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Abstract

In this paper we presenthe SymmetnpDescriptos of a 3D model.Thisis a collectionof sphericalfunctionsthat
describeghe measue of a models rotationalandre ective symmetrywith respecto every axis passingthrough
the centerof mass We showthat SymmetnDescriptos can be computedef ciently usingfastsignal processing
techniquesanddemonsiatethe empiricalvalueof Symmetryescriptos by showingthat they improve matding

performancen a variety of shaperetrieval experiments.

CatgoriesandSubjectDescriptorgaccordingto ACM CCS} 1.3.6 [ComputerGraphics]:Methodologyand Tech-

nigues

1. Intr oduction

Symmetry has long beenrecognizedas playing an inte-
gral role in humanrecognition[Att55, Vet93. It is char
acteristicof repeatingpatternswithin a model,and canbe
usedto guide reconstructioncompressionand classi ca-
tion. This awarenesshas motivated the developmentof a
wide range of techniquesfor identifying the symmetries
of a2D image[Ata85 Wol85, Hig86, Sun95 Mar89. How-
ever, theincreasedomplity of therotationgroupin three-
dimensionshasresultedin little researcton symmetryde-
tection in 3D. Methodsfor measuringindividual symme-
tries have beenproposedZabh94 Zab99, anda generalap-
proachfor characterizinghe measureof all re ective sym-
metrieshasbeendescribed Kaz02 Kaz04, but no analo-
gousmethodfor describingall rotationalsymmetriesxists.

In this paper we presenthe SymmetryDescriptoss of a
model. This is a generalizatiorof the Re ective Symme-
try Descriptorpresentedn [Kaz02 Kaz04. It representa
3D model as a collection of sphericalfunctionsthat give
the measureof a models re ective and rotationalsymme-
try, with respecto every axis passinghroughthe centerof
mass.Thus,it canbe usednot only to identify axesof per
fect symmetry but alsoto measurehe quality of symmetry
with respecto ary axis. Speci cally, the measureof k-fold
symmetryof a modelaroundsomeaxisis de ned to bethe
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magnitudeof the projectionof the model onto the spaceof
modelshaving thatsymmetry

Figurel shavs avisualizationof the SymmetryDescrip-
torsof two models.Thedescriptorsarerepresentetly scal-
ing pointson the unit spherein proportionto the measure
of symmetry so that points correspondingo axes of near
symmetryare pushedout from the origin and pointscorre-
spondingto axesof nearanti-symmetryarepulledin to the
origin. Thus, for the 2-fold (respectiely k-fold) symmetry
descriptorspeaksin the descriptorscorrespondo axes of
nearperfect2-fold (respectely k-fold) rotationalsymme-
try. Similarly, for there ective symmetrydescriptorspeaks
correspondo unit vectorsperpendiculato planesof near
perfectre ective symmetry

Thecontrikution of ourwork is three-fold First,wede ne
a continuousmeasurdor there ective androtationalsym-
metry of a 3D model.Secondwe provide anef cient algo-
rithm for computingthe measurdor all symmetriesabouta
models centerof mass.Third, we presentexperimentalre-
sultsevaluatingtheempiricalvalueof thesymmetrydescrip-
torsin shapeetrieval applicationsIn theseaxperimentsye
nd thatsymmetrycanbeusedto augmengexisting methods
for matching3D shapesproviding enhancedliscrimination
andmatchingperformanceavithout sacri cing ef ciency.
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Figure 1: A visualizationof the symmetrydescriptos for a stool

and an iris. The visualizationis obtainedby scaling unit vectos

on the sphee in proportionto the measue of rotational symmetry
abouttheaxisthroughthecenterof massjn thedirectionof thevec-
tor, andthe measue of re ective symmetryaboutthe planethrough

the centerof massnormalto thevector

The restof this paperis structuredasfollows. Section2
reviewsrelatedwork in theareaof symmetrydetection Sec-
tion 3 providesa theoreticalovervien of symmetryandde-

nes the SymmetrpDescriptos. Section4 describesan ef -
cient methodfor computingthe SymmetryDescriptorsof
sphericaland voxel representationsf a 3D model, while
Section5 summarizesomepropertiesof the descriptorsin
Section6, we describehowv symmetryinformation can be
incorporatednto existing rotationinvariantrepresentations,
andin Section7, we evaluatethe contritution of symmetry
augmentatiorn experimentcomparingheretrieval perfor
manceof the original representationvith the retrieval per
formanceof the augmentedepresentatiorfinally, we con-
cludein Section8 by summarizingour work.

2. RelatedWork

Early approaches to symmetry detection focused
on detecting the symmetries of planar point
sets [Ata85 WolI85, Hig86]. These methods reduced
the symmetrydetectionproblemto a detectionof symmetry
in circular strings,and usedef cient substringalgorithms
(e.g.,[Knu77)) to detectthe symmetriesby searchingfor
the appearancef a string within its concatenatiorwith
itself. While thesemethodshad the theoreticaladvantage
of efciently evaluatingall possiblesymmetriesthey were
impracticalin empiricalsettingssincethey werealgorithms
that could only identify the perfectsymmetriesof a model.
Thus if a symmetricmodel had even a small amountof
noise thesemethodsvouldfail to identify its symmetries.

In order to address this issue, Zabrodsk et
al. [Zab94 Zabh93 dened a continuous measure of
symmetrywhich transformedhe binary question:*Does a
modelhave a givensymmetry?'to the continuousquestion:
“How muchof a given symmetrydoesa modelhave?” The
measureof symmetrywasde ned asthe minimumamount

of work neededto transforma model into a symmetric
model,measuredsthe sumof the squareof the distances
that points would needto be moved. This approachmade
it possibleto evaluatesymmetriesn the presencef noise,

but sufferedfrom the factthatit dependedn the establish-
mentof point correspondencedVhile this issuecould be

addresseih the caseof 2D curveswith uniform sampling,
it madeit dif cult to generalizethe methodto 3D where
uniformly samplingsurfacess oftenimpossible.

The dif culty of establishingpoint correspondencefor
matchingsurfacesin 3D hasmotivatedthe developmentof
shapedescriptos which representa 3D model by a func-
tion de ned on a canonicaldomain,independenof the ini-
tial model's shapeor topology (For agenerakeview of such
methodssee[Pop94 Tan04.) For thesedescriptorsmatch-
ing two modelscould now be performedwithout explicitly
establishingcorrespondencedy comparingthe valuesof
thecorrespondinghapedescriptorsat eachpoint.

Theadwantageof thecanonicaparameterizationf shape
descriptorsvasleveragedin a numberof symmetrydetec-
tion algorithms[Oma96 Sun97. Thesemethodsusedthe
factthatthe covarianceellipsoid of a 3D modelrotateswith
the model, so that a model could only have symmetries
whereits covarianceellipsoidhadthem.Sincethe only axes
of symmetryof an ellipsoid have to align with its princi-
pal axes, this provided an ef cient way to identify candi-
dateaxesof symmetry The actualquality of an axisasan
axisof symmetrywould thenbe measuredby comparinghe
shapedescriptorof the modelwith the shapedescriptorsof
therotationsandre ectionsof themodelaboutthecandidate
axis. This methodhadthe advantageof providing a contin-
uous measureof symmetryfor candidateaxes of symme-
try without necessitatinghe establishmenbf point corre-
spondenceg$:urthermorethemethodwasa generabnethat
could be appliedto wide classof shapedescriptors How-
ever, themethods dependencen PCA for theidenti cation
of candidateaxes could only guarantedhe correctidenti -
cationof symmetryaxesfor modelswith perfectsymmetry

Motivatedby theeaseof evaluatingsymmetryusingshape
descriptorsandtheef ciency of exhaustve searchprovided
by early substring matching approachesgf cient meth-
ods for evaluatingthe symmetriesof a 2D model, at ev-
ery symmetry were developed.The key idea of theseap-
proachesvasthegeneralizatiorof discretesubstringmatch-
ing to continuouscorrelationwith the Fast Fourier Trans-
form. Thesemethodq Sun95 Mar89 computethe symme-
tries of a modelby usingcorrelationto comparethe shape
descriptorof a 2D modelwith all of its rotationsandre ec-
tions. This approactwasagenerabnethatcouldbeapplied
to ary shapealescriptothatrepresented modelwith afunc-
tion de ned eitheronacircle,or in 2D.

The dependencef thesemethodson the FFT madethem
hardto generalizeto shapedescriptorsthat representec
3D modelwith eithera sphericalfunction or a functionin
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3D. In [Kaz02 Kaz04 amethodis describedor computing
the measureof re ective symmetriedor all planespassing
throughthe origin. For a sphericaldescriptorof sizeO(Nz)
(respectiely 3D function of size O(N®)) the methodcom-
putesthe measuref re ective symmetryin O(N3Iog N)
(respectiely O(N*logN)) time. The efciency of this ap-
proachrelieson the useof the FFT to computecorrelation
with respecto a singleaxis ef ciently anda generalization
of this approacho generasymmetrydetectiorwould result
in algorithmsthathave complexity O(N4Iog N) for spherical
functionsandO(N5logN) for 3D functions.

In thiswork, we shav how theanalogsf the FFT andin-
verseFFT on the sphere namelythe FastHarmonicTrans-
form andthe FastinverseWignerD Transformcanbeused
to computethemeasuref all symmetriesf ciently . In par
ticular, we describea methodfor computingthe measure
of all re ective and rotational symmetriesof both spheri-
cal functionsand 3D functionsin O(N*) time, providing a
methodfor computingall symmetriesof a modelaboutits
centerof mass,n lesstime thanprevious methodsrequired
to computeonly there ective symmetries.

3. Measuring Symmetry

The rst issuewe mustaddresss to de ne a measureof

symmetryfor a 3D modelwith respecto an axis of k-fold

rotationor a planeof re ection. To this end,we describea
methodfor computingthe symmetriesf ary shapedescrip-
tor thatrepresents 3D modelasa function de ned either
on the sphereor in 3D. We bagin by describinga general
approachor measuringsymmetry andthenpresentheim-

plicationsfor measuringhe symmetriesf a 3D model.

3.1. Symmetry Detection

De nition : Givenavectorspace/ andagroupG thatacts
onV, we saythatv 2 V is symmetricwith respectto G if
ov) = vforallg2 G.

De nition : We de ne the symmetnydistanceof a vectorv
with respecto a groupG asthe L,-distanceto the nearest
vectorthatis symmetricwith respecto G:

sdz(v) =  min

W G(w)=w

kv wk:

Usingthe factthatthe vectorsthatareinvariantto G de-
ne asubspacefV, it follows thatthe nearesG-invariant
vectorw is the projectionof v ontothe subspacef invariant
vectors.Thatis, if wede ne pg to betheprojectionontothe
subspacénvariantunderthe actionof G andwe de ne p?G
to betheprojectionontothe orthogonakubspacé¢hen:

sds(v) = kv pa(Vk = kpd (V)k

sothatthe symmetrydistanceof v with respecto G is the
lengthof the projectionof v ontoa subspacéndexedby G.
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In general,computingthe projectionof v onto the sub-
spaceof vectorsinvariantundertheactionof G is a dif cult
task.However, in our casewe canusethe factthatthe ele-
mentsof G areorthogonatransformationsin particular we
canapplyatheorenfrom representatiotheory[Ser77 stat-
ing thata projectionof a vectoronto the subspacénvariant
undertheactionof anorthogonalgroupis theaverageof the
vectorover the differentelementsn the group.Thus,in the
caseof avectorv andagroupG, we get:

2
1 o 2 1 o .
sz(V)= v — v) = kvwk* — hv, g(Vv)i
€= v g 8 a9 joj By

giving an expressionfor the symmetrydistancein termsof
thelengthof v andthedot-productof v with its imageunder
theactionof G.

3.2. Symmetry Descriptorsin 3D

In order to evaluate the measureof symmetryof a 3D

model, it is necessaryo comparea modelwith its re ec-

tions/rotationsA variety of shapedescriptorcanbeusedto

comparghemodelwith its transformationandin this paper
we focuson thosethat representa modelby a spherical or

3D, functionthatrotateswith themodel.

Notation: For ary integer k andary unit vector p we let
G'{, denotethek-fold rotationalsymmetngroupwith respect

to p. If k is positive, then G',‘J is the groupgeneratedy the
transformatiorl,ijzk whichis therotationabouttheaxis p by
theangle2p=k. If k is negative,thenG‘,‘) is thegroupgener
atedby thetransformatiorr,Zf’:k A, whereA s theantipodall
map,sendinga pointq to thepoint g.

For example,G?l;O;o) is the group generatedy rotating

by 120 aboutthe x-axis, consistingof 3 elementswhile

G(O.Zl.o) is the groupgeneratedy re ecting throughthe xz-

plane,consistingof two elements.

De nition : Givenashapedescriptorf, we de ne its k-fold
symmetrydescriptor as the function on the spherewhose
value at a point p describeghe amountof f thatis sym-
metric with respecto G% andthe amountof f thatis anti-
symmetric:

SD(f;p) = kpgy(1k;kpgy (1K
wherepGé is the projectiononto the spaceof functionsthat

arek-fold symmetricaboutthe axis p, and péﬁ is the pro-
jection onto the orthogonalcomplement(Note that since
kfk2 = kpGlg(f)k2+ kp?Glé(f)k2 it sufces to computeone
of kpg(f)k and kpgﬁ (f)k. Despitethe redundang, we
storeboth values,asthey canbe usedfor boundingshape
similarity.)
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4. Computing the Symmetry Descriptors

We will now shav how to computeall the k-fold symme-
try descriptorof a shapedescriptoref ciently . We begin by
describingthe methodfor shapedescriptorsthat represent
a modelwith a sphericalfunction. Then,we generalizehe
methodto shapedescriptorsthat representa modelwith a
functionde nedin 3D. For bothcasesthekey ideais thatin
computingthesymmetrydescriptorof ashapedescriptorf,
it is necessaryo comparef with its rotations.Thisamounts
to computingtheautocorrelatiorof f acrosghegroupof ro-
tations,hf; o( f)i, and,while a bruteforce algorithmwould
beprohibitively slow, we shav how sphericakignalprocess-
ing canbe usedto computethe autocorrelatioref ciently .

4.1. Ef cient Spherical Autocorrelation

We beggin by describingan ef cient methodfor computing
theautocorrelatiorof asphericafunction f acrosghespace
of rotations.We expressf in termsof its sphericaharmonic
decomposition:

b
f= é é al;mYIm
I=0jmj |
whereb is the bandwidth of the function f. This decompo-
sition hasthe propertythatfor ary rotationgwe have:

W™ gyT)i=0 816l
This allows usto computethe autocorrelatiorof f by cross
multiplying sphericaharmoniccoefcients within eachfre-

queng |, ignoringcross-frequencterms:

b 0
higf)i=a &  amdmh oy™)i:
1=0jmi;jm0j |
This gives an expressionof the function hf;g(f)i as a
linear sum of the functions hYm;g(Y|m0)i. Sincetheseare
preciselythe WignerD functions,a fastinverseWignerD
transform[Kos03 Sof03 givestheautocorrelatiorof f over
the spaceof rotations.

Sincethe sphericaharmonicdecompositiortanbe com-
putedin < O(b3) time, the crossmultiplication of harmonic
coefcients takesO(b3) time, andsincetheinverseWigner
D transformcanbe donein O(b4) time, we computethe
autocorrelatiorof f acrossll rotationsin time O(b4).

4.2. Ef cient 3D Autocorrelation

In orderto computethe symmetrydescriptorof a 3D func-

tion, we decompos¢he 3D functionasa collectionof spher

ical functionsat differentradii andusethemethoddescribed
above to computethesymmetrydescriptorof thecollection
of sphericalfunctions.In particular given a function f de-
ned for all pointsjxj 1, we setf; to betherestrictionof

thefunction f to thespherewith radiusr:

p____
fr(p) = f(rp) 4pr?

. . p—:7. .
wherep is aunitvectorand 4pr2 is thechangeof variable
termaccountindor the areaof the spherewith radiusr.

Discretelysamplingthe differentradii, we canexpressf

O(b) whereb is the samplingrate.Expressingeachof these
in termsof its sphericaharmonicrepresentationye get:

b
fi=8 & ami"
=0jmj |

andfor ary rotationgwe have
|

b N ’
hf;gf)i=& & & amlilaalil ™ gYMi:
I=0jmj;jinj | =1

Computingheautocorrelatiomf f with all of its rotations
requires< O(Nb3) = O(b“) time to computethe necessary
sphericaharmonics O(Nb®) = O(b*) time to computethe
crossmultiplication of harmoniccoefcients, and O(b4)
time to performthe inverseWingerD transform.Thus,the
total compleity of computingthe autocorrelations O(b4).

Notethatincreasinghedimensionalityof theshapeaepre-
sentatiorfrom a 2D sphericafunctionto a 3D functiondoes
notincreasahe complity of computingthe symmetryde-
scriptorssincethe inverseWingerD transformremainsthe
limiting step.

4.3. Computing the Descriptors

In orderto computethe symmetrydescriptorsof a function
f, it sufces to computethelengthsof the projections:
jeikpj gzée k hf; o( f)i
P

for all k andall points p onthe unit sphereWhenk is posi-
tive,theelementsn G'{, areall rotations.Thus,having com-
putedthe valuesthe autocorrelationwe canreconstructhe
symmetrydescriptorsSDy( f; p). However, whenk is nega-
tive, someelementsof G will be of theform g= rd A —
productsof a rotation andthe antipodalmap. In this case,
we cannotusethe computedautocorrelatiorvaluesdirectly.

2
Pex(f) =

In orderto be ableto computethe symmetrydescriptors
SDx(f; p) for negative k, we obsenre thatthe antipodalmap
actson afunction f asfollows:

1. If f is anevenfunction,the antipodalmapleaves f un-
changed

2. If f isanoddfunction,theantipodalmapsendshefunc-
tion f tothefunction f.

Thus,we cancomputehesymmetrydescriptorsSDy( f; p) if

we addressheevenandoddfrequencie®f f independently
In particular we expressf asthe sumof its even and odd
componentsf = f© + f , with:

f(p)+ f(_p)

(= 07 i f(_p)

NOEESS
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Then, insteadof computingthe autocorrelationof f, we
computethe autocorrelatiorof the even and odd partsin-
dependentlyo get:
Fi@=hi"gf")i  Fe(d=nhf ;of )i
This provides a general expression for the value of
2
peﬁ(f) for all k& 0 andall axesp as:
!

L )+ (Sar(k)F ¢ (r2P%):

j24

j24 .
8 Fip™
j=1

Note that to compute the measureof axial symmetry
kpG% (f)k, it sufces to computekpgg( f)k with k equalto
twice thebandwidth of thefunction.

Complexity: For both sphericalfunctions and 3D func-
tions the compleity of computingthe autocorrelatiorover
all rotationsis boundedy O(b“). Sincecomputingthe k-th
symmetrydescriptorrequiresO(k) summationgor eachof
O(bz) pointson the spherethe overall compleity of com-
putingthe O(b) symmetrydescriptorss O(b4).

5. Symmetry and Model Similarity

Work in symmetrydetectiorhasbeenmotivated,in part, by
the recognitionthat symmetryis a property characterizing
global shapeinformation so that storinga small amountof
symmetryinformationfor eachmodelshouldprovide anef-
cient boundfor thesimilarity of two modelsIn thissection,
we formalizethis intuition by explicitly describinghow the
differencein the symmetrieof two modelsrelatesto their
measuref similarity.

5.1. Globality

A fundamentapropertyof the symmetrydescriptords that
they characterizgylobal propertiesof a model,andhenceif
the symmetrydescriptorsof two modelsdiffer at even one
point, we expectthis to imply thatthe modelsmustbe dif-
ferent. This property can be formulatedexplicitly by stat-
ing that the L1 -differencebetweensymmetrydescriptors
boundsthe L,-differenceof the models:

max SD(f:p) SDd(@p) | f g

Theexplicit proofof thisboundderivesfrom thefactthatthe
valuesof thesymmetrydescriptorof afunctionareequalto

>

thelengthsof its projectionsontotwo orthogonakubspaces.

Hence for ary k-fold symmetryandary axis p we have:

2 2 ” ” 2
t g = pey(h pglad + P& p&(O)
2
Pax () Pes(@)  +
+opg(h P9
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2
= SDk(f;p) SD«(g:p)

sothatthe differencebetweenthe symmetrydescriptorsof
two models,at ary point and ary type of symmetry is an
explicit boundfor the proximity of thetwo models.

5.2. Continuous Symmetry Classi cation

Oneof the challengeof shaperetrieval stemsfrom the fact
that often 3D modelsare not a priori aligned,and mary
methodsfor comparingtwo modelsrequirean initial step
of pairwiseregistration.For thesetypesof applicationsthe
globality propertymentionedabore cannotbe utilized with-
out rst aligning the models.In this sectionwe shov how
symmetryinformationcanbe usedfor comparingtwo mod-
elswithout requiringtheinitial alignmentstep.

We aremotivatedin our approachby earlywork in sym-
metry detection[Ata85, Wol85, Hig86] wherethe goalwas
to classify modelsin termsof the typesof symmetrythat
they have. Thesemethodssoughtto assigna binaryvalueto
eachintegerk, indicatingwhetheror nota modelhadk-fold
symmetry Since sucha representatiordlid not specify the
axisof symmetryit wasinherentlyrotationinvariant.

Using the symmetrydescriptorswe extendthesebinary
classi cationsinto a continuousframewnork wherefor each
k, we storethe optimal measureof k-fold symmetry even
whenthemodelis notk-fold symmetricln particular setting
() to bethe maximalvalueof k-fold symmetryof f:

f)= f
()= max pey(1)

we de ne theoptimalk-fold symmetryof f asthe pair:
q
Sym(f) = sc(f); kfk2 s(f)2
giving a continuous,rotation invariant classi cation of a
modelin termsof its symmetriesFurthermoreasa direct
corollary of the globality property it follows that the sym-
metry classi cation canbe usedto boundthe proximity of

two models:
max Sym(f) Sym(@) f g9:

Thus,symmetryclassi cationscanbe usedto matchmodels
without requiringaninitial stepof pair-wiseregistration.

6. Symmetry Augmentation

Motivatedby the propertydescribedn Section5, we would
like to usethe continuoussymmetryclassi cation for ef -
ciently comparingmodelsin arotationinvariantmannerin
particular we would lik e to augmenexisting shapedescrip-
torswith symmetryinformation, but would like to do soin
amannetrthatis notredundantTo this end,we considerthe
SphericaHarmonicRepresentatiodescribedn [Kaz03.

The Spherical Harmonic Representatioris a general
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methodfor obtaininga rotation invariantrepresentatiorof
spherical(and 3D) shapedescriptorghat describeghe de-
scriptorsin termsof the distribution of enegiesacrosgdif-
ferentfrequenciegandradii). Speci cally, givenaspherical
function f, the SphericalHarmonicRepresentatiodecom-
poseghefunctionin termsof its frequeny components;:

Qoo

f=
|

fii with  fi= & amy"
0 jmj |

wherea;., arethecoefcients of f with respecto thespheri-
calharmonicbasisy,™. A rotationinvariantrepresentatioof
f is thenobtainedby storingonly the normsof the different
frequeny components:

Theadwantage®f thisrepresentatioaretwo-fold: First,the
representatiofs rotationinvariantby constructionmaking
it possibleto comparemodelswithout rst aligning them.
Secondjn going from a sphericalfunctionto its Spherical
HarmonicRepresentatiorthe dimensionalityof the repre-
sentationis reducedcontractinga 2D sphericalfunctionto
a 1D arrayof enegy values.

However, it hasbeennotedthat the SphericalHarmonic
Representatiotreatseachfrequeny componentindepen-
dently and doesnot captureinformation characterizinghe
alignmentbetweendifferent frequeny componentsSym-
metry, by contrastdependstronglyonthemanneiin which
thedifferentfrequencieslign, andthereforecapturesnfor-
mationthatis missingin the SphericaHarmonicRepresen-
tation. Thus,augmentinghe SphericaHarmonicRepresen-
tation with symmetryinformation should provide a more
discriminatingrepresentationcombiningthe local (in fre-
gueny space)nformationof the SphericaHarmonicRep-
resentatiorwith globalsymmetryinformation.

Figure 2 demonstrateghe motivation for this approach.
In this gure, a databasds queriedwith the nearaxially
symmetrictable on the left, andretrieval resultsare shavn
without (top) and with (bottom) symmetryaugmentation.
Notethatthe additionof symmetryinducesa preferencdor
modelsthat are nearaxially symmetric,and pushesaway
models(suchasthe squaretable,secondmodelin the non-
augmentedesults)thatdo not have sucha symmetry

In orderto augmentthe SphericalHarmonic Represen-
tation we make the assumptiorthat symmetryis uniformly
distributedacrossall the non-constantrequenciegconstant
frequeny componentsrefully symmetric) sothatif f isa
shapedescriptorand Symy( f) is the measureof the k-fold
symmetryof f then:

kfik

Sym(f;))  Sym(f) KTk

wheref is thel-th frequeng componentf f. Thus,we re-
placethe original SphericalHarmonicRepresentatio(SH)

Figure2: Anexampleof theimprovemengainedby augmenting
theenepgy representatiorwith symmetrynformation.Thedatabase
wasqueriedwith thenearaxially-symmetri¢ableontheleft andre-

sultsare shownfor retrieval without(top) andwith (bottom)symme-
try augmentation(considering axial, 2-fold, 3-fold, and re ective

symmetries)Notethat symmetryaugmentationimprovesmatding

performanceby introducinga prefeencefor modelswhich have
nearaxial symmetry

with thesymmetryaugmentedepresentations:

- : kfik. ... kfpk
SH(f) = kfok; Sym(f) KTk i Syme(f) KTk
Then, to comparetwo descriptorswe nd the symmetry
type for which the two modelsvary most,andcomparethe
correspondingymmetryaugmentedepresentations:

D(f;g) = mkakaHk(f) SH(g)k:

Figure3 demonstratethe procesof symmetryaugmen-
tation. Givena sphericalshapedescriptor(shawvn in the top
left), its SphericaHarmonicRepresentatiois computedoy
expressingthe sphericalfunctionin termsof its frequeny
componentd, fo; f1;:::g, andstoringthenormof eachcom-
ponent(shavn in the top right). The symmetrydescriptors
arecomputedandthe continuousk-fold symmetryof f is
extracted(shawvn in the bottomleft). Finally, the Spherical
HarmonicRepresentatiois augmentedvith symmetryin-
formationby scalingwith the k-fold symmetryof f, to ob-
taina ner resolutionof non-constantrequeng information
(shawn in bottomright).

6.1. Comparing the Symmetry AugmentedDescriptor

Despitethe fact that the symmetryaugmentedepresenta-
tion now requiresa copy of the SphericalHarmonic Rep-
resentatiorfor eachsymmetrytype,in theoryencumbering
bothstorageandcomparisonthe symmetryaugmentedep-
resentationis in fact compactand comparefciently. In
particular if we computethe symmetrydot product:

o Sym(f) . Sym(g)
SDof;0) = max = = g

¢ TheEurographic#ssociation2004.
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Figure 3: Theaugmente®phericalHarmonicRepesentatiorof
a 3D shapedescriptor(top left) is obtainedby r st computingthe
SphericalHarmonicRepesentatior(top right) andthe k-fold sym-
metriesof f (bottomleft). The k-fold symmetriesare thenusedto
providea ner resolutionof non-constanfrequencynformationby
multiplyingead frequencynormby thepair of k-fold symmetryal-
ues(bottomright).

andthefrequeng dot product:

b
FDot(f;g) = & kfikkgk
=1
independentlywe canseparatehe role of symmetryinfor-
mationfrom frequeng informationin the measuref shape
similarity:

D2(f;g) = kfk?+ kgk®
2k fokkgok  2SDof( f;g) FDot(f;g):

Thus,in comparingtwo descriptorsthe symmetryinfor-
mationis separatedrom frequeng informationandonly a
singlecopy of the SphericaHarmonicRepresentationeeds
to be stored Furthermorethe separatiorof symmetryinfor-
mationfrom frequeny informationallows for ef cient com-
parisonof two models sincethecomputation®f SDof{( f; g)
andFDot( f;g) areboth ef cient computationghat canbe
performedindependentlyand then combinedto give the
measuref similarity.

Finally, the separatiorof symmetryinformationfrom fre-
gueng informationprovidesaneasymethodfor modulating
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theimportanceof symmetryin the measureof modelsimi-
larity. In particular we cande ne thefamily of metrics:

D2(f;g) = kfk?+ kgk?
2k fokkgok 2SDof'(f;g) FDot(f;g):

indexed by the parametea. Whena = 0 symmetryplays
no role in shapecomparisorandwe revert to the Spherical
HarmonicRepresentationVhena = 1 we obtainthe sym-
metryaugmentedepresentatiodescribedcbore. And more
generallyasa is increasedsymmetryplaysamorede ning

rolein evaluationof shapesimilarity.

7. Experimental Results

To measurehe ef cacy of the symmetryaugmente®pher

ical HarmonicRepresentatiom tasksof shaperetrieval, we

computedanumberof sphericabhapealescriptorsandcom-

paredmatchingresultsvhenthe SphericaHarmonicRepre-
sentatiorwasusedwith theresultsobtainedvhenthe Spher

ical HarmonicRepresentatiowasaugmentedvith symme-
try information.Thedescriptorave usedin our experiments
were:

Spherical Extent Function[Vral]: A descriptionof a
surfaceassociatingo eachray from the origin, the value
equalto thedistanceo thelastpointof intersectiorof the
modelwith theray. (If the intersections emptythenthe
associatedalueis zero.)

Radialized Spherical Extent Function[Vra03: A de-
scription of a surfacewhich rst decompose8D space
into concentricshellsandthencomputesheSphericaEx-
tent Functionof the intersectionof the modelwith each
shellindependentlyThe resultingdescriptomrepresents
3D modelwith acollectionof sphericafunctions.
ShapeHistogram (SectorsJAnk99]: A descriptionof a
surfaceassociatingo eachrayfromtheorigin, theamount
of surfaceareathatsitsoverit.

ShapeHistogram (Sectorsand ShellsJAnk99]: A de-
scription of a surfacewhich rst decompose8D space
into concentricshellsandthencomputeghe Sectorrepre-
sentatiorof the intersectionof the modelwith eachshell
independentlyThe resulting descriptorrepresentsa 3D
modelwith acollectionof sphericafunctions.

Voxel A descriptionof a modelasa voxel grid, which
is obtainedby rasterizinghe boundaryof themodel.The
voxel grid is representedsa collectionof sphericafunc-
tionsbbrestrictingthegrid to concentricspheresindscal-
ingby 4p r?toaccountor thechangeof area.
GaussianEuclidean DistanceTransform[Fun03: A de-
scription of a shapeas a voxel grid, wherethe value at
eachpointis givenby the compositionof a Gaussiarwith
the EuclideanDistanceTransformof the surface.Similar
to the Voxel representationthe grid is representedy a
collectionof sphericafunctions.

We evaluatedhe performancef eachmethodby measur
ing how well they classi ed modelswithin a testdatabase.
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Figure 4: Theimprovementn the precisionof boththe original andaugmente®phericaHarmonicRepesentatiorover PCA-alignmentre
shown Notethat symmetryaugmentatioralwaysimprovesthe matting performanceand out-performghe PCA-alignedrepresentation.

The databaseconsistedof 1890 “household"objects pro-
videdby Viewpoint[Vie0]]. Theobjectswereclusterednto
85 classesbasedon functionalsimilarity, largely following
the groupingsprovided by Viewpoint andclassesangedin
size from 5 modelsto 153 models,with 610 modelsthat
did not t into ary meaningfulclassegFun03. Classi ca-
tion performancevasmeasuredisingprecision/recalplots,
which give the percentagef retrieved information that is
relevantasafunctionof the percentagef relevantinforma-
tion retrieved. Thatis, for eachtargetmodelin classC and
ary numberK of topmatches'recall” representtheratio of
modelsin classC returnedwithin thetop K matcheswhile
“precision” indicatesthe ratio of thetop K matcheghatare
in classC. Thus,plotsthatappearshiftedup generallyindi-
catesuperiorretrieval results.

The resultsof the Precisionvs. Recall experimentsare
shawn in Figure4, wherethe SphericaHarmonicRepresen-
tationis augmentedvith k-fold symmetryinformation,with
k= 2;2;3;4;5;1 correspondingo re ective, 2-fold, 3-
fold, 4-fold, 5-fold andaxial symmetryinformation.A value
of a = 2 was usedto amplify the importanceof symme-
try in retrieval — this wasempirically determinedo give the
bestresults Theplotscompareheimprovementin precision
over PCA-alignmenwhenmodelsarematchedby compar
ing the (rotationinvariant) SphericaHarmonicRepresenta-
tions of the descriptorsand modelsare matchedby com-
paring the symmetryaugmentedSphericalHarmonicRep-
resentationsf thedescriptors(sothatPCA-alignedmodels
would give a constantase-lineof 0% improvement.)Note
thatfor all of the descriptorsthe symmetryaugmentedep-
resentatiorprovides bettermatchingperformanceimprov-

ing on the retrieval performanceof the original Spherical
HarmonicRepresentation.

Representation Spherical Voxel
Size( oats) 256 8192

PCA Compute(sec) 0.01 0.09
Compargms) 0.18 5.89

Size( oats) 16 512

Harmonic Compute(sec) 0.01 0.09
Compargms) 0.02 0.31

Size( oats) 28 524

Symmetry Compute(sec) 0.59 0.72
Compargms) 0.02 0.32

Table 1: Atableof thesizesandcomputeandcompae timesof the
sphericalandvoxelshapedescriptos usingPCA-alignmentSpher
ical HarmonicRepesentationsand symmetrnjaugmentation.

Of particularimportanceis the fact thataugmentedep-
resentationalways outperformsthe PCA-aligneddescrip-
tors (the improved precision plot is always bigger than
zero). For a numberof descriptorsve nd that at low re-
call valuesthe SphericalHarmonic Representatiosuffers
from theinformationlossinherentin the representatioand
performsworsethan PCA-aligneddescriptorsBy contrast,
theaugmentedepresentatioalwaysdoesbetterthanPCA-
alignment, despitethe fact that the augmentedSpherical
Harmonic Representations much smallerthan the PCA-
alignedrepresentationThe spaceand time compleity of
the differentrepresentationarecomparedn Table 1 which

¢ TheEurographic#ssociation2004.
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givesthe sizeandcomputatiortime for sphericalandvoxel
basediescriptorgvoxelsaresampledat 32 concentricshells
aboutthe origin andevery sphericafunctionis represented
by its rst 16 frequeny components)Thus,theaugmented
representatiorprovides better matching performancewith
lessinformation, makingit particularly well suitedfor re-
trieval taskswherecompactnesf ciency, anddiscrimina-
tion areimperatize.

8. Conclusion

In this paper we have exploredthe mannerin which sym-
metry canbe usedto assistin the tasksof shapematching
andshapeetrieval. To this endwe have introducedthe sym-
metrydescriptos of amodel- a collectionof functionsgiv-

ing themeasuresf k-fold symmetrywith respecto all axes
passinghrougha model's centerof mass— andhave shovn

how to computethe descriptorsef ciently. Using the fact
that the symmetrydescriptorscaptureglobal information,
we have shawvn how the local SphericalHarmonic Repre-
sentationcan be augmentedvith symmetryinformationto

provide a more discriminatingrepresentatiofior mary ex-

isting shapedescriptors As a result,we provide a method
for obtaininga compactyotationinvariant,representationf

shapedescriptorsthat allows for efcient matchingof 3D

modelswithout requiringa priori modelregistration.
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