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Figurel: ThePlanarRe ective SymmetryTransformcaptureghe degreeof symmetryof arbitraryshapeswith respecto re ection through
all planesin space. Although symmetrymeasuresre computedfor planes(linesin 2D), for this visualization,pointsare coloredby the
symmetrymeasuref the planewith the largestsymmetrypassinghroughthem,with darker linesrepresentingreatersymmetries.

Abstract

Symmetryis animportantcuefor mary applicationsjncludingob-

ject alignment,recognition,and sgmentation. In this paper we

describea planarre ective symmetrytransform(PRST)that cap-
turesa continuougmeasuref there ectional symmetryof a shape
with respecto all possibleplanes. This transformcombinesand

extendsprevious work thathasfocusedon global symmetriesvith

respectto the centerof massin 3D meshesandlocal symmetries
with respecto pointsin 2D images.We provide anef cient Monte

Carlosamplingalgorithmfor computingthetransformfor surfaces
andshaw thatit is stableundercommontransformationsWe also
provide aniterative re nementalgorithmto nd local maximaof

the transformprecisely We usethe transformto de ne two new

geometricproperties centerof symmetryand principal symmetry
axes,andshav thatthey areusefulfor aligning objectsin a canon-
ical coordinatesystem.Finally, we demonstrat¢hatthe symmetry
transformis useful for several applicationsin computergraphics,
including shapematching,segmentationof meshesnto parts,and

automaticviewpoint selection.

Keywords: symmetry shapeanalysisregistration,matching seg-
mentationyiewpoint selection

1 Introduction

Symmetryis animportantfeatureof almostall shapesnearlyev-
ery man-madebjectcontainsat leastoneplaneof perfectsymme-
try, andmostnaturalobjectsexhibit nearperfectsymmetrieglook
aroundyour of ce andcountthe symmetricobjects).

While symmetryis known to provide visual cuesfor humanvi-
sion [Ferguson2000], it has seenonly limited use as a feature
for applicationsin computergraphicsand geometricprocessing.
In recentyears,symmetryinformationhasbeenusedto detectlo-
cal featuredn 2D images[Reisfeldet al. 1995],guidereconstruc-
tion of 2D curves and rangescanswith missingdata[Zabrodsky

etal. 1993; ThrunandWegbreit2005], rotateshapesnto a canon-
ical coordinateframe [Kazhdanet al. 2003a],matchthe shapeof
meshegKazhdanet al. 2004], andrecognizenstantiationof parts
in assembledcenegMartinet et al. 2005]. However, mostof this
work hasfocusedon local symmetrywith respectto points and
globalsymmetrywith respecto planesthroughthe centerof mass.

In this paper we describea planar re ective symmetrytransform
(PRST),atransformfrom the spaceof pointsto thespaceof planes
that provides a continuousmeasureof the re ective symmetryof

an objectwith respecto all planesthroughits boundingvolume.
This transformrepresentdoth perfectand imperfectsymmetries;
it capturegglobal symmetriesof anobject; and, it highlightslocal

symmetrief salientparts.

As anexample consideithevisualizationsof the PRSTdor several
2D outlines(blacklines) shavn in Figure1. Note thatthe point of
maximalsymmetry(darkestpoint) usuallycorrespondso the con-
ceptualcenterof the object,andthe mainridgesin the PRSTfre-
quentlycorrespondo the main axes,evenfor partial objects(e.g.,
the o wer). Also noticethatsymmetriesn partsof objects(e.g. the
wheelsof the motorg/cle) appeamslocalmaximain thetransform,
while smallextraasymmetrideaturege.g.,the handleof the mug)
donotaffecttheglobalmaxima.Thesepropertiesareadvantageous
for several applicationsjncluding selectionof a canonicalcoordi-
natesystem matchingof 3D shapessegmentationinto parts,and
optimalviewpointselection(seeresultsin Section5).

Thecontributionsof our work aresix-fold. First,we de ne thepla-
narre ective symmetrytransform(Section3). Secondwe present
anew algorithmbasedn Monte Carlointegrationfor computinga
discreteversionof thePRST(Sectiord.3). Third, we provide anit-
eratve re nementalgorithmfor nding local maximain the PRST
with arbitrary precision(Section4.4). Fourth, we de ne the new
shapepropertiescenterof symmetryandprincipal symmetryaxes
anddemonstratéheir utility for alignmentof 3D meshegSection
5.1). Fifth, we investigateusingthe PRSTas a representatiomf
shapen matchingandretrieval experimentgSection5.2). Finally,
we explore the useof local symmetriesn segmentationand view-
pointselection(Sectionss.3and5.4 respectrely).

2 Previous Work

Perfect Symmetries: Traditional approacheto symmetry de-
tection work with discretesymmetries— perfectsymmetriesun-
der rotation, re ection, or translation. For instance,ef cient al-



gorithmshave beendescribedor nding whole-objectsymmetries
usingsubstringmatching[Atallah 1985;Wolter et al. 1985;Zhang
andHuebner2002], usingan octreerepresentatiofiMinovic etal.

1993], the extendedGaussiarimage[Sun and Sherrah1997] and

the singularvaluedecompositiorof the pointsof the model[Shah
and Sorenser2005]. Furthermethodsare available for describ-
ing local symmetrieswith a respectto a point—e.g., the medial
axis [Blum 1967]. However, sincethesemethodsconsideronly

perfectsymmetriesthey areunstablewith addednoiseor missing
dataandfail to recognizethe potentiallyimportantcuesof imper

fectsymmetries.

As a recentexample, Thrun and Wegbreit [2005] detectperfect
symmetriesn scannedanodelsby explicitly searchingver-growing
setsof pointswhile maintaininga list of possiblerotationalandre-
ectional perfectsymmetries.In this way, scansof modelscom-
posedof symmetricalparts may be completedby extendingthe
measuredymmetriego theentiremodel.

Also recently Martinet et al. [2005] have introduceda method
basedon generalizednomentsto detectperfectsymmetryin 3D
shapesccurately Their approactcombineshe propertythateven
ordermomentscontainthe samesymmetriesasthe modelwith an
ef cient methodfor calculatingmomentcoefcients usinga spher
ical harmonicdecomposition.While their methodis ef cient and
candetectperfectsymmetriesof a sgmentedmodel, they do not
work with imperfectsymmetriesnor do they investigateherange
of applicationsaddresseth this paper

Imperfect Symmetries: In the last decade methodshave been
provided for measuringimperfect symmetries. For example,
Zabrodsk et al. de ned the symmetrydistanceof a shapewith re-

spectto atransformatiorasthedistancefrom thegivenshapeo the

closestshapehatis perfectlysymmetricwith respecto thattrans-
formation [Zabrodsly et al. 1995; Zabrodsk et al. 1993]. They

provide analgorithmto nd thesymmetrydistancefor asetof con-

nectedpointsfor ary givenre ective or rotationaltransformation,
andthey useit for completingthe outline of partially-occludedD

contours,for locatingfacesin animage,andfor determiningthe
orientationof a 3D shape.However, their methodconsiderssym-
metrywith respecto only onepointor planeat atime, andthusit

is notasgenerahor asdescriptve asthe methodgproposedn this

paper

Symmetry descriptors: Kazhdanet al. usedthe samecontinuous
measuref imperfectsymmetriego de ne a shapedescriptorthat
representthesymmetrieof anobjectwith respecto all planesand
rotationsthroughits centerof mass[Kazhdanet al. 2003a;Kazh-

danetal. 2004]. They describean ef cient algorithmfor comput-
ing the descriptorfrom a 3D voxel representationand shav that
planarsymmetriescanbe usedfor alignmentandclassi cation of

3D meshesWe build uponthis work to considersymmetrieswvith

respectto all planesthroughan objects boundingvolume, an ex-

tensionthat enablesmore robust alignmentand matching,aswell

asnew applicationshasedon local symmetries.

Symmetry Transforms: More generalsymmetrytransformsde-
ned for all pointsin spacehave beenusedfor adecaden computer
vision, mainlyfor robustdetectiorof radially symmetricfeaturesn
naturalimagesprior to segmentation.For example,Reisfeldet al.
de ned a GeneralizedSymmetry Transformfor local point sym-
metries[Reisfeld et al. 1995], and relatedapproachesave been
describedn [Bigun 1997;Di Gesuet al. 1997; Loy and Zelinsky
2002; Choi and Chien2004]. Thesemethodshave beenshavn to
be effective for nding featuresin noisy images(e.g., eyeson a
face[Reisfeldand Yeshurunl992]), discriminatingtextures[Bon-
nehetal. 1994; Chetwerikov 1995], and segmentingimagesbased
upon local symmetriegKelly and Levine 1995]. However, they
aredesignednainly for detectinglocal point symmetriesn unse-

Figure2: Visualizationof the PRSTfor severalsimple2D shapes.

mented2D images,asopposedo global planarsymmetriesn 3D
meshesandthusthey donotaddresshe meshprocessingroblems
andcomputergraphicsapplicationgargetedin this paper

3 Planar Re ective Symmetr y Transform

The Planar Re ective SymmetryTransform(PRST)is a mapping
from ascalarvaluedfunction f de ned overad-dimensionakpace
of pointsto a scalarvaluedfunction PRS (f; g) de ned over the
d-dimensionabkpaceof planessuchthatthescalarvalueassociated
with every planere ection g is a measureof f's symmetrywith
respecto thatplane.

Following previous work on continuous symmetry analy-
sis [Zabrodsly et al. 1995; Kazhdanet al. 2003a;Kazhdanet al.

2004],we de ne thesymmetrydistanceSD( f; g) of f with respect
to aplanere ection g asthel, distancebetweenf andthenearest
functionthatis invariantto thatre ection:

SD(f;9) = min kf gk
gig9=9

Sincethe symmetrydistancelies betweern0 andkfk andprovides
a measureof the “anti-symmetry” of the shapewith respecto g,
we complementit anddivide by the magnitudeof f, to producea
normalizedsymmetrymeasurdor our PRST suchthat

SD?(f; g)
KFk2

This de nition waschosersothatPRS (f;g) is 1if f is perfectly
symmetricwith respecto g, 0 if f is perfectlyanti-symmetriavith

respecto g, andanintermediatevaluefor partialsymmetrieslt is

alsoimportantfor computingthe PRSTef ciently, sincethesquare
of the PRSTfor ary planere ection reducego adot productunder
this formulation,aswill beseenin thefollowing section(for func-

tionson agrid, adot productis the sumof the productof eachpair

of correspondinglements).

PRI 2(f;g)= 1

To give anintuitive sensdor theinformationprovidedby thePRST
visualizationsfor severalsimple2D shapesreshavn in Figuresl
and2. In theseimages symmetryis measuredor every plane(line



in 2D), andthe darknes®f every point representshe maximumof

PRSTvaluesover all planespassinghroughthe point (darker val-

uesrepresentarger symmetries) While theseimagesdo not shaw

thePRSTdirectly, sincethe PRSTis de ned onthespaceof planes,
not points,they areeasierno understandhanvisualizationsshavn

in planecoordinatesandthey give a goodsenseor whereplanes
of high symmetrycanbefound. Thus,we displayvisualizationsof

this typethroughouthe paperunlessotherwisenoted.

Theseimagesdemonstratéwo importantpropertiesof the PRST
First, we seethat the dominantpoints and planesof symmetry
matchour humanintuition of the “center” and“major axes” of the
object. For example, trivially, the planeswith maximalsymmetry
throughacircleintersectatthecenterandthemajorandminoraxes
of arectangleappearasglobal andlocal maximain the PRST re-
spectvely. In generalthelocal maximaof the PRSTcoincidewith

the axes of the large (nearly) symmetricpartsof an object (Fig-

urel).

Secondsincethe PRSTfor every planetakesinto accountheshape
of the entireobject, it is not sensitve to noiseandvariescontinu-
ously with deformations. Theseprovable propertiescan be seen
empirically in Figure2—i.e., the PRSTis stablewhena regular
polygondeformsinto acircle, whenasquaredeformsinto arectan-
gle,andwhennoiseis addedo the boundaryof astar sh. This sta-
bility is in starkcontrastto the medialaxis transform,which nds

local point symmetrieshbut is sensitve to small boundarypertur

bations, shootingoff a new branchfor every small bump on the

boundary(Figure3).

s o
PRST MAT

Figure 3: The PRSTand the medial axis transform(MAT) for a
rectangleandarectanglewith abump. Thebumpleavesthe PRST
largely unafected(left), but dramaticallychangeshe MAT (right).

While thesevisualizationsare shavn for contoursin 2D, re ec-
tive symmetrytransformscanbe de ned in ary dimension for ary
symmetrygroup,for ary symmetrymeasureandfor ary shapeep-
resentationjncluding point sets,surface meshesand volumetric
functions. For the sale of simplicity andgenerality we focusour
initial discussiorin thefollowing sectionsn planarsymmetriegor
3D volumetricfunctions,however othershaperepresentationsan
trivially be corvertedto thisrepresentation.

4 Computation

Computingthe planarsymmetrytransformis challengingasanin-

nite numberof planescanpasghroughanobject,andameasuref
symmetryfor an entire objectmustbe determinedor all of them.
In the following subsectionswe provide backgroundnformation
that canbe usedto gaininsightinto computationakolutions,and
thenwe describehreealgorithmicstrategies. The rst two provide
methoddor computingadiscreteversionof the PRSTfor volumet-
ric functionsandsurfacemeshesrespectiely, while the third pro-
videsa continuousmethodfor nding local maximaof the PRST
precisely

4.1 Background

Givenafunction f in ad-dimensionakpacewe aimto developan
algorithmthatwill compute
D?(f;9)
kfk2
for every planere ection g, whereSD(f; g) representshe L, dis-

tancebetweenf and the closestfunction that is symmetricwith
respecto g.

PRI 2(f;g)= 1

In previouswork, [Kazhdanetal. 2003aJhasobseredthatthenear
estsymmetricfunctionto f is simply theaverageof f andg(f):

oo frah | kfoghk
> .

SD(f;9) = = 5

Combiningthetwo equationsye get

S|32(f;g)_1 kf g(f)k* _

2/ _
PRI “(f;9) =1 kfkz ~ 4k K2

kfk? 2f g(f)+ kg(f)k?
4k fk2 '

If f is normalized,thenkg(f)k = kfk = 1 (sincenormsare pre-
senedby re ection), andwe obtain

1 2f g(f)y+1 _ 1+ f o(f).
4 - 2 @)

PRI 2(f;g)= 1

Therefore,the calculationof the symmetrymeasurefor a single
planereducedo the calculationof a dot productbetweenf andits
re ection:

D(f;9) = f off): )

Intuitively, this meansthatthe PRST2(f;g) for a single planere-
ection gis relatedto how well f correlateswith g(f), andit can
be computedwith anintegrationof f g(f) overtheboundingvol-
umeof f.

In orderto applythe abore de nition to surfacesit is necessaryo
corvert themto volumetricfunctions. While we could simply ras-
terizethe surfacesinto a (binary) occupang grid, this would result
in sensitvity to noiseandsmallfeaturesinsteadwe usethe Gaus-
sianEuclidearDistanceTransform(GEDT),aswaspreviously pro-
posedby [Kazhdanet al. 2004]. For a modelM andwidth s, the
GEDT atanarbitrarypointin spacex is de ned as:

f(X, M,S) e diS’[z(X;M)ZSZ;
wheredist(x; M) representshe distanceof the point x to the near
estpointon M. This allows surfacesto be slightly misaligned(by
the Gaussiarwidth s) underre ection, allowing usto capturem-
perfectsymmetriesof the surface. We chooses for the Gaussian
accordingto the maximalfrequeny of the grid in orderto avoid
aliasingandto provide a graduallydecreasingpenalty” for imper
fectsymmetriesThe netresultis a 3D functionthatis exactly one
at the surfaceof the objectandgraduallydropsoff to zeroat both
interior andexterior points. Similar methodscanbe usedfor other
shapeepresentations.

4.2 Discrete Computation for Volumetric Functions

With this backgroundye canproposeseveral algorithmsfor com-
puting a discreteversionof the PRSTfor a function f represented
onaregularn n ngrid. Thesealgorithmsareefcient for char
acterizingall the planarsymmetriesof a denselysampledvolume



(a) Samplingorientations

(b) Samplingtranslations

Figure4: Computingthe PRSTfor mary planesat onceby: (a)
samplingorientationsandconvolving over planetranslationsor (b)
samplingpositionsandcorvolving over planerotations.

(e.g.,medicalimagingdata). However, aswe will shaw in thefol-
lowing section,more ef cient algorithmsare possiblefor sparse
functionsrepresentingurfacesandpoint clouds.

As a rst step, we could naively apply Equationl to evaluate
PRST2(f;g) for every possibleplanere ection g separatelySince
thereare O(n3) possibleplanesthroughan n n grid, andthe
evaluationof a dot productover the grid for eachplanerequires
O(n?), thetotal compleity of this bruteforce algorithmis O(n),

which is prohibitively expensve for mostapplications. However,

sincethe PRSTvaluesfor planeswith the sameorientationrequire
dot productsof functionssuccessiely shifted at regular intenals
with respecto oneanotherFigure4a),we cancomputethemall at
the sametime with a singlecorvolution. Sincethe corvolution for

a single directiontakes O(n® log n), andthereare O(n?) possible
directionsthroughthe grid, thetotal runningtime of this algorithm
is O(n® log n).

Equivalently, we canconsidercorvolutionsover rotationsat a dis-
cretesetof points(Figure4b). In this casewe usethe frequeng
domainalgorithmdescribedn [Kazhdanet al. 2003a]to compute
thePRSTfor all planeghroughO(n) points(Figure4b). Sinceeach
invocationof Kazhdanet al''s algorithmtakes (n* log n), the total
runningtimeis againO(n® log n). A multiresolutionapproximation
is possiblein O(n* log n).

We have investigatedall threeof theseapproachesin ourimple-
mentationwe discretizethe spaceof planego matchtheresolution
of thegrid ( ner samplingof the planesyields no additionalinfor-
mation aboutthe band-limitedPRST).Whenworking in 2D, we
usea uniform parameterizatiorf the setof lines by their angles
g 2 [0; p] anddistancefrom theoriginr 2 [ rmax rmax- Notethe
slightly unusualkhoiceof angleson a semicircleandboth positive
and negyative radii, which avoids a singularity at the origin. Sim-
ilarly, we parameterizeplanesin 3D by the sphericalcoordinates
of theirnormalsq 2 [0; p=2];f 2 [0;2p] anddistancefrom theori-
ginr 2 [ rmaxrmax. (Notethatthe“buckets” of planesarenot of
uniform size,shrinkingtowardsthe polesassin q).

We nd thatthesecorvolution algorithmstake 40 second®n aver-
agefor gridswith 64 64 64 voxelsona3GHzprocessor

4.3 Discrete Computation for Surfaces

While the algorithmsdiscussedso far are equally ef cient for all
functions,rasterizedsurfacesandpoint setsnaturallyleadto spar
sity over the volume. In this section,we describea Monte Carlo
algorithmfor computinghe PRSTthattakesadwantageof this spar
sity to increaseef ciency.

Our discussionof the algorithm begins with the brute-forceap-
proachpresentedn Section4.2:

Figure 5: The efcient Monte Carlo algorithm selectsa pair of
points and votesfor the plane betweenthem. The vote mustbe
weighted accountingor thefactthatasa pointis fatheraway from
the planeof re ection, the chanceof nding are ection point is
increasedthesizeof theblueareais largerasthe pointsarefarther
apart).

for eachplaneg.
for eachpointx:
X g(x)
PRI 2(f;g) +=f(x) (O

We obsenre thatfor sparsdunctionsthis is inef cient, sinceit per
forms uselesscomputationwhenerer either f(x) or f(x9 is near
zero. Instead,we interchangethe order of computationsand per
form importancesamplingin a Monte Carloframework:

for sampledpointsx:
for sampledpointsx®
g re ection planek; X9
PRI%(f;g) +=w(x X% g) f(x) f(xO)

Intuitively, this algorithm repeatedlypicks a pair of points and
“votes” for the planebetweenthem. The samplingof x andx?is
performedaccordingto the enegy in the function f, allowing us
to focuseffort on computationghatwill contrituteto the nal an-
swer For atypical 3D surface non-ngligible valuesappeain only
O(n?) voxels, and thusthis algorithmrequiresonly O(n%) opera-
tionsto computetheentirePRST

Weighting: In orderfor theabove algorithmto computehe PRST
correctly it is necessaryo weightthe contritution of each“vote”

appropriately This is the role of the function w(x; X2 g), which

consistsof two terms. The rst term accountdor the importance
samplingthatwe perform,andis simply thereciprocalof the prob-

ability of having selecteck andx®

0 = 1 .
Wsamp(X; X 9) = W

The secondterm represents change-of-variables accountingfor
thetwo differentwayswe have of samplingthe spaceof planes:as
apair of points(x; X andwith our discretizecbinsover (r; q; f).
While partof this change-of-ariablestermis intuitive (accounting
for thesin g decreasén bin size),anothempartaccountdor thefact
thatbins of planeswill receire morevotesif x andx® arefar apart
thanif they arenearby For example bothpartsof Figure5 consider
asinglebin of planes.However, for a x edx, it is clearthatmore
pointsxwill votefor thatbin if the pointsarefurtherapart,sowe
shouldweight the contritution of suchpairslower thanvotesby
nearbypoints.

To derive the change-of-ariablesweight, we simply computethe
determinanbf the Jacobiarof the transformatiorbetweerthe pa-
rameterizatiorof the planesof re ection andthe re ected points
themseles.If we let 1

sing cosf
fi= @ singsinf A
cosq



bethenormalof the planeof re ection, thenwe canwrite

d = kx xk
= 2(r AX
X = x+df
= x+2rAi 2(A XA
o , N . 1
_ > 10 1
b= @ oA
# # #

andsolwe for thedeterminant:

— i1 = 2 i .
Wehange-of-variables= jJj = 2d“sing:

Thereforewe have
w(X; X2 9 = Wsanp Wehang-of-variables
1
T (X)) OO 2d2sing’

So,overall, our Monte Carlo estimatoris:

!

D(f:g) = Nsanp igl 2d2sing

Computation time: By exploiting sparsityin the volume, the
Monte Carloalgorithmis ableto computethe PRSTof 3D surfaces
efciently. As with all randomizedalgorithms,noisein the nal
approximationdecreasewith additionalsamplesput asshawvn in
Figure 6, the algorithm corvergesquite quickly. For example,for
the 64 grid resolutionusedthroughoutthis paper computingthe
PRSTto 1% noisetakesan averageof 8 secondon a 3 GHz pro-
cessorcorrespondingo two million sampledooint pairs. Thesere-
sultsaretypical - thereis little variationin computatiortime, except
for very large models(for which therasterizatiortime canbegin to
dominate).

Figure6: Comparisorof errorin the Monte Carloapproximatiorto
the PRST asa function of time. For typical grid sizes,suchasthe
64% usedthroughoutthis paper computingthe PRSTtakesonly a
few seconds.

4.4 Contin uous Re nement for Local Maxima

While the PRSTtaken asa whole characterizesil of an objects
symmetriesijts local maximaform animportantandintuitive sub-
set. They may correspondo the principalsymmetrieof thewhole
object, wealer or partial local symmetriesor perfectsymmetries
of parts. Due to their intuitive nature,they areimportantfor sev-
eral applications,including all thosedescribedn Section5. We
now discussan approachthatbuilds uponthe algorithmpresented
in the previous sectionto nd local symmetrymaximaprecisely:
we extract candidatedor local maximafrom the discretePRST
thenre ne their locationsusing aniterative local optimizational-
gorithm. This algorithmis ableto nd local maximaof the PRST
with arbitraryprecision.

Giventhefull 3D symmetrytransform takulatedata moderatees-
olution, we rst look for cellswith a highersymmetryvaluethan
all theirimmediateneighbors.This yields a large numberof can-
didates,so we apply a numberof thresholdsto extract only the
strongessymmetries.First, we apply a thresholdon the strength
of the symmetryat that cell. While we could usea single x ed
thresholdwe have obseredthatportionsof the modelaway from

thecentematurallyhave lower symmetryvalues(sincethereis less
of the modelthat could potentiallymapontoitself underthosere-

ections), soit is more naturalto usea lower thresholdnearthe
edgesof the modelthan nearthe center In particular we usea
thresholdproportionalto 1 =, whereR s theradiusof the object
andr is thedistanceof the candidateplanefrom the centerof mass.
On top of the symmetrythreshold,we also discardshallav max-
ima, which are potentiallysubjectto noise: we imposea threshold
onthediscreteLaplacian(sumof secondoartial derivatives) of the
PRST Thethresholdsaresetautomaticallyto =g of the valuesat
thestrongestocal symmetry

Oncewe have a list of candidatdocal maxima,we re ne themto
nd theplanesof symmetrywith high precision.This approachpf
nding maximaof afunctionby rst takulatingit thenlocally re n-

ing candidatenaxima,is commonlyusedfor numericalmaximiza-

tionin generalandalsoresembleghelocal optimizationperformed
by Martinetetal. [2005]. Our re nementmethodis inspiredby the

Iterative ClosestPointsalgorithm [Besl and McKay 1992], com-

monly usedto perform pairwisealignmentof mesheshut solves

for aplaneof re ection ratherthanarigid-bodytransformation.

Our “Iterative SymmetricPoints” or ISP algorithmbegins by ran-
domly samplingpoints from the mesh(we typically use around
10,000points per iteration), then re ecting them acrossthe can-
didateplane.We matcheachre ected pointto the closestpointon
themesh thensolve for thethreeparametersf there ection plane
that minimizesthe sumof distanceqweightedto accountfor the
GaussiarEuclideanDistance Transform)betweencorresponding
points (note that the minimal sum of weighteddistancegrovides
a maximumfor Equation2 when f is the GEDT of the surface).
Theprocesss iterateduntil it convergesto alocal maximumof the
PRST Figure7, left, shavs aniterationof ISP, with sourcepoints
in red, the candidateplanein gray andre ected pointsin green.
Thesupportof the nal maximumis shovn atright.

If the iteration causeghe re ection planeto leave its cell (in the
discretePRST) the candidates determinedo beanunstabldocal
maximumanddiscarded.Of course this shouldnot happenif the
function f is sufciently bandlimitedby the GEDT. However, we
have found this checkis necessangincedifferent point sampling
stratgjiesareusedby the discreteanditerative algorithms.

In our experiments,this two-stageprocessof rst takulating the
PRSTthenre ning candidatdocal maximahasprovenbothrobust
andefcient. Thelocal re nementcorvergesin afew seconddor
eachplane,and we typically nd 10-20stronglocal maxima of



Figure7: At left, we shav aniterationof ISP. We selectrandom
points (red), re ect themthroughthe candidateplane of symme-
try (gray),and nd closestpointson the surface(green). We then
updatethe planeof re ection to optimizethe sumof Gaussiardis-
tancedetweercorrespondingointpairs(samplesvith low weight
have beenculledin this visualization). At right, we shaw the sup-
portof the nal local symmetrymaximum,asindicatedby thegray
level.

symmetryfor modelsof moderatecompleity. Figure8 shaws the
four strongestocal maximafor abull model,togethemwith thesur
facesupportof eachplanere ection (white regionsof the surface
re ect ontoeachotheracrosghe choserplane).Notethatwe nd
planescapturingthe global symmetriesof the bull (1), aswell as
separatdéocal maximacapturingsymmetrief the neck(2), body
(3), andhead(4).

5 Applications

The PRSTis a general-purposé&ransformwith potentialapplica-
tionsin computervision, medicalimaging, anda variety of other
elds. In this section,we investigatefour applicationsn computer
graphics.

5.1 Alignment

Alignment of objectsinto a canonicalcoordinateframeis anim-
portantpreprocessingtepfor a variety of tasks,including visual-
ization, studyingthe variation of modelsacrossdifferent classes,
compositionof scenesandindexing of 3D model databases.To
performthis alignmentaglobalpoint of referencanustbeselected
for theorigin anda setof axesmustbe choserto determinetheori-
entation.

Typically, alignmentof thistypearecomputedvith principalcom-
ponentanalysis(PCA): the centerof massis chosenmasthe origin,
andthe principal axesareusedto determinethe orientation[Duda
etal. 2001]. However, it is well known thatPCA doesnot always
producecompatiblealignmentdor objectsin thesameclasgKazh-
danetal. 2003b],andit certainlydoesnot producealignmentssim-
ilar to whatahumanwould select.Considerfor example themugs
shawvn in Figures9 and 10. Most humanswould suggesthatthe
centralaxis of thesemugsrunsstraightup and down throughthe
middle of the cup, and the centeris somavhere along this axis.
However, the centerof massand principal axes (shovn in green
in Figure9) arebiasedtowardsthe handleto differentdegreesde-
pendingon the sizeandshapeof the handle producingalignments

1) 2

@) (4)

Figure8: In this visualization the trianglesof the bull arecolored
to shav how symmetricthey arewith respecto the planeof sym-
metry displayed,with black meaningno supportof the planere-
ection. Planesrepresentinghe four strongestocal maximaof
the PRSTareshavn here. Note how pointssupportingre ections
acrossplanes(2), (3), and (4) tendto clusterinto regions corre-
spondingto the neck,body, andhead respectiely.

inconsistentvith othermugsandundesirabldor mostapplications
(e.g.,placemenin a scene).Similarly, sincethe centerof massis
shiftedoff the centralaxis of the cup, the symmetrydescriptorof
Kazhdanet al. [2003a]will not detectits perfectsymmetriesand
will producepooralignments.

Figure9: A line drawing of a mugwith andwithout handles.The
the centerof massandPCA axesaredrawn in dottedgreen— note
that they move dependingon the presenceof handles. A visual-
ization of the PRSTis overlaid on the drawvings, andthe centerof
symmetryand principal symmetryaxes are shavn in solid red—
they remainstableunderperturbatiorof the shape.

In this sectionwe investigatehe useof the PRSTto producebetter
alignments . Speci cally, we introducetwo new conceptsthe prin-

cipal symmetryaxes(PSA) andthe centerof symmetry(COS),as
robustglobalalignmentfeaturesof amodel. Intuitively, the princi-

pal symmetryaxesarethe normalsof the orthogonalsetof planes
with maximal symmetry andthe centerof symmetryis the inter-

sectionof thosethreeplanes.Speci cally, givena PRSTwe select
the rst principalsymmetryaxisby nding the planewith maximal
symmetry Wethenselecthesecondaxisby searchindor theplane
with maximalsymmetryamongthoseperpendiculato the rst, and
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Centerof symmetryandprincipalsymmetryaxes

Centerof massandPCA

Centerof symmetryandprincipalsymmetryaxes

Figure10: Alignmentfor translationandrotationbasedon centers
of symmetryandprincipalsymmetryaxes,ascomparedo centerof
massandPCA. In eachcasethered,greenandbluelinesrepresent
the rst, secondandthird principal axes,andtheir intersectionis
thecomputectcenter

nally we choosehethird axisin thesameway, searchingnly the
planesperpendiculato boththe rst andsecondselections.

We nd thatthis simple methodproducescoordinateframesthat

areboth robustandsemanticallymeaningfulfor mostobjects.For

example,for the mugsshavn in Figures9 and 10, the centerof

symmetryand principal symmetryaxesappearight in the middle

of the cylindrical cup. Similarly, for the mailboxesshawvn in Fig-

ure 10, the centerof symmetryand principal symmetryaxescon-

sistentlyresidein themiddle of thebox— unlike the centerof mass
andprincipalaxes,they arenotaffectedby theshape®f thestands.
In generaltheprincipalsymmetryaxesandcenterof symmetryare

determinecdby an objects large partswith signi cant symmetries,
andthusthey closely matchour intuition of an objects canonical
coordinateframe.

In orderto testwhetherthe PRSTis robust, even for partial sur
faceswe experimentedvith alignmentsof syntheticallygenerated
rangescans.This experimentis motivatedby anobjectrecognition
applicationin which (partial-object)scansare acquiredandregis-
teredto (whole-object)meshestoredin a databasewith the hope
of automaticallyrecognizingwhich objectwasscannedShanetal.
2004]. For this application,it is usefulto align the partial scanto
thecompleteobjectautomatically

(Centerof Symmetry) (Centerof Mass)

Figure 11: To evaluatethe stability offered by symmetry-based
alignmentin ascanrecognitionapplicationwe computeceightvir-
tual scansof 907 models(top two rows of images),andfor each
computedcoordinateframesusing our symmetry-baseepproach
and PCA. Note how the centersof symmetrycomputedfrom the
partial scans(shovn as cross-hairsxlusternearthe centerof the
whole carbetterthando the centersof mass.

:F

@) (b)

Figure 12: Histogramsof translational(a) and rotational(b) mis-

alignmentin our virtual-scanexperiment. In blue we shav align-

mentbasedon centerof symmetryand PSA, with centerof mass
andPCA in green.Largervaluesnearthe left of eachgraphindi-

catebettermatchingperformance.

For the experimentwe usedaray tracerto generateeightsynthetic
rangescanf approximatelyl0,000points(Figurel1l,top) for the
907mesheprovidedaspartof thePrincetonrShapeBenchmarkest
set[Shilaneetal. 2004]. For eachmesh thevirtual scannemasin
turn placedat eachof the eight cornersof a cubesurroundingthe
model, always pointing toward the centerof the meshbounding
box. Theview distancewastwice the lengthof the boundingbox
diagonal,andthe eld of view was 0:4 radians(Figure 11). For
eachscan,we voxelizedthe point cloud, computedthe PRST and
extractedthe principalsymmetryaxesandcenterof symmetry(Fig-
ure 11, bottomleft). Then,we evaluatehown well thesecoordinate
framesmatchthe framescomputedfor the completemeshesand
compareto the accurag of the framescomputedusingthe princi-
palaxesandcenterof masg(Figurell, bottomright).

Figure12 shaws theresultsof this experiment.In the rst plot, we
seehistogram®f thetranslationamisalignmenbetweerthepartial
rangescansandthe whole objectswhenalignedwith the centerof

symmetry(bluecurve)andcenterof masggreencurwe). In general,
thepartialscansveresufcient to recover the majorsymmetrieof

the objectcorrectly leadingto lower averageerrorsfor centerof-

symmetryalignmentas comparedo centerof-mass. Of the 907
modelstested the centerof symmetryfor a scanwascloserto that
of the entiremodel90% of thetime. On average they werecloser
by a factorof 1.5, with betterresultsoccurringwhena particular
viewpoint causedsigni cant portionsof themodelto be missing.
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Figure13: Plot of precisionversusrecallachiezed with four shape
matchingmethods: PRSD (magenta) PRST (thick blue), GEDT

(green),andthe combinationof PRSTandGEDT (thick red). Note
thatthe PRSTcapturesnformationcomplementaryo othershape
matchingmethods,hencecan be usedto augmenttheir retrieval

performance.

Figure12bshawvs histogramf the rotationalmisalignmenof the

partialscanswith respecto thefull objectwhenalignedwith prin-

cipalsymmetryaxes(PSA)andwith theprincipalaxes(PCA).Note

the large peaknearzeroin the blue curwe, indicatingthat PSAre-

coveredthe rotationfor mostrangescansto within a few degrees
of thatcomputedor the entireobject. In contrastPCA provideda

larger spreadof misalignmentangles.Moreover, eventhoughless
thanhalf of the surfacewas availablein ary scan,we found that
the coordinateframe chosenwith PSA waswithin 5 degreesof a

humanchosersetof axesfor thewhole objectin 70%of thescans,
asopposedo only 50%for PCA.

5.2 Matching

For mary applications,it is importantto be able to classify 3D
modelsor retrieve them from a databasérasedon their geomet-
ric propertiesThegoalisto nd arepresentationf shapgashape
descripto) thatcanbe computedobustly, matchedef ciently, and
usedto discriminatedifferentclasse®of objectseffectively. In this
sectionwe investigateusingthe PRSTassucha shapedescriptor

Our efforts aremotivatedby the obsenrationthatsymmetryproper

tiesareoften consistentvithin a classof objects.For example,al-

thoughchairsmayvaryin their size,whetheror notthey have arms,
etc.,their re ective planarsymmetriesarealmostalwaysthe same
(perfectleft-right symmetryawealerglobalsymmetrybetweerthe

back and seat,local symmetrieshroughthe seatand back, etc.).
This is true for mary otherobject classesaswell, including air-

planes,tables,people,etc. Perhapst is possibleto classify 3D

meshesutomaticallyby comparingtheir computedsymmetriego

thoseof meshesn a supervisedrainingset.

In previous work, Kazhdanet al. investigatedhis approachusing
their re ective symmetrydescriptor They emplg/edthe maximum
differencebetweerthe symmetrymeasuresf ary two correspond-
ing planeshroughthe centerof massasadissimilaritymeasurdor
apair of 3D meshesWe extendthatpreviouswork by considering
symmetrieswith respectto all planesthroughan objects bound-
ing volume.In our matchingmethod we measurehe dissimilarity
betweena pair of alignedmeshesasthe L, distancebetweertheir
discretePRSTs(Section4.3), weighting the differencesbetween

+60%.| PRST Better

+40%-

+20%-
”l"““llllm

-40%- 2 £2

8
o
£

GEDT Better

-60%-

Difference in NN Classification

<«— Object Classes—»

Figure 14: The PRST provides better retrieval performancefor
someclasseqtop), while the GEDT is betterfor others(bottom).
Combined,they producebetterretrieval performancethan either
alone.

correspondingins of the PRSThy P sing (wheregq is the polar
angleof the planerepresentedy the bin) to accountfor different
bin sizes. This measurgroducesa large distancewhenthereare
planesfor which oneobjectis (nearly)symmetric,while the other
is not.

In orderto evaluatethe PRSTasa shapealescriptoifor shape-based
retrieval andclassi cationapplicationswe rana setof “leave-one-
out” experimentswith thePrincetorShapeBenchmarkestset[Shi-
laneet al. 2004], a databasef 907 polygonalmodelspartitioned
into 92 classecommonlyusedfor shapematchingevaluations.In
orderto focusour studyon shaperepresentationatherthanalign-
ment,we manuallyregisteredall modelsinto acommoncoordinate
framebeforematchingevery modelagainstall the others. The L,
distancedetweenPRSTswereusedto producea ranked retrieval
list for each“query” model,andthen statisticswere computedto
evaluatehow oftenmodelswithin the sameclassappeamtthefront
of thecomputedetrieval lists.

Figure 13 shavs averageprecision-recalblots comparingour re-

trieval performancewith that of Kazhdanet al!'s planarre ective

symmetrydescriptof PRSD)andthe GaussiarEuclideanDistance
Transform(GEDT), which is currentlyusedin at leastone shape
basedsearchengine [Funkhouseret al. 2003]. The horizontal
axis of this plot representincreasingrecall values(fraction of the

querys classretrieved), while the vertical axis representsetrieval

precision(fractionof theretrievedmodelsthatarein thesameclass
asthequery).Highercurvwesrepresenbetterperformance.

We nd thatthe precisionachiezed whenmatchingwith the PRST
(thick blue curwe) is higherthanwith the PRSD (magentacurve)
for every recall value. This con rms the expectationthat the ex-
tra information provided by the PRST (symmetriesfor off-center
planes)addsprecisionfor shapematching. Of course,it is more
expensve to store(32, 768 oats versusl; 024 oats) andto com-
pare(0.1 msversus0.004ms), but the extra costseemsworth the
improved performancdor mostapplications.

We also nd that both the PRSDand PRST provide less match-
ing precisionthanthe GEDT (greencurwe) on average. We be-
lieve thatthis is becausenary objectclasseswithin the Princeton
ShapeBenchmarkhave the samesymmetriege.g.,almostall man-
madeobjectshave perfectleft-right symmetry). Even thoughthe
symmetriesmay be consistentwithin a class,they do not always
help discriminatebetweenclasses.However, we obsere that the
PRST provides bettermatchingresultsfor sometypesof objects
(i.e., oneswith distinctive symmetries)while the GEDT provides
betterresultsfor others(Figure14). So,we nd thatcombiningthe
two shapeadescriptorgby simply multiplying theL, distancesom-
putedseparatelyfor the two descriptors)rovides betterretrieval
performancethan either alone (the thick red curve in Figure 13).



Thenearesheighborclassi cationrateanddiscounteccumulative

gain scoresfor the combinedmethodwere 69.2%and 68.6%,re-

spectvely, which represengoodretrieval performancéor this data
set[Shilaneet al. 2004]. This leadsusto concludethatthe PRST

while perhapshot the bestshaperepresentatiofor retrieval of this

type of dataon its own, canprovide usefulinformationfor shape-
basedmatchingandcanbe usedto discriminateclassef objects
thataredif cult to distinguishwith othermethods.

5.3 Segmentation

Althoughthe PRSTnaturallyrepresentthesymmetrieof anentire
object, it alsoimplicitly capturesthe symmetriesof its parts. We

proposeto usethis informationfor segmentation:we decompose

a meshsuchthat the faceswith eachsegmenthave the samedis-
tinct symmetries.This criterion for automaticdecompositiorinto
partsis quitedifferentfrom previous methodge.g.,[Chazelleetal.
1995;Li etal. 2001;ManganandWhitaker 1999]in thatit incorpo-
rateslocal shapeinformationfor mary differentpartsof the mesh
simultaneously

Our sggmentationalgorithmfollows recentwork that hasusedk-

meanglusteringasa primitive operation However, insteadof clus-
tering basedon a simpli cation [Garlandet al. 2001] or basedon

geodesi@ndangulardistancebetweerpoints[Katz andTal 2003],
we clusterbasedon supportfor local maximain the PRST To do

this,we nd thesigni cant localmaximaof thePRST(Sectiord.4)
andcompute for eachfaceandfor every symmetryplane,the de-
greeto which the facecontributesto the symmetrywith respecto

thatplane—i.e., hown well doesthefacemapontothe surfaceafter
re ection acrossheplane(avisualizationof this measurés shavn

in Figure 8). If therearem local maximain the PRST then ev-

ery point hasm valuesrepresentingts supportfor symmetrywith

respectio eachof the m planes.We treatthesem valuesasa fea-
turevectorandclusterfacesaccordingto their proximity in the m-

dimensionalfeaturespace. Intuitively, this methodclustersfaces
thatsupportthe samedistinctsetof planarsymmetries.

Our sggmentationalgorithm proceedshierarchically in a manner
similar to the methodof Katz and Tal [2003]. For eachsplit, we

performk-meansclustering(with k = 2) to establisha rough sey-

mentationandthentake thetwo largestconnectedomponentsnd
nd the exact boundarybetweenthem by computinga weighted
min-cutalongthe edgesf themesh.ThediscretePRSTis recom-
putedandits local maximaarere ned afterevery split. Segmenta-
tion is terminatedat a usersupplieddepth,or whenthe only planes
of local maximare ect eithermorethan90% or lessthan 10% of

the surfaceontoitself.

Theresultof this processs a segmentatiortree,with the property
thatlower levelsin thetreecaptureincreasinglylocal symmetries,
henceallowing strongsymmetriesof even small partsto in uence
thesegmentation Figure15shavs someexamplesf thesegmenta-
tion producedy our method.Notethatfor the Teapothestrongest
planesof symmetrypassthroughthe body of the pot. So,the han-
dle, spout,andtop areremovedpreciselybecause¢hey arenotsym-
metric with respectto thoseplanes—i.e., the body of the pot is
removed from thesmallerparts,ratherthanvice-versa.For the Oc-
topusandSkeletalHandmodels local symmetrieof partsareim-
portantfor obtainingthe sgmentationrshavn. Finally, aweakness
of our schemecanbe seenin the segmentationof the legs of the
DinopetandBull. Becauseave usea min-cutto smoothour initial
guessthe nal segmentatiorwill seeka shortercut,andthusavoid
the uppersectionsof the thigh. Integratingsymmetryinformation
into the min-cutalgorithmis atopic for futurework.

Teapot Octopus Dinopet

Bull

SkeletalHand

Figure15: Thesemagesshav segmentationof arangeof models.
For the bull we shav segmentationinto 2;4; and8 segments.The
skeletalhandis shavn sgmentednto 4 and18 parts.

5.4 Viewpoint Selection

3D modelsmaylook considerablydifferentwhenviewedfrom dif-

ferentdirections,thus computinggood viewpointsfor 3D models
hasalwaysbeenimportantfor applicationssuchasrapidly viewing

a large numberof models,generatiorof icons, selectionof view-

pointsfor ImageBasedRenderingandrobot motion. The optimal

“canonicalview” of amodelmaydiffer dependingon the purpose,
andtherehave beena numberof methodssuggestedo nd such
viewpoints for various applications. Kamadaet al. [1988] seek
to minimize the numberof degeneratefacesin the image. Both

Véazquezetal. [2001]andLeeetal.[2005]try to nd quality view-

points by maximizing the (interesting)information contentfor a
view. Abbasietal. [2000] andLeeetal. [2004] nd optimalview-

pointsfor recognitionbasedon imagecontours prunedby various
imagingconstraints.Finally, Blanz et al. [1999] performeda user
studyto determinefactorsthatin uence the canonicalviews used
to display3D models.They reportthatuserspreferoff-axis views

to front or sideaxisviews.

Weintroduceamethodto choosegoodviewpointsautomaticallyby
minimizing the symmetryseen.The intuition behindour approach
is thatsymmetryin anobjectpresentsedundantnformationto the
userandis thereforeto be avoided. Our methodbegins with the
primarysymmetryof theobjectandthenuseshelocal maximaex-
tractedfrom the PRSTto minimize theamountof symmetryin the
directionof theviewer. More speci cally, for eachplaneappearing
asa local maximumin the PRST the preferredviewing direction
is alongthe normalto the plane. We computethe viewpoint score
for aview directionvas(v) = a owjv U M(u) whereu2 W is
aplaneof local symmetryandM(u) is the symmetryscorefor that
plane.

With this relatively simple scoringfunctionit is enoughto do an
exhaustve searchto nd theoptimalviewpoint, althoughagradient
decentmethodsuchasintroducedby [Lee etal. 2005]maybeused
to acceleratéhe computation.



Score Best Worst

Figure16: At left, we shav the viewpoint scorefor eachmodelas
a sphericalfunction. The visualizationis obtainedby scalingunit
vectorson the spheren proportionto the quality of the viewpoint
from thatdirection. Theimagesat centershav the bestviewpoint
selectedy ouralgorithm.Theimagesatright shav theworstview-
pointselected.

We shaw the resultsof our approactin the middle columnof Fig-
ure 16— eachobjects local symmetriegepelthe viewpoint, such
thatthe nal selectedview is off of the major axis of the objects.
Notethateventhoughwe only shaw the bestviewpoint, it is possi-
ble to extendthis implementatiorio producemultiple “interesting”
viewpointsfor theusers selection(left columnin Figure16)and/or
viewpointsto beavoided(right column).

6 Discussion

Theinvestigationof the PRSTpresentedh this paperis a rst step.
Ourimplementatiorhasseverallimitations,andtherearemary av-
enuedor futureresearch.

First,we haveinvestigatednly thetransformthatmapsa 3D object
to its planarre ective symmetries While this type of symmetryis
perhapghe mostprevalentin real-world objects,andthusmalkesa
good startingpoint, it is possibleto considerothertypesof sym-
metryin future work. For example,onemight de ne a rotational
symmetrytransform,in which ameasuref symmetryis computed
for every possiblerotation aroundevery possibleaxis (5D), or a
point re ectional symmetryaroundevery point (3D). We canfur-
ther investigatethe mappingof the re ective symmetrytransform
backfrom thespaceof planesto the spaceof points,by storingwith
eachpoint a function of the symmetrydistancedor the planesthat

passhroughit. Thiswasthemotivationfor ourvisualizationin Fig-
uresl and2. We hypothesizehatthe average maximum,or some
similar function of symmetrydistancedor all planesthrougheach
pointmay producea 3D functionworthy of futureinvestigation.

Second,our transformmeasuresymmetriesof an entire object.
However, for objectscontainingmultiple symmetricpartsa use-
ful investigationwould be to understanchow symmetriescan be

detectecht multiple scalescorrespondingo differentsizedregions
of local supportfManmathaand Savhney 1997]. While we have

shavn an automaticseggmentationalgorithm that extract symme-
tries of large parts of the model hierarchically interestinglocal

symmetriegnay “be drovned” andnot found during this process.
A multi-resolutionschemewherethe PRSTis computedon local

sectionof themodelwould beinterestingto investigate.

Finally, sincethePRSTisa3D! 3D mappingwe raisetheques-
tion of whetherthe transformis invertible. While at rst glance
the transformis composedf operationsthat causeirrecoverable
lossof information, precludinginversion,we believe thatthereare
strongconstraintsprovided by, for example,the requirementhat
the modelbe bounded(i.e. thatthe functionis zeroat the bound-
ary) that make inversionpossible. Using theseconstraintsve can
alreadyshaw thatthetransformis invertiblein the 1D and2D cases,
andwe believe we canextendthisto 3D. Theinversionis currently
sensitve to noisehowever, sofurtherresearclis necessaryo deter
mineif additionalconstraint®r strongewariationalrelationsmight
male our methodpractical. We hypothesizéhattheability to invert
thetransformwill leadto applicationsn avarietyof domainswith
theability to notonly analyzebut alsosynthesizesymmetries.

7 Summary

In summarywe have de ned the planarre ective symmetrytrans-
form, which measureshe symmetryof an objectwith respectto
all planesthroughits boundingvolume. We have describecdan ef-
cient Monte Carloalgorithmfor computingthe transformfor sur
facemeshesshawn thatit is stableundersmall perturbationsand
investigatedts utility for severalgeometriqorocessin@pplications.
In particular we proposethatthe centerof symmetrnyandprincipal
symmetryaxesareusefulfor aligning3D objectsn acommoncoor
dinateframe. We alsoshav thatthere ective symmetrytransform
canbe usedfor registering3D rangescansinto a commoncoor
dinatesystem,matching3D polygonalmodelsof the sameclass,
segmenting3D modelsinto parts,and nding goodviewpointsfor
visualizationof meshes. In future work, we hopeto investigate
othervariantsof the symmetrytransformandtheir applicationsor
geometrigorocessing.
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