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Abstract

With recentimprovementsin methodsfor the acquisitionandren-
dering of 3D models,the needfor retrieval of modelshasgained
prominencean the graphicsandvision communities.A variety of

methodshave beenproposedhat enablethe ef cient queryingof

modelrepositoriedor a desired3D shape Many of thesemethods
usea 3D modelasa queryandattemptto retrieve modelsfrom the
databas¢hathave a similar shape.

In this paperwe considerthe implications of anisotroy on the
shapamatchingparadigm.n particular we proposeanovel method
for matching3D modelsthatfactorstheshapematchingequatioras

thedisjointouterproductof anisotroly andgeometriccomparisons.

We provide a generaimethodfor computingthefactoredsimilarity
metricandshov how this approactcanbe appliedto improve the
matchingperformancef mary existing shapenatchingmethods.

CR Categories:  1.5.3 [Computing Methodologies]: Pattern
Recognition—SimilarityMeasuresj.5.4 [ComputingMethodolo-
gies]: Applications—ComputeYision

Keywords: shapematchinganisotroy

1 Intro duction

With recentimprovementsn methoddgfor the acquisitionandren-
deringof 3D models the needfor effective retrieval of modelshas
gainedprominencen the graphicsand vision communities. The
ability to retrieve existing modelsfacilitatesthetasksof profession-
alsin elds rangingfrom entertainmento scienti c researchpy

allowing themto obtaindesiredmodelsquickly without requiring
the expenditureof large amountsof time modelingthe 3D shape.
To addresghis need a variety of retrieval methodshave beenpro-

posedthat enablethe ef cient queryingof modelrepositoriesfor

a desired3D shapePrinceton3D Model SearchEngine; Protein
DataBank; CCCC; ShapeSiftej. Many of thesemethodsusea

3D modelasa queryandattemptto retrieve modelswith matching
shape&rom thedatabase.

In this paperwe considerthe implicationsof anisotroly on shape
matching. In particular we proposea novel methodfor matching
3D modelsthatfactorsthe shapematchingequationasthe disjoint
outerproductof anisotroy andgeometriccomparisons.We pro-
vide a generamethodfor computingthe factoredsimilarity metric
andshav how this approachcanbe appliedto improve the match-
ing performancef mary existing shapematchingmethods.
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Figurel: Whentwo modelshave differentanisotropicscaleqleft), it is harderto es-
tablishcorrectcorrespondencdsetweerthetwo. Thus,matchingmethodghatdepend
oncorrespondencder evaluatingsimilarity will beinaccuraten thiscase.In contrast,
whenthe modelsaretransformedsothateachis isotropic(right), the correspondences
aremoreaccurateandthe measuref shapesimilarity is morediscriminating.

Thekey ideaof ourapproachs basedntheobsenrationthatmuch
of thechallengeof shapematchingis theestablishingf correspon-
dencesandthatit is easierto establishcorrespondencdsetween
two modelsif they areisotropic— having constant/ariancein each
direction.Figurel demonstratethis for modelsof anarmchairand
asofa. Whenthemodelsareattheirinitial anisotropicscaleqleft),
it is dif cult to establishcorrespondencdsetweersimilar regions.
Methodssuchas associatingo a point on one modelthe nearest
point on the other (commonlyusedin ICP-typeapproache¢Besl|
andMcKay 1992])will mappointson the cornersof the armchair
to pointsin themiddle of the sofa, pointson the bottomof thearm-
restof thearmchairto pointson thetop of thearm-restof the sofa,
etc. Thus,mary poor correspondencesill be establishedresult-
ing in aninaccuratemeasuref similarity. If insteadboth models
arerescaledo beisotropic(right), thenthe correspondencesstab-
lishedmoreaccuratelyre ect correspondingegionsin theshape.

While mary existing matchingmethodscomparemodelswithout
explicitly establishingcorrespondenceshe underlying similarity
metric is often designedo representhe distancebetweenpoints
on the surfacesof thetwo models.Theseobsenationsmotivateus
to designa shapematchingparadigmthatcomparetwo modelsby
(1) transformingeachof theminto isotropicmodels(2) comparing
the geometricsimilarity of the isotropic models,and (3) de ning
themeasuref modelsimilarity asa functionof boththe similarity
of theisotropicmodels andthedifferencen theirinitial anisotropic
scales Figure2 demonstratethis procesdor two differentmodels
of atable. Eachtableis representedby its isotropic versionand
its initial anisotropicscale representethy the covarianceellipsoid
of the original model. The distancebetweerthe two tablesis then
de ned asthe outerproductof the distancebetweernthe isotropic
tablesandthedistancebetweertheinitial anisotropicscales.

Theremainderof the paperis structuredasfollows. Section2 pro-
vides a generaloverview of existing shapematchingapproaches,
highlighting someof the centralchallengesn this area. Section3
describesour proposednethod,and Section4 providesempirical
resultsdemonstratinghe ef cacy of ourapproachn improving the
matchingperformanceof mary existing shapemetrics. We con-
cludein Section5 by summarizingour results.



Figure2: ourapproactis to comparewo modelsby rescalingeachmodelsothat
it is isotropicandthende®ningthe distancebetweertwo modelsasthe outerproduct
of thedifferencebetweertheisotropicmodelsandtheirinitial anisotropicscales.

2 Related Work

Traditionalmethodsdfor retrieval of modelsfrom large repositories
focuson designinga methodfor de ning a measureof similarity
betweera querymodelandeverytargetmodelin thedatabaseThe
modelsin thedatabasarethensortedby this measuref similarity,
andthenearestodelsarereturnedasmatches.

In the context of matching3D shapesthe mostcommonapproach
is to establishcorrespondencdsetweenthe query modelandthe
tamgetmodel,andthento de ne the measuref similarity in terms
of thedistancedetweercorrespondingoints. Two generaktlasses
of methodshave beenproposedhat computea measureof shape
similarity by explicitly establishinguchcorrespondence3he rst
approachis a local one, seekingto establishcorrespondencese-
tweenpairsof pointsonthetwo models,andthende ning themea-
sureof shapesimilarity asthesumof thesquaredlistancebetween
pairsof pointsin correspondend®eslandMcKay 1992]. Thesec-
ondmethodis moregeneraldecomposing modelinto constituent
parts,andthenrepresentinghe modelasagraphcharacterizinghe
relationshipbetweerthedifferentsegmentqSiddiqi etal. 1998;Hi-
lagaetal.2001]. Correspondencésetweertwo modelscanthenbe
establishedisingsubgraptisomorphismtechniqueswhich simul-
taneouslyde ne thecorrespondencdsetweerthe nodesof thetwo

graphrepresentationgndgive the quality of the correspondences.

For bothof theseapproachegheestablishingf correspondencés

adif cult andtime consumingaskthatneedgo beperformedona

perpair-of-modelshasis. Thus,muchof thenecessargomputation
canonly be performedat runtime,oncea queryis speci ed. This

malkesthesemethodsimpracticalfor the retrieval of modelsfrom

large databasesyhereef cient comparisoris essential.

Thecomputationatompleity of establishingorrespondencdse-
tweenmodelshasmotivateda large body of researchin the areaof
shapedescriptorsThe generalapproactof thesemethodss to de-
ne a mappingfrom the spaceof modelsinto a x ed-dimensional
vectorspaceandthento de ne the measureof similarity between
two modelsasthedistancebetweertheir correspondinglescriptors
[Horn 1984; Kang and Ikeuchi1991; Ankerstet al. 1999; Osada
etal. 2001;Vranic and Saupe2001; Funkhouseet al. 2003]. The
mappingis often chosersothatthe distancebetweenwo descrip-
tors measureghe proximity of points on the surfacesof the two
models,sothata correspondence-baseteasuref similarity can
be obtainedwithout the overheadf explicitly establishinghe cor-
respondencesThis approachhasthe adwantageof addressinghe
matchingproblemon a permodelbasis,allowing for the compu-
tation of descriptorsin an of ine process. Then, at runtime, the
descriptorof the queryis computedandcomparedagainstthe (pre-

computedyescriptorf all themodelsin the databasegiving rise
to methodsthat cansatisfythe ef ciency requirement®f interac-
tive search.

Foramoregenerakuney of shapelescriptorsye referthereaders
to [Alt andGuibas1996;Loncaric1998;Popel994;Tangeldeiand
Veltkamp2004].

A speci c challengethat shapedescriptorapproacheseedto ad-

dressis thatin the contect of 3D shapematching,a modelandits

imageundera similarity transformationare consideredo be the

same. In general this issueis addressedn one of two manners:
(1) Themappingis choserto beinvariantto similarity transforma-
tion, so that the sameshapedescriptoris de ned for every orien-

tation of a singlemodel. (2) Eachmodelis normalizedby placing
it into its own canonicalcoordinatesystem andthenthe shapede-

scriptorof thealignment-normalizedhodelis computed.

Methodsfor normalizinga model's translationandscalearebased
on [Horn 1987; Horn et al. 1988]. In this work, the authorsde-
scribea methodfor solving for the alignmentminimizing the sum
of squardifferencedetweertwo orderedpoint sets.While theso-
lution for the optimal rotationdependon the correspondencbe-
tweenthe two point sets,the optimal translationand scalecanbe
computedon a permodelbasis,with the optimaltranslationbeing
the onethattransformsa model's centerof massto the origin, and
theoptimalscalegiving riseto amodelwhosemeanvariancefrom

theorigin is equalto one.

Methodsfor addressingotationalsimilarity have eithertaken the
normalizationapproachaligninga modelsothatits principalaxes
transformto thex-, y-, andz-axes,or have obtainedrotationinvari-
antrepresentationby discardingsphericalphaseand obtaininga
collection of amplitudesthat are independentf a models align-
ment[Burel andHenocgl995;Kazhdaretal. 2003].

3 Metho dology

In orderto separatanisotroy from the shapematchingequation,
we proposea methodfor matchingtwo 3D modelsthat rst re-

movesthe anisotroy from eachof the models,compareshe ge-
ometryof theisotropicmodels,andthenexpresseshe measuref

similarity of the two modelsas a function of both geometricand
anisotropicsimilarity. This approachs motivatedby earlierwork

in theareaof isotropicscalenormalizationwhich we review in the
next subsection.We thenshov how theseresultscan be general-
ized to anisotropicscaleand describea methodfor remaving the
anisotroly from model. We concludeby describinga methodfor

comparingwo models providing afamily of shapemetricsparam-
eterizedby theimportanceassignedo anisotrop.

3.1 Isotropic Scale

In [Horn et al. 1988; Horn 1987], the authorsaddresghe issueof
solvingfor the optimalscalethatminimizesthe sumof squaredis-
tancesbetweentwo orderedpoints sets. They posethe problem

Q= fa;;:::;ang, nd thevalueof a that minimizesthe sum of

Thisformulationof the optimalscaleproblemhasthe propertythat
the measuref similarity at the optimalscaleis independenof the



orderof P andQ, andis minimizedwhen

Thus, if eachof the point setsis independentlyscaledso that its
mearnvariances equatlto 1, thentheoptimalscalevaluefor aligning
thetwo normalizedpointsetsis a = 1 andthe pointsetsarein fact
optimally pairwisescale-aligned.

Theimplication of this resultfor shapematchingis thatscalenor
malizationcanbe doneon a permodelbasis,independenbf cor
respondenceAs with usingthe centerof massfor translationnor
malization,this methodis only provably correctwhenmodelsare
comparedy summingdistancedetweercorrespondingoints.In
practicehowever, mary existing shapedescriptorsmplicitly de ne
shapesimilarity in termsof the distancebetweensurfacesandwe
nd that translatingmodelsso that their centerof massis at the
origin andscalingthemsothattheir meanvarianceis equalto one
providesarobustmethodfor translationandscalenormalization.

3.2 Anisotropic Scale

We now shawv how theresultsfor optimal scalecanbe generalized
to solve for the optimal anisotropicscale. Given two point sets
P=fpy;iipng With p, = (Pl B P, andQ= fqy;:::;gng, with

q = (ak:a);ab), the sumof squareddifferencesbetweenthe two

pointsetsis givenby theequation:

n
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i=1

It follows from the work describedabove thatif we searchfor the
optimalanisotropicscalein ary singledirectionv, thenthis occurs
whenthe point setsP and Q are normalizedso that their variance
in the directionv is equalto 1. Considerfor example,the caseof
solving for the optimal anisotropicscalein the x direction. In this
casewe would lik e to solve for thevalueof a thatminimizes

n o o o
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i=1
As in the caseof theisotropicscale the valueof a thatminimizes
theerroris: s
+ 8402
a(p)?
andthe modelsare optimally scale-alignedn the x directionif the
varianceof eachmodel,in thex-direction,is equalto 1.

a-=

More generally if both point sets satisfy the property that the

variancein ary directionis equalto 1, thenit follows that ary

anisotropicscalingof oneof the two pointssetswill only increase
thesumof squarediifferencesandthemodelsarein factoptimally

anisotropicallyaligned.

In orderto transforman arbitrary point setinto one that hasunit
variancein ary direction, it sufces to computeits covariancema-
trix C and then apply the transformationC 172 to the point set.
(Sincewe assumeahatthe pointsarenot all coplanaythe matrixC
is positive de nite andhencecanbeinverted,andhasarealsquare
root.) To seethis, note that the covariancematrix of a point set

n
Co= é (p, pj) (P Pj)t;
i;j=1

Figure3: Uniform pointsampledrom the surfaceof aniris modelareshavn onthe
left. The samepointsafter anisotropicrescalingareshavn on theright. Thoughthe
pointseton theright hasconstanwariancen every direction,it nolongerrepresents
uniform samplingfrom the surfaceof the anisotropicallyrescaledris.

wherethe doublesummationis taken in orderto accountfor the
variancewith respectto centerof mass. If we setQ to be the

transformecpoint setQ = C,, 1=
ancematrix of Q is givenby:

n
Co = .élcplzz(pi P) (P ‘G
i;j=
!
n
= Cpl:2 _é.(pi pj) (P, pj)t Cpl:2:1
E

ihj=1

Thus, the covariancematrix of the transformedpoint setis equal
to theidentity, andthe variancein ary directionis equalto 1. As
with isotropicrescalingthis approacthasthe advantagethatit can
normalizefor anisotropicrescaleon a permodelbasis,allowing a
modelto be transformedn a pre-processingtage independenof
themodelthatit will be matchedagainst.

The dif culty with applying this methoddirectly to triangulated
modelsisillustratedin Figure3 which shavs pointsuniformly sam-
pledfrom amodelof aniris (left). After ananisotropidransforma-
tion is appliedto the point set(right), the positionsof the pointsare
transformedand they no longer represent uniform samplingof

thesurface.Notethatpointsonthestemaretightly clusteredwhile

pointson the petalbecomemorespreadout. This propertyof 3D

meshesesultsin the undesire¢propertythatoftenthe transformed
modelis still notisotropic.

In orderto addresghis issue,we proposean iterative approacho
transformingthe model. At eachstepof theiteration,the modelis
rst translatedsothatits centerof massis atthe origin, the covari-
ancematrix is computedand nally the modelis rescaledby the
inversesquareootof thecovariancematrix. In ourexperimentsyve
nd thatthis approachconvermgesefciently to anisotropicmodel
and,in practice nomorethan ve iterationsof this processarenec-
essaryto obtaina nearlyisotropicshape.Figure4 shavs a model
of apenandthetransformednodelafter several stepsof theitera-
tion processThe gure alsodraws the associatedovarianceellip-
soids,which corverge to a sphereasthe modelbecomessotropic.
Notethatafterthe rst iteration,the transformednodelis still not
isotropic,though,asthe gure indicatestheiterative processon-
vergesquickly to anisotropic model. We provide a proof of the
convergenceof this approachn theappendix.



Figure 4: A visualizationof a penmodelandits covarianceellipsoid is shavn on
the left. The transformedmodel and its associatectovarianceellipsoid, after one,
two, andthreeiterationsare shovn on theright. Note thatthoughthe modelis very
anisotropic after the third iterationof anisotropicrescalingwe obtaina modelthatis
nearlyisotropic,with the covarianceellipsoid corverging to asphere.

3.3 Anisotropy Factoring

The methodthat we proposefor anisotroy factoringis a general
onethatcanbe appliedto ary of the mary methods{Horn 1984;
Kang and Ikeuchi 1991; Ankerstet al. 1999; Vranic and Saupe
2001;0sadaet al. 2001; Funkhouseet al. 2003]thatmatchegwo
modelsby independentlyrepresentingeachone by a featurevec-
tor, andthende ning the measureof modelsimilarity asthe L,-
differencebetweerthe correspondindeaturevectors.In particulay
we anisotropicallyrescalea modelM to obtainan |sotrop|cmodel
M, storingthe sorteditriplet of eigervalues! \, = =M I P M- M) of
the matrix transformingM into M. Thetriplet I\, is arotationin-
variant representatiorf the anisotroy of M and, for simplicity,
we normalizethetripletsothat /,, = 1. Wecomputethefeature
vectorv, g of theisotropicmodeland,usingthe factthatthe infor-
mationcontainedn Vik is orthogonato theinformationcontained

in Iy, we representheinitial modelM by the new featurevector
Vi |'m»asshavnin Figure5.

At runtime,whena querymodelQ is presentedo the databaseye
computethe anisotroly factorizationof Q andde ne the measure
of similarity betweerQ anda databasenodelM to bethevalue:

2hv ;v 4ih!

Dg(M; Q) = kv, 4k?+ kv 4k v Vaih! wi

@
If g= 1thenDyg(M;Q) is the L,-differencebetweenthe vectors
Vi IQ and Vi I'\i- More generally g can be treatedas a

X ed constantrepresentinghe importanceof anisotroy informa-

tion in the contet of shapematching.Thus,in thecasethatg= 0,

anisotropy informationplaysnorolein thematchingandthematch-
ing methodis invariantto anisotropicscale.If additionallythefea-

ture vectoris itself rotationinvariant[Ankerstet al. 1999; Osada
et al. 2001; Funkhouseret al. 2003], then we obtain a matching
methodthatis invariantto all af ne transformations.

Figure5: We createanew featurevectorfor amodelby computingtheouterproduct
of theanisotropicscaleswith thefeaturevectorof theisotropicmodel.

The adwantageof this matchingapproachis that the shapemet-
ric de nes similarity asthe outer productof the similarity of the
featurevectorsandthe similarity of the anisotroly vectors. Thus,
the new featurevectorsonly needto store three additional val-
ues, correspondingo the normalizedeigervaluesof the symmet-
ric matrix transformingananisotropicmodelinto anisotropicone.
This meanghatneitherthe storagenor the comparisortime of the
anisotropy factorizedfeaturevectoris signi cantly largerthanthe
correspondingtorageandcomparisortime for the original one.

4 Results

To measurahe ef cacy of theanisotropiaescalingscaleapproach
in tasksof shaperetrieval, we computeda numberof shapede-
scriptorsandcomparednatchingresultswhenthedescriptorof the
original anisotropicmodelwasusedwith the resultsobtainedwith
anisotropy factoring. Thedescriptorsve usedwere:

ShapeHistogram (Shells)[Ankerstetal. 1999]: A represen-
tationof a 3D modelasa histogranmof thedistance®f surface
pointsfrom the centerof mass.

D2 [Osadaet al. 2001]: A representationf a 3D modelasa
histogramof thedistancedetweerpairsof surfacepoints.

Extended Gaussianlmage [Horn 1984]: A representation
of a 3D modelasa sphericahistogramof the distribution of
normaldirectionsover the surfaceof a model.

ShapeHistogram (Sectors)[Ankerstet al. 1999]: A repre-
sentatiorof a 3D modelasa sphericafunctionassociatingo
eachdirectionfrom theorigin the measuref the surfacearea
in thatdirection.

Spherical Extent Function [Vranic andSaupe2001]: A rep-
resentatiorof a 3D modelasa sphericaffunctionassociating
to eachdirectionfrom the origin the distanceto the lastpoint
of intersectiorof the modelwith theray.

GaussianEuclidean DistanceTransform [Funkhousegtal.
2003]: A representationf a 3D modelasa voxel grid, where
thevalueat eachpointis givenby thecompositionof a Gaus-
sianwith the EuclideanDistanceTransformof the surface.

The rst two shapedescriptorsare rotation-irvariant by design,
while the otherfour caneitherbe normalizedfor rotationby align-
ing themodelwith PCA or canbe maderotation-irvariantusingthe
sphericalpower spectrumBurel andHenocql1995;Kazhdaret al.
2003]; we presentmatchingresultsfor both typesof approaches.
(Notethatsinceanisotroy factorizationrmakesthe covariancema-
trix of amodela multiple of theidentity, PCA alignmentneedso
be performedprior to thefactorization.)

We evaluatedthe performanceof eachmethodby measuringhow
well it classi ed modelswithin a test database. The database
wasprovidedby the PrincetonShapeBenchmarPrincetonShape
Benchmark], and consistsof 1814 modelsdecomposedhto two
groupsof roughly 900 models,correspondingdo training andtest
datasets Eachgroupis provided with a classi cation, associating
eachof the modelsto one of roughly 90 distinct classes. Clas-
si cation performancewvas measuredising precision/recalplots,
which give the percentagef retrieved informationthatis relevant
asa function of the percentagef relevant information retrieved.
Thatis, for eachtarget modelin classC andany numberK of top
matchesirecall” representsheratio of modelsin classC returned
within the top K matcheswhile “precision” indicatesthe ratio of
thetop K matcheghatarein classC. Thus,plotsthatappeashifted
up indicatesuperiorretrieval results.



Figure6: Theimprovementin precisionof anisotroy factorizationfor four PCA-alignedand®ve rotation-irvariantrepresentationst he plotsindicatethatwhentheimportance
of anisotropy differenceds ampli®ed(a = 3) retrieval performanceés improved,andwhenanisotroy differencesareignored(a = 0) retrieval performances hampered.

For eachshapedescriptoy we comparedthe precisionversusre-
call resultsobtainedusing the descriptorappliedto the original
modelwith thoseobtainedwith anisotroly factorization. For the
anisotroy factorizationwe usedthe metrics Dg with g= 0 to
dampertheimportanceof anisotropy in retrieval andg= 3 to am-
plify theimportanceof anisotroy in retrieval. Figure6 shavs the
resultsfor the different PCA-alignedandrotation-irvariantrepre-
sentationswith precisionversusrecall plots averagedover the dif-

ferentmodelsin thedatabaseSincewe areprimarily evaluatingthe
effect of anisotroy factorizationon the matchingperformanceof

a givendescriptor the plots shav theimprovementin precisionof

anisotropy factorizationover theresultsobtainedwithoutfactoriza-
tion. Theresultsindicatethatthe anisotropicscaleof amodelis an
essentiatlassi er of shapeandwhenit is ignored(g= 0), retrieval

performanceleterioratesOn the otherhand,the resultsalsoindi-

catethatit is easierto matchtwo modelswhenthey areanisotropi-
cally aligned,sothatmethodghatcomparehetwo modelsin their
anisotroy normalizedframesandthenpenalizefor differencesn

the initial anisotropicscales(g= 3) give rise to matchingresults
with improved precision.

Finally, we notethatwhile the resultsindicatethatanisotropy fac-
torizationis atechniquethatworkswell on average therearespe-
ci ¢ typesof modelsfor which this methodcanfail. In particular
we have found thatwhenthe initial modelis very anisotropic(the
differencebetweerthelargestandsmallestprincipaleigervaluesis
large) anisotropy factorizationdoesnot alwayswork well. We be-
lieve thatthereasorfor thisis duethemannetin which anisotropic
rescalingactson a shape.Whenone of the principal eigervalues
is markedly smallerthanthe others,anisotroy hormalizationwill
scalethe modeldisproportionatelyn oneprincipaldirection. As a
result,featureghatmayhave beenunimportantn theinitial model
will playamoredominantolein de ning modelssimilarity. As an
example,Figure 7 demonstratethis for a chesssetmodel. When
the modelis rescaledo have constantvariancein every direction,
the sideof the boardandthe chessiecesbecomemoreprominent
featuresn themodelandplay a moredominantrole in matching.

5 Conclusion

In this paperwe have describeda methodfor factoringthe shape
matchingequationinto the productof an anisotroy comparison
and a geometriccomparison. This factorizationprovides a fam-
ily of shapemetricsthatallows usersto specifythe importanceof
anisotroy within the generalcontext of shapesimilarity. We have
shavn that this methodis sufciently generalto be appliedto a
wide collectionof existing shapematchingalgorithms,improving

Figure 7: Whena modelis normalizedfor anisotroy, partsthat may have been
unimportantin theinitial modelmay becomemorepronouncedeaturesof the model,
adwerselyaffectingshapematching.

the matchingperformanceof mostwithout inducinga large over
headin computatiortime. Thus,the describedactorizationis well
suitedfor mary of the nascentipplicationsthat strive to provide a
methodfor efciently andeffectively retrieving modelsfrom large
repositorieof 3D shapes.
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Appendix

In thisappendixwe prove thecornvergenceof theiterative rescaling
algorithmfor obtaininganisotropicmodelfrom ananisotropicone.
Weassumehatthemodelis notcoplanarsothatthevariancen ary

directionis non-zero,andwe shawv thatiteratively anisotropically

rescalingthe model by the inversesquareroot of the covariance
matrixis aprocesshatconvergesto amodelwith constanvariance,
independenbf direction. In particular the stepsof eachiteration
are:

1. Anisotropicallyrescalethe modelby the inversesquareroot
of the covariancematrix

2. Isotropicallyrescalehemodelsothattheminimumandmax-
imum eigermvaluesof the covariancematrix of the nev model
arereciprocals,

andwe shaw thatiteratingthesestepgorcestheminimumandmax-
imum eigervaluesof thecovariancematrix to corvergeto 1. To this
end,we usethe following equationfor the covariancematrix of a
modelM: 7 7

Cu= , P @ 0)'dpdg

sothatthevarianceof M in adirectionv is givenby:
z z
var(M;V) = VCy,v = LI A 2dpdq;

We will rst shav thata modelwith non-zerovariancein ary di-
rectioncanalwaysberescaledsothatthe minimumandmaximum
eigervaluesarereciprocals Next, we prove two lemmasdescribing
the decompositiorM into an even partition andthe corresponding
decompositiof thevarianceof M acrosssuchapartition. Finally,
we usethelemmadgo shav thattheextremaleigervaluesmustcon-
vergeto 1.

Isotropic Rescaling Givena modelM andscalefactors, the co-
variancematrix of sMis de ned as:

zZ Z

Com = ICRCNC 9)'dpdg = s°Cy:

sM
Thus,givenamodelM whosecovariancematrix C,, haseigerval-
uesO< [, [, I wecanrescalghemodelby( 1, I5)

to obtainanew modelwhosecwarianﬁematrix hasgsits smallest
andlargesteigervaluesthereciprocals | ,=/ ; and

=

Lemma 1: Givenacontinuougunctionf de nedonM, thereexists
anevenpartitionof M into subsetM* andM andavaluemsuch
thatiM*j=jM jandf(p*) m f(p )forall p* 2 M* andall
p 2M .

Proof: To prove that sucha decompositiormustexist, we de ne
thefunction F(t) thatgivesthe areaof the subsef M with value
lessthanor equaltot:

Fity= f 1 ( ¥t

ThenF(t) is anon-decreasingight-continuoudunctionthatstarts
at0 andgrows to jMj, andis discontinuousat pointst, suchthat
if l(to)j > 0. SetF to betheclosureof thesetof values for which
F(t) jMj=2. SinceF(t) is monotonicweknow thatF = ( ¥;nl,
for somevaluem Thenforallt mwehaveF(t) jMj=2 andfor
allt< mwehave F(t) jMj=2. If F(m) = jM=2j we cansetM
equalto the inverseimageof f ontherange( ¥;nl, andwe can
setM* = M M . Otherwisethe function F(t) is discontinuous
atmandwemusthave f Y(m) F(m) jMj=2. Thuswe canset
M* to bethe union of theinverseimageof f ontherange(m¥)
andary subseof f 1(m) thathasareaF(m) jMj=2

Lemma 2: Givenapartitionof M into equalsizedsubsetd* and
M , thevarianceacrossM* andM is atleastaslarge ashalf the



variancewithin M* andhalf thevariancewithin M . Thatis, if:

zZ zZ
v (W = hp  q;vi%dpdg
MM
I () = hp  g;vi®dpdg
MM
y () = hp g viZdpdg
M
thenwe musthave:
Iyt (V) 25 (v and Iy, (V) 25 (v):

Proof. Weshaw thatl,, (v) 2l5, (v), byintegratingly, (v) over
M andusingthetriangleinequality
zZ Z

2 hp q;vi2dpdg
M* _M
1

215 (v)

= — hp  p*ivid+

MijmM m wm
+hg  p"viZ dpfdp dg

By thetriangleinequality we know that:

o phiviZ+hg pTivi? hp g M

sothat:
1 Z 72 Z
2% (v — h :vi2dptdp d
v (V) ]MJZMZM M+p q p dp aq
jM* ] 2
= — hy vicdp d
MM M p g p dq
= Iy

asdesired.Theprooffor Ij;" (v) 25, (v) isanalogous.

Anisotropic Rescaling Given a model M, we setC,, to be the
covariancematrixof M, 0< I, I, 5= 1=/, tobetheeigen-
valuesof C,, andBy, = CM1:2 to betheinversesquarerootof Cy,.
Applying By, to themodelM, we obtainamodelwhosevariancen
directionv is givenby:

4 z

hp qvi%dpdq 1)
M) By (M)

hp  q; By, (V)i %b(p)b(q)dpdg
M M

Var(B,,(M);Vv)

whereb(p) is the differential changeof areaat the point M and
mustsatisfy:

1
p—

Iy 1,
Usingthefactthateachsummandn Equationl is positive, we can
applytheabore inequalitiesto get:

zZ Zz

T,
pl—i b(p)
2

, I
hp By (V)i®dpda;t  Var(By(M):v)
M M 2
Z Z 1
Vvar(B,,(M); hp q;B,,(V)idpd
1By (M);v) MM|0<:1M(V)I |Oq,l,2
sothat |
-1 Var(By,(M);V) 1.
I2 Il I2

We obsenre that when we rescalethe model so that minimal and
maximal eigervaluesof the covariancematrix arereciprocalsthe
minimal eigervalueis nosmallerthan/ ; sothattransformingvi by
By, cannotmake the minimal variancesmaller nor canit make the
maximalvariancearger.

To shav thatthe minimal and maximaleigervaluesmustactually
converge to 1, we usethe lemmasabore. To do this, we usethe
functionb(p) andLemmal to evenly partitionM into M* andM
andobtaina value msatisfying:

S S

—

L bp) m b(p")

I 115

forallp 2M andp* 2 M*. (Thoughb(p) is not continuous
on M, it is only discontinuouson a closedsubsetwith 0 area,so
Lemmal still holds.) Expressingthe varianceof B,,(M) in the
directionv in termsof this partitionwe get:

Var(BM(M);ﬁl) 5
ho g ;By(V)iZb(p )b(q )dp dq

Mz Mz

+2 ho  p*;By(WiZb(p )b(g")dp dp*
z Mz M

+ hp*  g*;By,(Wi%b(p")b(g")dp dp*
M+ M*

This allows usto boundthe minimal varianceby:

Var(By,(M);V) s

I 1y
Iy (BM(V))I—1+2I,:',| (By (W) m /_1”“7 (By (V) nF:
2 2
gince Iy (Bu(W) + 215 (By (W) + 13 (By(v) = 1, since
I,=I, mandsince2ly, (By(v) Iy (By(Vv), it follows
thatthe minimumvarianceis boundedoy:

=l +mpl =l
S A S’ Var(BM(M)’V)

2
In a similar mannemwe cangetanupperboundfor thevariance:
ro__
Iy 9 —
A4+ m 2L 1 1
I I P LU b
5 Var(By,(M);V) 5

IsotropicallyrescalingBy, (M) to geta modelM with minimal and
maximalvarianceghatarereciprocalswe get:
p—— - ) 1+tp12=11_
Iy f(m Va(M;v) with f(t)= <=
1+t [, 1,
In orderto nd the minimum of the variance,we computethe
derivative: p p
I =1 [P
fo('[) - 2 I‘J} 2 l:
1+t T, 1,)2
Sincel; 1, thederivative is never negative, andhencethe vari-
anceof Iﬂ is minimizedwhen mis assmallascanbe, which is to
saym= " [ ,=l,. In thiscasewe get:
s

I, —— Va(M;v) — =1

1+1, Iy 2
Thus, the minimal and maximal variancesof the modelare guar
anteedo corvergeto 1, andtheiterative methoddescribedn Sec-
tion 3 is guaranteedb corvergeto amodelwith variancel in every
direction.



