decompose
a meshsuchthat the faceswith eachsegmenthave the samedis-
tinct symmetries.This criterion for automaticdecompositioninto
partsis quitedifferentfrom previousmethods(e.g.,[Chazelleetal.
1995;Li etal. 2001;ManganandWhitaker1999]in thatit incorpo-
rateslocal shapeinformationfor many differentpartsof themesh
simultaneously.

Our segmentationalgorithmfollows recentwork that hasusedk-
meansclusteringasaprimitiveoperation.However, insteadof clus-
tering basedon a simpli�cation [Garlandet al. 2001] or basedon
geodesicandangulardistancebetweenpoints[Katz andTal 2003],
we clusterbasedon supportfor local maximain thePRST. To do
this,we�nd thesigni�cant localmaximaof thePRST(Section4.4)
andcompute,for eachfaceandfor every symmetryplane,thede-
greeto which the facecontributesto thesymmetrywith respectto
thatplane— i.e.,how well doesthefacemapontothesurfaceafter
re�ection acrosstheplane(avisualizationof thismeasureis shown
in Figure8). If therearem local maximain the PRST, then ev-
ery point hasm valuesrepresentingits supportfor symmetrywith
respectto eachof them planes.We treatthesem valuesasa fea-
turevectorandclusterfacesaccordingto their proximity in them-
dimensionalfeaturespace. Intuitively, this methodclustersfaces
thatsupportthesame,distinctsetof planarsymmetries.

Our segmentationalgorithm proceedshierarchically, in a manner
similar to the methodof Katz andTal [2003]. For eachsplit, we
performk-meansclustering(with k = 2) to establisha roughseg-
mentation,andthentake thetwo largestconnectedcomponentsand
�nd the exact boundarybetweenthem by computinga weighted
min-cutalongtheedgesof themesh.ThediscretePRSTis recom-
putedandits local maximaarere�ned afterevery split. Segmenta-
tion is terminatedata user-supplieddepth,or whentheonly planes
of local maximare�ect eithermorethan90% or lessthan10% of
thesurfaceontoitself.

Theresultof this processis a segmentationtree,with theproperty
that lower levels in the treecaptureincreasinglylocal symmetries,
henceallowing strongsymmetriesof evensmallpartsto in�uence
thesegmentation.Figure15showssomeexamplesof thesegmenta-
tion producedby ourmethod.Notethatfor theTeapotthestrongest
planesof symmetrypassthroughthebodyof thepot. So,thehan-
dle,spout,andtopareremovedpreciselybecausethey arenotsym-
metric with respectto thoseplanes— i.e., the body of the pot is
removedfrom thesmallerparts,ratherthanvice-versa.For theOc-
topusandSkeletalHandmodels,local symmetriesof partsareim-
portantfor obtainingthesegmentationshown. Finally, a weakness
of our schemecanbe seenin the segmentationof the legs of the
DinopetandBull. Becausewe usea min-cut to smoothour initial
guess,the�nal segmentationwill seekashortercut,andthusavoid
theuppersectionsof the thigh. Integratingsymmetryinformation
into themin-cutalgorithmis a topic for futurework.

Teapot Octopus Dinopet

Bull

SkeletalHand

Figure15: Theseimagesshow segmentationof a rangeof models.
For thebull we show segmentationinto 2;4; and8 segments.The
skeletalhandis shown segmentedinto 4 and18parts.

5.4 Viewpoint Selection

3D modelsmaylook considerablydifferentwhenviewedfrom dif-
ferentdirections,thuscomputinggoodviewpointsfor 3D models
hasalwaysbeenimportantfor applicationssuchasrapidlyviewing
a large numberof models,generationof icons,selectionof view-
pointsfor ImageBasedRendering,androbotmotion. Theoptimal
“canonicalview” of a modelmaydiffer dependingon thepurpose,
andtherehave beena numberof methodssuggestedto �nd such
viewpoints for various applications. Kamadaet al. [1988] seek
to minimize the numberof degeneratefacesin the image. Both
Vázquezetal. [2001]andLeeetal. [2005] try to �nd qualityview-
points by maximizing the (interesting)information contentfor a
view. Abbasiet al. [2000] andLeeet al. [2004] �nd optimalview-
pointsfor recognitionbasedon imagecontours,prunedby various
imagingconstraints.Finally, Blanz et al. [1999] performeda user
studyto determinefactorsthat in�uence the canonicalviews used
to display3D models.They reportthatuserspreferoff-axis views
to front or sideaxisviews.

Weintroduceamethodto choosegoodviewpointsautomaticallyby
minimizing thesymmetryseen.Theintuition behindour approach
is thatsymmetryin anobjectpresentsredundantinformationto the
userand is thereforeto be avoided. Our methodbegins with the
primarysymmetryof theobjectandthenusesthelocalmaximaex-
tractedfrom thePRSTto minimizetheamountof symmetryin the
directionof theviewer. Morespeci�cally, for eachplaneappearing
asa local maximumin the PRST, the preferredviewing direction
is alongthenormalto theplane.We computetheviewpoint score
for a view directionv asS(v) = å u2W jv� uj � M(u) whereu 2 W is
a planeof local symmetryandM(u) is thesymmetryscorefor that
plane.

With this relatively simplescoringfunction it is enoughto do an
exhaustivesearchto �nd theoptimalviewpoint,althoughagradient
decentmethodsuchasintroducedby [Leeetal. 2005]maybeused
to acceleratethecomputation.



Score Best Worst

Figure16: At left, we show theviewpoint scorefor eachmodelas
a sphericalfunction. Thevisualizationis obtainedby scalingunit
vectorson thespherein proportionto thequality of theviewpoint
from thatdirection. The imagesat centershow thebestviewpoint
selectedbyouralgorithm.Theimagesatright show theworstview-
point selected.

We show theresultsof our approachin themiddlecolumnof Fig-
ure16— eachobject's local symmetriesrepeltheviewpoint, such
that the �nal selectedview is off of the major axis of the objects.
Notethateventhoughwe only show thebestviewpoint, it is possi-
ble to extendthis implementationto producemultiple “interesting”
viewpointsfor theuser'sselection(left columnin Figure16)and/or
viewpointsto beavoided(right column).

6 Discussion

Theinvestigationof thePRSTpresentedin thispaperis a �rst step.
Our implementationhasseverallimitations,andtherearemany av-
enuesfor futureresearch.

First,wehaveinvestigatedonly thetransformthatmapsa3D object
to its planarre�ective symmetries.While this typeof symmetryis
perhapsthemostprevalentin real-world objects,andthusmakesa
goodstartingpoint, it is possibleto considerother typesof sym-
metry in future work. For example,onemight de�ne a rotational
symmetrytransform,in whichameasureof symmetryis computed
for every possiblerotation aroundevery possibleaxis (5D), or a
point re�ectional symmetryaroundevery point (3D). We canfur-
ther investigatethe mappingof the re�ective symmetrytransform
backfrom thespaceof planesto thespaceof points,by storingwith
eachpoint a functionof thesymmetrydistancesfor theplanesthat

passthroughit. Thiswasthemotivationfor ourvisualizationin Fig-
ures1 and2. We hypothesizethattheaverage,maximum,or some
similar functionof symmetrydistancesfor all planesthrougheach
pointmayproducea3D functionworthyof futureinvestigation.

Second,our transformmeasuressymmetriesof an entire object.
However, for objectscontainingmultiple symmetricpartsa use-
ful investigationwould be to understandhow symmetriescan be
detectedatmultiplescales,correspondingto differentsizedregions
of local support[ManmathaandSawhney 1997]. While we have
shown an automaticsegmentationalgorithm that extract symme-
tries of large parts of the model hierarchically, interestinglocal
symmetriesmay “be drowned” andnot foundduring this process.
A multi-resolutionscheme,wherethePRSTis computedon local
sectionsof themodelwould beinterestingto investigate.

Finally, sincethePRSTis a 3D ! 3D mapping,we raisetheques-
tion of whetherthe transformis invertible. While at �rst glance
the transformis composedof operationsthat causeirrecoverable
lossof information,precludinginversion,we believe that thereare
strongconstraintsprovided by, for example,the requirementthat
themodelbe bounded(i.e. that the function is zeroat thebound-
ary) thatmake inversionpossible.Using theseconstraintswe can
alreadyshow thatthetransformis invertiblein the1D and2D cases,
andwebelieve wecanextendthis to 3D. Theinversionis currently
sensitive to noisehowever, sofurtherresearchis necessaryto deter-
mineif additionalconstraintsor strongervariationalrelationsmight
makeourmethodpractical.Wehypothesizethattheability to invert
thetransformwill leadto applicationsin avarietyof domains,with
theability to notonly analyzebut alsosynthesizesymmetries.

7 Summar y

In summary, we have de�ned theplanar re�ectivesymmetrytrans-
form, which measuresthe symmetryof an objectwith respectto
all planesthroughits boundingvolume. We have describedanef-
�cient MonteCarloalgorithmfor computingthetransformfor sur-
facemeshes,shown that it is stableundersmallperturbations,and
investigateditsutility for severalgeometricprocessingapplications.
In particular, we proposethatthecenterof symmetryandprincipal
symmetryaxesareusefulfor aligning3D objectsin acommoncoor-
dinateframe.We alsoshow thatthere�ective symmetrytransform
canbe usedfor registering3D rangescansinto a commoncoor-
dinatesystem,matching3D polygonalmodelsof the sameclass,
segmenting3D modelsinto parts,and�nding goodviewpointsfor
visualizationof meshes. In future work, we hopeto investigate
othervariantsof thesymmetrytransformandtheir applicationsfor
geometricprocessing.
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