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Abstract

With recentimprovementsin methodsfor theacquisitionandren-
deringof 3D models,the needfor retrieval of modelshasgained
prominencein the graphicsandvision communities.A variety of
methodshave beenproposedthat enablethe ef�cient queryingof
modelrepositoriesfor a desired3D shape.Many of thesemethods
usea 3D modelasa queryandattemptto retrieve modelsfrom the
databasethathaveasimilar shape.

In this paperwe considerthe implications of anisotropy on the
shapematchingparadigm.In particular, weproposeanovel method
for matching3D modelsthatfactorstheshapematchingequationas
thedisjointouterproductof anisotropy andgeometriccomparisons.
We provideageneralmethodfor computingthefactoredsimilarity
metricandshow how this approachcanbeappliedto improve the
matchingperformanceof many existingshapematchingmethods.

CR Categories: I.5.3 [Computing Methodologies]: Pattern
Recognition—SimilarityMeasures;I.5.4 [ComputingMethodolo-
gies]: Applications—ComputerVision

Keywords: shapematching,anisotropy

1 Intro duction

With recentimprovementsin methodsfor theacquisitionandren-
deringof 3D models,theneedfor effective retrieval of modelshas
gainedprominencein the graphicsandvision communities. The
ability to retrieveexistingmodelsfacilitatesthetasksof profession-
als in �elds rangingfrom entertainmentto scienti�c research,by
allowing themto obtaindesiredmodelsquickly without requiring
the expenditureof large amountsof time modelingthe 3D shape.
To addressthis need,a varietyof retrieval methodshave beenpro-
posedthat enablethe ef�cient queryingof model repositoriesfor
a desired3D shape[Princeton3D Model SearchEngine; Protein
DataBank ; CCCC; ShapeSifter]. Many of thesemethodsusea
3D modelasa queryandattemptto retrieve modelswith matching
shapefrom thedatabase.

In this paperwe considerthe implicationsof anisotropy on shape
matching. In particular, we proposea novel methodfor matching
3D modelsthat factorstheshapematchingequationasthedisjoint
outerproductof anisotropy andgeometriccomparisons.We pro-
vide a generalmethodfor computingthefactoredsimilarity metric
andshow how this approachcanbeappliedto improve thematch-
ing performanceof many existingshapematchingmethods.
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Figure1: Whentwo modelshavedifferentanisotropicscales(left), it is harderto es-
tablishcorrectcorrespondencesbetweenthetwo. Thus,matchingmethodsthatdepend
oncorrespondencesfor evaluatingsimilarity will beinaccuratein thiscase.In contrast,
whenthemodelsaretransformedsothateachis isotropic(right), thecorrespondences
aremoreaccurateandthemeasureof shapesimilarity is morediscriminating.

Thekey ideaof ourapproachis basedontheobservationthatmuch
of thechallengeof shapematchingis theestablishingof correspon-
dences,andthat it is easierto establishcorrespondencesbetween
two modelsif they areisotropic— having constantvariancein each
direction.Figure1 demonstratesthis for modelsof anarmchairand
asofa. Whenthemodelsareat their initial anisotropicscales(left),
it is dif�cult to establishcorrespondencesbetweensimilar regions.
Methodssuchasassociatingto a point on onemodel the nearest
point on the other(commonlyusedin ICP-typeapproaches[Besl
andMcKay 1992])will mappointson thecornersof thearmchair
to pointsin themiddleof thesofa,pointson thebottomof thearm-
restof thearmchairto pointson thetop of thearm-restof thesofa,
etc. Thus,many poorcorrespondenceswill beestablished,result-
ing in an inaccuratemeasureof similarity. If insteadboth models
arerescaledto beisotropic(right), thenthecorrespondencesestab-
lishedmoreaccuratelyre�ect correspondingregionsin theshape.

While many existing matchingmethodscomparemodelswithout
explicitly establishingcorrespondences,the underlyingsimilarity
metric is often designedto representthe distancebetweenpoints
on thesurfacesof thetwo models.Theseobservationsmotivateus
to designashapematchingparadigmthatcomparestwo modelsby
(1) transformingeachof theminto isotropicmodels,(2) comparing
the geometricsimilarity of the isotropicmodels,and(3) de�ning
themeasureof modelsimilarity asa functionof boththesimilarity
of theisotropicmodels,andthedifferencein theirinitial anisotropic
scales.Figure2 demonstratesthis processfor two differentmodels
of a table. Eachtable is representedby its isotropicversionand
its initial anisotropicscale,representedby thecovarianceellipsoid
of theoriginal model. Thedistancebetweenthetwo tablesis then
de�ned asthe outerproductof the distancebetweenthe isotropic
tablesandthedistancebetweentheinitial anisotropicscales.

Theremainderof thepaperis structuredasfollows. Section2 pro-
videsa generaloverview of existing shapematchingapproaches,
highlightingsomeof thecentralchallengesin this area.Section3
describesour proposedmethod,andSection4 providesempirical
resultsdemonstratingtheef�cacy of ourapproachin improving the
matchingperformanceof many existing shapemetrics. We con-
cludein Section5 by summarizingour results.



Figure2: Our approachis to comparetwo modelsby rescalingeachmodelsothat
it is isotropicandthende®ningthedistancebetweentwo modelsastheouterproduct
of thedifferencesbetweentheisotropicmodelsandtheir initial anisotropicscales.

2 Related Work

Traditionalmethodsfor retrieval of modelsfrom largerepositories
focuson designinga methodfor de�ning a measureof similarity
betweenaquerymodelandevery targetmodelin thedatabase.The
modelsin thedatabasearethensortedby thismeasureof similarity,
andthenearestmodelsarereturnedasmatches.

In thecontext of matching3D shapes,themostcommonapproach
is to establishcorrespondencesbetweenthe querymodeland the
targetmodel,andthento de�ne themeasureof similarity in terms
of thedistancesbetweencorrespondingpoints.Two generalclasses
of methodshave beenproposedthat computea measureof shape
similarity by explicitly establishingsuchcorrespondences.The�rst
approachis a local one,seekingto establishcorrespondencesbe-
tweenpairsof pointsonthetwo models,andthende�ning themea-
sureof shapesimilarity asthesumof thesquareddistancesbetween
pairsof pointsin correspondence[BeslandMcKay 1992].Thesec-
ondmethodis moregeneral,decomposingamodelinto constituent
parts,andthenrepresentingthemodelasagraphcharacterizingthe
relationshipbetweenthedifferentsegments[Siddiqi etal.1998;Hi-
lagaetal.2001].Correspondencesbetweentwo modelscanthenbe
establishedusingsubgraphisomorphismtechniques,which simul-
taneouslyde�ne thecorrespondencesbetweenthenodesof thetwo
graphrepresentations,andgive thequalityof thecorrespondences.

For bothof theseapproaches,theestablishingof correspondencesis
adif�cult andtimeconsumingtaskthatneedsto beperformedona
per-pair-of-modelsbasis.Thus,muchof thenecessarycomputation
canonly beperformedat runtime,oncea queryis speci�ed. This
makesthesemethodsimpracticalfor the retrieval of modelsfrom
largedatabases,whereef�cient comparisonis essential.

Thecomputationalcomplexity of establishingcorrespondencesbe-
tweenmodelshasmotivateda largebodyof researchin theareaof
shapedescriptors.Thegeneralapproachof thesemethodsis to de-
�ne a mappingfrom thespaceof modelsinto a �x ed-dimensional
vectorspace,andthento de�ne themeasureof similarity between
two modelsasthedistancebetweentheircorrespondingdescriptors
[Horn 1984; Kang andIkeuchi1991; Ankerstet al. 1999; Osada
et al. 2001;Vranic andSaupe2001;Funkhouseret al. 2003]. The
mappingis oftenchosensothat thedistancebetweentwo descrip-
tors measuresthe proximity of points on the surfacesof the two
models,so that a correspondence-basedmeasureof similarity can
beobtainedwithout theoverheadof explicitly establishingthecor-
respondences.This approachhasthe advantageof addressingthe
matchingproblemon a per-modelbasis,allowing for the compu-
tation of descriptorsin an of�ine process. Then, at runtime, the
descriptorof thequeryis computedandcomparedagainstthe(pre-

computed)descriptorsof all themodelsin thedatabase,giving rise
to methodsthat cansatisfythe ef�ciency requirementsof interac-
tivesearch.

For amoregeneralsurvey of shapedescriptors,wereferthereaders
to [Alt andGuibas1996;Loncaric1998;Pope1994;Tangelderand
Veltkamp2004].

A speci�c challengethat shapedescriptorapproachesneedto ad-
dressis that in thecontext of 3D shapematching,a modelandits
imageundera similarity transformationare consideredto be the
same. In general,this issueis addressedin oneof two manners:
(1) Themappingis chosento beinvariant to similarity transforma-
tion, so that the sameshapedescriptoris de�ned for every orien-
tationof a singlemodel. (2) Eachmodelis normalizedby placing
it into its own canonicalcoordinatesystem,andthentheshapede-
scriptorof thealignment-normalizedmodelis computed.

Methodsfor normalizinga model's translationandscalearebased
on [Horn 1987; Horn et al. 1988]. In this work, the authorsde-
scribea methodfor solving for thealignmentminimizing thesum
of squaredifferencesbetweentwo orderedpointsets.While theso-
lution for the optimal rotationdependson the correspondencebe-
tweenthe two point sets,the optimal translationandscalecanbe
computedon a per-modelbasis,with theoptimal translationbeing
theonethat transformsa model's centerof massto theorigin, and
theoptimalscalegiving riseto amodelwhosemeanvariancefrom
theorigin is equalto one.

Methodsfor addressingrotationalsimilarity have either taken the
normalizationapproach,aligninga modelsothat its principalaxes
transformto thex-, y-, andz-axes,or have obtainedrotationinvari-
ant representationsby discardingsphericalphaseandobtaininga
collectionof amplitudesthat are independentof a model's align-
ment[Burel andHenocq1995;Kazhdanetal. 2003].

3 Metho dology

In orderto separateanisotropy from theshapematchingequation,
we proposea methodfor matchingtwo 3D modelsthat �rst re-
movesthe anisotropy from eachof the models,comparesthe ge-
ometryof the isotropicmodels,andthenexpressesthemeasureof
similarity of the two modelsasa function of both geometricand
anisotropicsimilarity. This approachis motivatedby earlierwork
in theareaof isotropicscalenormalization,whichwereview in the
next subsection.We thenshow how theseresultscanbe general-
ized to anisotropicscaleanddescribea methodfor removing the
anisotropy from model. We concludeby describinga methodfor
comparingtwo models,providing afamily of shapemetricsparam-
eterizedby theimportanceassignedto anisotropy.

3.1 Isotropic Scale

In [Horn et al. 1988;Horn 1987], theauthorsaddressthe issueof
solvingfor theoptimalscalethatminimizesthesumof squaredis-
tancesbetweentwo orderedpoints sets. They posethe problem
as follows: Given two orderedpoint sets,P = f p1; : : : ; png and
Q = f q1; : : : ;qng, �nd the value of a that minimizesthe sum of
squareddistances:

n

å
i= 1






 a pi �
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This formulationof theoptimalscaleproblemhasthepropertythat
themeasureof similarity at theoptimalscaleis independentof the



orderof P andQ, andis minimizedwhen

a = 4

s
å kqik

2

å kpik
2 :

Thus, if eachof the point setsis independentlyscaledso that its
meanvarianceisequalto1, thentheoptimalscalevaluefor aligning
thetwo normalizedpointsetsis a = 1 andthepoint setsarein fact
optimallypairwisescale-aligned.

The implicationof this resultfor shapematchingis thatscalenor-
malizationcanbe doneon a per-modelbasis,independentof cor-
respondence.As with usingthecenterof massfor translationnor-
malization,this methodis only provably correctwhenmodelsare
comparedby summingdistancesbetweencorrespondingpoints.In
practicehowever, many existingshapedescriptorsimplicitly de�ne
shapesimilarity in termsof the distancebetweensurfacesandwe
�nd that translatingmodelsso that their centerof massis at the
origin andscalingthemsothat their meanvarianceis equalto one
providesa robustmethodfor translationandscalenormalization.

3.2 Anisotropic Scale

We now show how theresultsfor optimalscalecanbegeneralized
to solve for the optimal anisotropicscale. Given two point sets
P= f p1; : : : ; png, with pi = (pi

x; pi
y; pi

z), andQ= f q1; : : : ;qng, with
qi = (qi

x;qi
y;q

i
z), the sumof squareddifferencesbetweenthe two

point setsis givenby theequation:

n

å
i= 1

(pi
x � qi

x)2 + (pi
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2 + (pi

z � qi
z)

2:

It follows from thework describedabove that if we searchfor the
optimalanisotropicscalein any singledirectionv, thenthis occurs
whenthe point setsP andQ arenormalizedso that their variance
in thedirectionv is equalto 1. Consider, for example,thecaseof
solving for theoptimalanisotropicscalein thex direction. In this
case,wewould like to solve for thevalueof a thatminimizes

n

å
i= 1

(a pi
x � qi

x=a )2 + (pi
y � qi

y)
2 + (pi

z � qi
z)

2:

As in thecaseof theisotropicscale,thevalueof a thatminimizes
theerroris:

a = 4

s
å (qi

x)2

å (pi
x)2

andthemodelsareoptimally scale-alignedin thex directionif the
varianceof eachmodel,in thex-direction,is equalto 1.

More generally, if both point sets satisfy the property that the
variancein any direction is equal to 1, then it follows that any
anisotropicscalingof oneof thetwo pointssetswill only increase
thesumof squareddifferences,andthemodelsarein factoptimally
anisotropicallyaligned.

In order to transforman arbitrarypoint set into one that hasunit
variancein any direction,it suf�ces to computeits covariancema-
trix C and then apply the transformationC� 1=2 to the point set.
(Sincewe assumethat thepointsarenot all coplanar, thematrixC
is positive de�nite andhencecanbeinverted,andhasa realsquare
root.) To seethis, note that the covariancematrix of a point set
P = f p1; : : : ; png canbede�ned by theequation:

CP =
n

å
i; j= 1

(pi � p j ) � ( pi � p j )
t ;

Figure3: Uniform pointsamplesfrom thesurfaceof aniris modelareshown onthe
left. Thesamepointsafteranisotropicrescaling,areshown on theright. Thoughthe
point seton theright hasconstantvariancein everydirection,it no longerrepresentsa
uniformsamplingfrom thesurfaceof theanisotropicallyrescalediris.

wherethe doublesummationis taken in order to accountfor the
variancewith respectto centerof mass. If we set Q to be the
transformedpoint setQ = C� 1=2

P
p1; : : : ;C� 1=2

P
pn thenthe covari-

ancematrixof Q is givenby:

CQ =
n

å
i; j= 1

C� 1=2
P (pi � p j ) � ( pi � p j )

tC� 1=2
P

= C� 1=2
P

 
n

å
i; j= 1

(pi � p j ) � ( pi � p j )
t

!

C� 1=2
P = 1

Thus, the covariancematrix of the transformedpoint set is equal
to the identity, andthe variancein any directionis equalto 1. As
with isotropicrescaling,thisapproachhastheadvantagethatit can
normalizefor anisotropicrescaleon a per-modelbasis,allowing a
modelto betransformedin a pre-processingstage,independentof
themodelthatit will bematchedagainst.

The dif�culty with applying this methoddirectly to triangulated
modelsis illustratedin Figure3 whichshowspointsuniformly sam-
pledfrom amodelof aniris (left). After ananisotropictransforma-
tion is appliedto thepointset(right), thepositionsof thepointsare
transformedand they no longer representa uniform samplingof
thesurface.Notethatpointsonthestemaretightly clustered,while
pointson the petalbecomemorespreadout. This propertyof 3D
meshesresultsin theundesiredpropertythatoftenthetransformed
modelis still not isotropic.

In orderto addressthis issue,we proposean iterative approachto
transformingthemodel.At eachstepof theiteration,themodelis
�rst translatedsothat its centerof massis at theorigin, thecovari-
ancematrix is computed,and�nally the model is rescaledby the
inversesquarerootof thecovariancematrix. In ourexperiments,we
�nd that this approachconvergesef�ciently to an isotropicmodel
and,in practice,nomorethan� ve iterationsof thisprocessarenec-
essaryto obtaina nearlyisotropicshape.Figure4 shows a model
of a penandthetransformedmodelafterseveralstepsof theitera-
tion process.The�gure alsodraws theassociatedcovarianceellip-
soids,which convergeto a sphereasthemodelbecomesisotropic.
Notethatafter the �rst iteration,thetransformedmodelis still not
isotropic,though,asthe�gure indicates,the iterative processcon-
vergesquickly to an isotropicmodel. We provide a proof of the
convergenceof thisapproachin theappendix.



Figure4: A visualizationof a penmodelandits covarianceellipsoid is shown on
the left. The transformedmodel and its associatedcovarianceellipsoid, after one,
two, andthreeiterationsareshown on the right. Note that thoughthe modelis very
anisotropic,after the third iterationof anisotropicrescalingwe obtaina modelthat is
nearlyisotropic,with thecovarianceellipsoidconverging to asphere.

3.3 Anisotrop y Factoring

The methodthat we proposefor anisotropy factoringis a general
onethat canbe appliedto any of the many methods[Horn 1984;
Kang and Ikeuchi 1991; Ankerst et al. 1999; Vranic and Saupe
2001;Osadaet al. 2001;Funkhouseret al. 2003]thatmatchestwo
modelsby independentlyrepresentingeachoneby a featurevec-
tor, and thende�ning the measureof modelsimilarity as the L2-
differencebetweenthecorrespondingfeaturevectors.In particular,
we anisotropicallyrescalea modelM to obtainan isotropicmodel
M̃, storingthesortedtriplet of eigenvaluesl M = (l M

1 ; l M
2 ; l M

3 ) of
thematrix transformingM into M̃. The triplet l M is a rotationin-
variant representationof the anisotropy of M and, for simplicity,
wenormalizethetriplet sothat




 l M




 = 1. Wecomputethefeature

vectorv ÄM
of the isotropicmodeland,usingthe fact that the infor-

mationcontainedin v ÄM
is orthogonalto the informationcontained

in l M , we representthe initial modelM by thenew featurevector
v ÄM

� l M , asshown in Figure5.

At runtime,whenaquerymodelQ is presentedto thedatabase,we
computethe anisotropy factorizationof Q andde�ne the measure
of similarity betweenQ andadatabasemodelM to bethevalue:

Dg(M;Q) = kv ÄM
k2 + kv ÄQ

k2 � 2hv ÄM
;v ÄQ

ihl M ; l Qi g:

If g = 1 then Dg(M;Q) is the L2-differencebetweenthe vectors
v ÄQ

� l Q and v ÄM
� l M . More generally, g can be treatedas a

�x ed constantrepresentingthe importanceof anisotropy informa-
tion in thecontext of shapematching.Thus,in thecasethatg = 0,
anisotropy informationplaysnorolein thematchingandthematch-
ing methodis invariantto anisotropicscale.If additionallythefea-
ture vector is itself rotation invariant [Ankerstet al. 1999; Osada
et al. 2001; Funkhouseret al. 2003], then we obtain a matching
methodthatis invariantto all af�ne transformations.

Figure5: Wecreateanew featurevectorfor amodelby computingtheouterproduct
of theanisotropicscaleswith thefeaturevectorof theisotropicmodel.

The advantageof this matchingapproachis that the shapemet-
ric de�nes similarity as the outerproductof the similarity of the
featurevectorsandthe similarity of the anisotropy vectors.Thus,
the new featurevectorsonly needto store three additional val-
ues,correspondingto the normalizedeigenvaluesof the symmet-
ric matrix transformingananisotropicmodelinto anisotropicone.
This meansthatneitherthestoragenor thecomparisontime of the
anisotropy factorizedfeaturevectoris signi�cantly larger thanthe
correspondingstorageandcomparisontime for theoriginalone.

4 Results

To measuretheef�cacy of theanisotropicrescalingscaleapproach
in tasksof shaperetrieval, we computeda numberof shapede-
scriptorsandcomparedmatchingresultswhenthedescriptorof the
original anisotropicmodelwasusedwith theresultsobtainedwith
anisotropy factoring.Thedescriptorsweusedwere:

� ShapeHistogram (Shells)[Ankerstetal. 1999]:A represen-
tationof a3D modelasahistogramof thedistancesof surface
pointsfrom thecenterof mass.

� D2 [Osadaet al. 2001]: A representationof a 3D modelasa
histogramof thedistancesbetweenpairsof surfacepoints.

� Extended GaussianImage [Horn 1984]: A representation
of a 3D modelasa sphericalhistogramof thedistribution of
normaldirectionsover thesurfaceof amodel.

� ShapeHistogram (Sectors)[Ankerstet al. 1999]: A repre-
sentationof a3D modelasasphericalfunctionassociatingto
eachdirectionfrom theorigin themeasureof thesurfacearea
in thatdirection.

� SphericalExtent Function [Vranic andSaupe2001]:A rep-
resentationof a 3D modelasa sphericalfunctionassociating
to eachdirectionfrom theorigin thedistanceto thelastpoint
of intersectionof themodelwith theray.

� GaussianEuclideanDistanceTransform [Funkhouseretal.
2003]:A representationof a3D modelasavoxel grid, where
thevalueateachpoint is givenby thecompositionof aGaus-
sianwith theEuclideanDistanceTransformof thesurface.

The �rst two shapedescriptorsare rotation-invariant by design,
while theotherfour caneitherbenormalizedfor rotationby align-
ing themodelwith PCAor canbemaderotation-invariantusingthe
sphericalpower spectrum[Burel andHenocq1995;Kazhdanet al.
2003]; we presentmatchingresultsfor both typesof approaches.
(Notethatsinceanisotropy factorizationmakesthecovariancema-
trix of a modela multiple of the identity, PCA alignmentneedsto
beperformedprior to thefactorization.)

We evaluatedthe performanceof eachmethodby measuringhow
well it classi�ed modelswithin a test database. The database
wasprovidedby thePrincetonShapeBenchmark[PrincetonShape
Benchmark], andconsistsof 1814modelsdecomposedinto two
groupsof roughly 900 models,correspondingto training andtest
datasets.Eachgroupis provided with a classi�cation,associating
eachof the modelsto one of roughly 90 distinct classes. Clas-
si�cation performancewasmeasuredusingprecision/recallplots,
which give thepercentageof retrieved informationthat is relevant
as a function of the percentageof relevant information retrieved.
That is, for eachtargetmodelin classC andany numberK of top
matches,“recall” representstheratio of modelsin classC returned
within the top K matches,while “precision” indicatesthe ratio of
thetopK matchesthatarein classC. Thus,plotsthatappearshifted
up indicatesuperiorretrieval results.



Figure6: Theimprovementin precisionof anisotropy factorizationfor four PCA-alignedand®ve rotation-invariantrepresentations.Theplots indicatethatwhentheimportance
of anisotropy differencesis ampli®ed(a = 3) retrieval performanceis improved,andwhenanisotropy differencesareignored(a = 0) retrieval performanceis hampered.

For eachshapedescriptor, we comparedthe precisionversusre-
call resultsobtainedusing the descriptorapplied to the original
modelwith thoseobtainedwith anisotropy factorization. For the
anisotropy factorizationwe used the metrics Dg with g = 0 to
dampentheimportanceof anisotropy in retrieval andg = 3 to am-
plify the importanceof anisotropy in retrieval. Figure6 shows the
resultsfor the differentPCA-alignedandrotation-invariant repre-
sentations,with precisionversusrecallplotsaveragedover thedif-
ferentmodelsin thedatabase.Sinceweareprimarily evaluatingthe
effect of anisotropy factorizationon the matchingperformanceof
a givendescriptor, theplotsshow the improvementin precisionof
anisotropy factorizationover theresultsobtainedwithout factoriza-
tion. Theresultsindicatethattheanisotropicscaleof amodelis an
essentialclassi�er of shapeandwhenit is ignored(g = 0), retrieval
performancedeteriorates.On theotherhand,theresultsalsoindi-
catethatit is easierto matchtwo modelswhenthey areanisotropi-
cally aligned,sothatmethodsthatcomparethetwo modelsin their
anisotropy normalizedframesandthenpenalizefor differencesin
the initial anisotropicscales(g = 3) give rise to matchingresults
with improvedprecision.

Finally, we notethatwhile theresultsindicatethatanisotropy fac-
torizationis a techniquethatworkswell on average,therearespe-
ci�c typesof modelsfor which this methodcanfail. In particular,
we have found thatwhenthe initial modelis very anisotropic(the
differencebetweenthelargestandsmallestprincipaleigenvaluesis
large)anisotropy factorizationdoesnot alwayswork well. We be-
lieve thatthereasonfor this is duethemannerin whichanisotropic
rescalingactson a shape.Whenoneof the principal eigenvalues
is markedly smallerthantheothers,anisotropy normalizationwill
scalethemodeldisproportionatelyin oneprincipaldirection.As a
result,featuresthatmayhavebeenunimportantin theinitial model
will playamoredominantrole in de�ning modelssimilarity. As an
example,Figure7 demonstratesthis for a chesssetmodel. When
themodelis rescaledto have constantvariancein every direction,
thesideof theboardandthechesspiecesbecomemoreprominent
featuresin themodelandplayamoredominantrole in matching.

5 Conclusion

In this paperwe have describeda methodfor factoringthe shape
matchingequationinto the productof an anisotropy comparison
and a geometriccomparison. This factorizationprovides a fam-
ily of shapemetricsthatallows usersto specifythe importanceof
anisotropy within thegeneralcontext of shapesimilarity. We have
shown that this methodis suf�ciently generalto be appliedto a
wide collectionof existing shapematchingalgorithms,improving

Figure7: Whena model is normalizedfor anisotropy, partsthat may have been
unimportantin theinitial modelmaybecomemorepronouncedfeaturesof themodel,
adverselyaffectingshapematching.

the matchingperformanceof mostwithout inducinga large over-
headin computationtime. Thus,thedescribedfactorizationis well
suitedfor many of thenascentapplicationsthatstrive to provide a
methodfor ef�ciently andeffectively retrieving modelsfrom large
repositoriesof 3D shapes.
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Appendix

In thisappendix,weprovetheconvergenceof theiterativerescaling
algorithmfor obtaininganisotropicmodelfrom ananisotropicone.
Weassumethatthemodelisnotcoplanar, sothatthevariancein any
directionis non-zero,andwe show that iteratively anisotropically

rescalingthe model by the inversesquareroot of the covariance
matrixisaprocessthatconvergestoamodelwith constantvariance,
independentof direction. In particular, the stepsof eachiteration
are:

1. Anisotropicallyrescalethe modelby the inversesquareroot
of thecovariancematrix

2. Isotropicallyrescalethemodelsothattheminimumandmax-
imum eigenvaluesof thecovariancematrix of thenew model
arereciprocals,

andweshow thatiteratingthesestepsforcestheminimumandmax-
imumeigenvaluesof thecovariancematrixto convergeto 1. To this
end,we usethe following equationfor the covariancematrix of a
modelM:

CM =
Z

M

Z

M
(p� q) � (p� q)tdpdq

sothatthevarianceof M in adirectionv is givenby:

Var(M;v) = vtCMv =
Z

M

Z

M
hp� q;vi 2dpdq:

We will �rst show that a modelwith non-zerovariancein any di-
rectioncanalwaysberescaledsothattheminimumandmaximum
eigenvaluesarereciprocals.Next, weprovetwo lemmasdescribing
thedecompositionM into anevenpartitionandthecorresponding
decompositionof thevarianceof M acrosssuchapartition.Finally,
weusethelemmasto show thattheextremaleigenvaluesmustcon-
vergeto 1.

Isotropic Rescaling: Givena modelM andscalefactors, theco-
variancematrixof sM is de�ned as:

CsM =
Z

sM

Z

sM
(p� q) � (p� q)tdpdq = s6CM :

Thus,givena modelM whosecovariancematrixCM haseigenval-
ues0 < l 1 � l 2 � l 3, wecanrescalethemodelby (

p
l 1 � l 3)� 1=6

to obtaina new modelwhosecovariancematrix hasasits smallest
andlargesteigenvaluesthereciprocals

p
l 1=l 3 and

p
l 3=l 1.

Lemma1: Givenacontinuousfunction f de�nedonM, thereexists
anevenpartitionof M into subsetsM+ andM� andavaluemsuch
thatjM+ j = jM� j and f (p+ ) � m� f (p� ) for all p+ 2 M+ andall
p� 2 M� .

Proof: To prove that sucha decompositionmustexist, we de�ne
the functionF(t) thatgivestheareaof thesubsetof M with value
lessthanor equalto t:

F(t) =
�
�
� f � 1

�
(� ¥ ;t]

� �
�
�

ThenF(t) is anon-decreasing,right-continuousfunctionthatstarts
at 0 andgrows to jMj, andis discontinuousat pointst0 suchthat
j f � 1(t0)j > 0. SetF to betheclosureof thesetof valuest for which
F(t) � jMj=2. SinceF(t) is monotonicweknow thatF = (� ¥ ;m],
for somevaluem. Thenfor all t � mwehaveF(t) � jMj=2 andfor
all t < mwe have F(t) � jMj=2. If F(m) = jM=2j we cansetM �

equalto the inverseimageof f on the range(� ¥ ;m], andwe can
setM+ = M � M� . Otherwisethe function F(t) is discontinuous
at mandwemusthave

�
� f � 1(m)

�
� � F(m) � jMj=2. Thuswecanset

M+ to be theunionof the inverseimageof f on the range(m;¥ )
andany subsetof f � 1(m) thathasareaF(m) � jMj=2

Lemma 2: Givena partitionof M into equalsizedsubsetsM+ and
M� , thevarianceacrossM+ andM� is at leastaslargeashalf the



variancewithin M+ andhalf thevariancewithin M� . Thatis, if:

I++
M (v) =

Z

M+

Z

M+
hp� q;vi 2dpdq

I+ �
M (v) =

Z

M+

Z

M�
hp� q;vi 2dpdq

I ��
M (v) =

Z

M�

Z

M�
hp� q;vi 2dpdq

thenwemusthave:

I++
M (v) � 2I+ �

M (v) and I ��
M (v) � 2I+ �

M (v):

Proof: Weshow thatI ��
M (v) � 2I+ �

M (v), by integratingI+ �
M (v) over

M� andusingthetriangleinequality.

2I+ �
M (v) = 2

Z

M+

Z

M�
hp� q;vi 2dpdq

=
1

jM� j

Z

M�

Z

M�

Z

M+

�
hp� � p+ ;vi 2+

+ hq� � p+ ;vi 2
�

dp+ dp� dq�

By thetriangleinequality, weknow that:

hp� � p+ ;vi 2 + hq� � p+ ;vi 2 � hp� � q� ;vi 2

sothat:

2I+ �
M (v) �

1
jM� j

Z

M�

Z

M�

Z

M+
hp� � q� ;vi 2dp+ dp� dq�

=
jM+ j
jM� j

Z

M�

Z

M�
hp� � q� ;vi 2dp� dq�

= I ��
M (v)

asdesired.Theproof for I++
M (v) � 2I+ �

M (v) is analogous.

Anisotropic Rescaling: Given a model M, we setCM to be the
covariancematrix of M, 0 < l 1 � l 2 � l 3 = 1=l 1 to betheeigen-
valuesof CM , andBM = C� 1=2

M
to betheinversesquarerootof CM .

Applying BM to themodelM, weobtainamodelwhosevariancein
directionv is givenby:

Var(BM(M);v) =
Z

BM (M)

Z

BM (M)
hp� q;vi 2dpdq (1)

=
Z

M

Z

M
hp� q;BM(v)i 2b(p)b(q)dpdq

whereb(p) is the differential changeof areaat the point M and
mustsatisfy: p

l 1p
l 2

� b(p) �
1

p
l 1 � l 2

:

Usingthefactthateachsummandin Equation1 is positive,wecan
applytheabove inequalitiesto get:

Z

M

Z

M
hp� q;BM(v)i 2dpdq

l 1
l 2

� Var(BM(M);v)

Var(BM(M);v) �
Z

M

Z

M
hp� q;BM(v)i 2dpdq

1
l 1 � l 2

sothat
l 1
l 2

� Var(BM(M);v)
1

l 1 � l 2
:

We observe that whenwe rescalethe modelso that minimal and
maximaleigenvaluesof the covariancematrix arereciprocals,the
minimaleigenvalueis nosmallerthanl 1 sothattransformingM by
BM cannotmake theminimal variancesmaller, nor canit make the
maximalvariancelarger.

To show that the minimal andmaximaleigenvaluesmustactually
converge to 1, we usethe lemmasabove. To do this, we usethe
functionb(p) andLemma1 to evenlypartitionM into M+ andM�

andobtainavaluemsatisfying:
s

l 1
l 2

� b(p� ) � m� b(p+ ) �

s
1

l 1 � l 2

for all p� 2 M� and p+ 2 M+ . (Thoughb(p) is not continuous
on M, it is only discontinuouson a closedsubsetwith 0 area,so
Lemma1 still holds.) Expressingthe varianceof BM(M) in the
directionv in termsof thispartitionweget:

Var(BM(M);v) =
Z

M�

Z

M�
hp� � q� ;BM(v)i 2b(p� )b(q� )dp� dq�

+ 2
Z

M�

Z

M+
hp� � p+ ;BM(v)i 2b(p� )b(q+ )dp� dp+

+
Z

M+

Z

M+
hp+ � q+ ;BM(v)i 2b(p+ )b(q+ )dp� dp+

Thisallowsusto boundtheminimal varianceby:

Var(BM(M);v) �

I ��
M (BM(v))

l 1
l 2

+ 2I+ �
M (BM(v))m

s
l 1
l 2

+ I++
M (BM(v))m2:

Since I ��
M (BM(v)) + 2I+ �

M (BM(v)) + I++
M (BM(v)) = 1, sincep

l 1=l 2 � m, and since2I+ �
M (BM(v)) � I ��

M (BM(v)) , it follows
thattheminimumvarianceis boundedby:

l 1=l 2 + m
p

l 1=l 2
2

� Var(BM(M);v):

In asimilarmannerwecangetanupperboundfor thevariance:

l 1
l 2

+ m
r

l 1
l 2

2
� Var(BM(M);v) �

1
l 1�l 2

+ m
q

1
l 1�l 2

2

IsotropicallyrescalingBM(M) to geta modelM̃ with minimal and
maximalvariancesthatarereciprocals,weget:

l 1

p
f (m) � Var(M̃;v) with f (t) =

1+ t
p

l 2=l 1

1+ t
p

l 2 � l 1
:

In order to �nd the minimum of the variance,we computethe
derivative:

f 0(t) =

p
l 2=l 1 �

p
l 2 � l 1

(1+ t
p

l 2 � l 1)2
:

Sincel 1 � 1, thederivative is never negative, andhencethevari-
anceof M̃ is minimizedwhenmis assmallascanbe,which is to
saym=

p
l 1=l 2. In this caseweget:

l 1

s
2

1+ l 1
� Var(M̃;v) �

1
l 1

r
1+ l 1

2
:

Thus, the minimal andmaximalvariancesof the modelareguar-
anteedto convergeto 1, andtheiterative methoddescribedin Sec-
tion 3 is guaranteedto convergeto amodelwith variance1 in every
direction.


