EurographicsSymposiunon GeometryProcessing2003)
L. Kobbelt,P. SchréderH. Hoppe(Editors)

Rotation Invariant Spherical Harmonic Representationof 3D

ShapeDescriptors

MichaelKazhdan,ThomasFunkhouserandSzymonRusinkievicz

Departmenbf ComputerSciencePrincetonUniversity, PrincetonNJ

Abstract

Oneof thechallengesin 3D shapematding arisesfromthefactthatin manyapplicationsmodelsshouldbecon-
sideedto bethe sameif they differ by a rotation. Consequentjywhencomparingtwo modelsa similarity metric
implicitly providesthe measue of similarity at theoptimalalignment Explicitly solvingfor the optimalalignment
is usuallyimpractical. So,two general methodshavebeenproposedor addressingthis issue:(1) Everymodelis

representedisingrotationinvariant descriptos. (2) Everymodelis describedby a rotationdependentiescriptor
thatis alignedinto a canonicalcoordinatesysterde ned bythemodel.In this paper wediscusghelimitationsof

canonicalalignmentand presenta new mathematicatool, basedon sphericalharmonics for obtainingrotation

invariant representations\We describethe propertiesof this tool and showhowit canbe appliedto a numberof

existing orientationdependentgescriptos to improve their matding performanceTheadvantae of thisis two-

fold: First,it improvesthematding performancef manydescriptos. Secondit reduceshedimensionalityof the
descriptoy providing a more compactrepresentationyvhich in turn malescomparingtwo modelsmore efcient.

Catayoriesand SubjectDescriptorgaccordingto ACM CCS) 1.3.6 [ComputerGraphics]:Methodologyand Tech-

niques

1. Intr oduction

Over the lastdecadetoolsfor acquiringandvisualizing3D

modelshave becomeintegral componentf dataprocess-
ing in a numberof disciplines,including medicine,chem-
istry, architectureand entertainmentWith the proliferation
of thesetools, we have alsowitnessedan explosionin the

numberof available3D models.As aresult,the needfor the

ability to retrieve modelsfrom large databasefiasgained
prominenceanda key concernof shapeanalysishasshifted
to thedesignof ef cient androbustmatchingalgorithms.

Oneof theprincipal challengesacedin the areaof shape
matchingis thatin mary applicationsa modelandits im-
ageundera similarity transformationare consideredo be
the same.Thus, the challengein comparingtwo shapess
to nd the bestmeasureof similarity over the spaceof all
transformationThe needfor ef cient retrieval makesit im-
practicalto explicitly queryagainstall the transformations,
andtwo differentsolutionshave beenproposed:

Normalization: Shapesare placedinto a canonicalco-
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ordinateframe (normalizingfor translation scaleandro-
tation) andtwo shapesareassumedo be nearoptimally
alignedwheneachis in its own frame.Thus,thebestmea-
sureof similarity canbefoundwithoutexplicitly trying all
possibletransformations.

Invariance: Shapesaredescribedn atransformatiorin-
variantmanneysothatary transformatiorof a shapewill
be describedn the sameway, andthe bestmeasureof
similarity is obtainedat anytransformation.

We have foundthatwhile traditionalmethodsfor transla-
tion andscalenormalizationprovide goodmatchingresults,
methoddor rotationnormalizationarelessrobustandham-
perthe performancef mary descriptors.

In this paperwe presenta novel tool, called the Spher
ical Harmonic Repesentationthat transformsrotationde-
pendentshapedescriptorsinto rotation independenbnes.
Thistool contributesto the challenge®f designingeffective
shaperetrieval algorithmsin threeways. First, it is a gen-
eraltool thatcanbe appliedto mary existing shapedescrip-
tors. Secondfor mostshapedescriptorsthe sphericalhar
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monic representatiomprovides bettermatchingresultsthan
thoseobtainedby rotationnormalization Finally, the spher
ical harmonicrepresentatioprovidesa reductionin the di-
mensionalityof the shapedescriptor therebyreducingboth
thespacdor storageandthetimefor comparison-key prop-
ertiesfor the implementationof interactve shaperetrieval
systems.

Therestof this papetis structuredasfollows: In Section2
we describepreviouswork in theareaof shapeetrieval. The
sphericaharmonicrepresentatiors presentedn Section3,
which reviews the principal propertiesof sphericaharmon-
ics and provides a methodfor obtainingrotation invariant
representationsf spherical-baseshapedescriptorsin Sec-
tion 4 we describehemathematicapropertieof thespheri-
cal harmonicrepresentatioanddiscussquestionof invert-
ibility . We provide a generalizatiorof our methodto voxel
gridsin Section5. In Section6 we provide empiricalresults
comparingmatchingresultsof normalizeddescriptorswith
theirrotationinvariantrepresentation&Ve provide ananaly-
sisof theseresultsin Section7 andwe concluden Section8
by summarizingour resultsanddiscussingopicsfor future
work.

2. RelatedWork

Theproblemof shapematchinghasbeenwell studiedin the
graphics/visiorliteratureand mary methodsfor evaluating
model similarity have beenproposed.This paperis moti-
vated by the increasedavailability and accessibilityof 3D
models,andfocuseson the problemof shaperetrieval from
within large databasesf models.In this context, the chal-
lengeis to provide arobustandef cient methodfor comput-
ing modelsimilarity.

To addresghis challengemary methodshave focusedon
separatinghe matchingprobleminto two componentsAn
of ine step,in which abstractedlistinguishinginformation
is extractedfrom eachmodelindependentlyand an online
step,in which the informationbetweenwo modelsis com-
paredIn orderto allow for ef cient retrieval, theof ine step
is usuallydesignedo extractinformationwhich allows for
simpleandefcient comparisorbetweermodels.In partic-
ular, mary existing methodsdescribea 3D shapewith an
abstracteghapedescriptorthatis representedsa function
de nedonacanonicalomain.Shapesrethencomparedy
computingthe differencebetweentheir descriptorsso that
no explicit establishingf correspondenceés necessaryand
theonlineprocessanbeef cient.

However, in thecontext of shapeetrieval, oneof theprin-
cipal dif culties facedby theseapproachess thata model
andits imageundera similarity transformatiorare consid-
eredto be the same.Thus,the challengein comparingtwo
modelsis to nd the bestmeasureof similarity over the
spaceof all transformationsThis challengehas beenad-
dressedn two differentways:

Normalizingthe modelsby nding a canonicaltransfor
mationfor eachone.

Characterizingnodelswith atransformatiorinvariantde-
scriptorsothatall transformation®f amodelresultin the
samedescriptor

(While explicitly solvingfor the optimaltransformatiorus-
ing eitherexhaustve searchor methodssuchICP 13 14, the
GeneralizedHough Transfornt®, or GeometricHashing?6,
are also possible,theseapproachesannotbe applied to
databaseetrieval taskssincethe onlinecomparisorof mod-
els becomesnefcient.) Many hybrid methodsexists and
a few representatie examplesareshowvn in Table 1, which
describeshow thesemethodsaddresdranslation scaleand
rotation.

ot

Representation Sc Rot

CreaseHistogramg
ShapeDistributions?
ExtendGaussianmages*
ShapeHistograms (Shells)
ShapeHistograms®
SphericaExtentFunctions®
Wavelets’

Re ective SymmetryDescriptors
HigherOrderMoments®
ExponentatiorEDT 12

2222222222

22zZ2zZ22zZ2Z———
22Z2zZ22Z—2Z——

Table 1: A summaryof a numberof shapedescriptos, showing
if they are (N)ormalizedor (l)nvariant to ead of translation,scale
androtation.

In generalmodelsarenormalizedby usingthe centerof
massfor translation,the root of the averagesquareradius
for scale andprincipalaxesfor rotation.We have foundthat
while themethoddor translatiorandscalenormalizatiorare
robustfor whole objectmatching®, rotationnormalization
via PCA-alignmentdoesnot provide provide a robust nor-
malizationfor mary matchingapplications.This is dueto
thefactthat PCA-alignmenis performedby solving for the
eigen-aluesof the covariancematrix. This matrix captures
only secondorder modelinformation, and the assumption
in usingPCA is that the alignmentof higherfrequeng in-
formationis strongly correlatedwith the alignmentof the
secondorder components(Appendix A provides an anal-
ysis of this from a signal processingramework.) We have
foundthatfor mary shapedescriptorshis assumptiordoes
nothold,andtheuseof principalaxesfor alignmenthampers
the performancef thesedescriptors.

Mary of the descriptorsthat have usedPCA-alignment
represena 3D shapeaseitherasphericafunctionor avoxel
grid, which rotateswith the model. Examplesof suchde-
scriptorshave included:
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TheExtendedGaussiaimage?, whichdescribeshedis-
tribution of normalsacrosghe surfaceof the model
ShapeHistograms®, which describethe distribution of
pointsonthe modelacrossll raysfrom the origin
SphericaExtentFunctions’, whichdescribehemaximal
extentof ashapeacrossall raysfrom theorigin

Re ective SymmetryDescriptor$, whichdescribehere-
ective self-similarity of a shapewith respectto re ec-
tionsaboutall planeshroughtheorigin

The voxel descriptionof Funkhouseet al. 12, which de-
scribesa modelby computingthe negative exponentialof
its EuclideanDistanceTransform

For thesetypeof descriptorsye proposea solutionto the
rotationproblemby providing amathematicalool, basedn
sphericaharmonicsfor obtainingarotationinvariantrepre-
sentatiorof thedescriptorsOurapproachs ageneralization
of the FourierDescriptor!! methodto the spherecharacter
izing sphericafunctionsby the enegiescontainecat differ-
ent frequenciesThis ideawasintially proposedn 12, and
this paperpresentsa detaileddescriptionof the descriptor
its properties,and empirical resultsdemonstratingts ef -
cag in improving thematchingperformancef anumberof
existing shapedescriptors.

3. Spherical Rotation Invariance

In this paper we presenta tool for transformingrotation
dependensphericaland voxel shapedescriptorsnto rota-
tion invariantones.The key ideaof our approachis to de-
scribea sphericafunctionin termsof theamountof enegy

it containsatdifferentfrequenciesSincethesevaluesdo not

changewhenthefunctionis rotated theresultingdescriptor
is rotationinvariant. This approactcanbe viewed asa gen-
eralizationof the FourierDescriptormethod!? to the caseof

sphericafunctions.

3.1. Spherical Harmonics

In orderto be ableto represent function on a spherein a
rotationinvariantmanneywe utilize themathematicahotion
of sphericaharmonicgo describeheway thatrotationsact
on a sphericalfunction. The theory of sphericalharmonics
saysthatary sphericafunction f g f canbedecomposed
asthesumof its harmonics:
m |
faf & & ami"qf

I om |
(This decompositioris visualizedin step(1) of Figure 1.)
Thekey propertyof this decompositions thatif we restrict
to somefrequeny |, andde ne the subspacef functions:

Vi spany 'y 1 | |

Yoty
then:
V| is a RepresentationFor the Rotation Group: For ary
function f V, andary rotationR, we hare R f V.
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Figure 1: We computea rotationinvariant descriptorof a spher

ical functionby (1) decomposinghe functioninto its harmonics,
(2) summinghe harmonicswithin ead frequencyand(3) comput-
ing thenormof ead frequencyromponent(Sphericalfunctionsare

visualizedby scalingpointson the unit sphee in proportionto the
valueof the functionat that point, whele pointswith positivevalue
are drawnin light gray andpointswith negativevalueare drawnin

darkgray.)
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This canalsobe expressedn the following mannerif p,
is the projectiononto the subspac#/ thenp, commutes
with rotations:

pRf  Rpf

V| isIrr educible V, cannotbefurtherdecomposedsthe
directsumV; V| whereV, andV, arealso(non-
trivial) representationsf therotationgroup.

The rst propertypresentsa way for decomposingpheri-
cal functionsinto rotationinvariantcomponentswhile the
secondpropertyguaranteeshat, in a linear sensethis de-
compositionis optimal.

3.2. Rotation Invariant Descriptors

Using the propertiesof sphericalharmonicsandthe obser
vationthatrotatinga sphericalfunction doesnot changeits
Lo-norm we representhe enepies of a sphericalfunction
fqf as:

SH f foqf fiqf
wherethe f| arethefrequeng componentsf f:

m |
fiaf pf & am¥"qf

m |
(shawvn in stepy(2) and(3) of Figurel.)
Thisrepresentatiohasthe propertythatit is independent

of the orientationof thesphericafunction. To seethiswe let
R beary rotationandwe have:

SHR f poRf p1 Rf
Rpof Rplf
po f pp f SH f

sothatapplyingarotationto a sphericafunction f doesnot
changédts enegy representation.

3.3. Further Quadratic Invariance

We canmale our representatiostill morediscriminatingby
re ning the caseof the secondordercomponentUsing the
resultsfrom AppendixA we know thattheL,-differencebe-
tweenthe quadraticcomponent®f two sphericalfunctions
is minimized whenthe the two functionsare alignedwith
their principalaxes.Thus,insteadof describingthe constant
andquadraticcomponentdy thetwo scalars fo and f; ,
we canrepresenthem by the threescalarsa;, ap, andags,
whereafteralignmentto principalaxes:

fo f2 a1x2 a2y2 3.322

However, caremustbetaken becausasfunctionson the
unit sphere x?, y?, andZ are not orthonormal.By xing
anorthonormabasis v; v, v, for thespanof x° y? 7

we canreplacethe harmonicrepresentatiolsH f de ned
in Section3.2with the morediscriminatingrepresentation:

SHQf R 1 a) az ag fl f3

whereR is the matrix whosecolumnsare the orthonormal
vectorsy;.

4. Propertiesof the Spherical Harmonic Representation

This sectionprovides a mathematicabnalysisof someof
the propertiesandlimitations of the sphericaharmonicrep-
resentationin particular we describehow the similarity of
sphericaldescriptorsde ned asthe optimumover all rota-
tions, relatesto the similarity of their harmonicrepresenta-
tions.We alsodescribehe way in which informationis lost
in going from a sphericalshapedescriptorto its harmonic
representation.

1. Similarity : TheL,-differencebetweertheharmonicrep-
resentation®f two sphericafunctionsis a lower bound
for the minimum of the L,-differencebetweenthe two
functions takenoverall possibleorientationsTo seethis,
weletf g f andg q f betwo sphericafunctions,and
obsere that:

SH f SHg 2 é fi al 2
I o
& fi 9 * faqf gqf 2
I o
Similarly, if we considerthe rotationinvariantrepresen-
tationdescribedn Section3.3,we get:
SHf SHg SHQf SHQg
f g

But aswe have shavn, the harmonicrepresentationare
invariantto rotation,sowe get:

SHf SHg SHQf SHQg
min f Rg
R SO3

2. Information Loss In general,if a sphericalfunction
f g f is band-limitedwith bandwidthb, then we can
expressf as:

Qoo

|
fqf a an"qf
|

I Om
Thus,thespaceof sphericafunctionswith bandwidthb is
of dimensionO b? . The harmonicrepresentatiorhow-
ever, is of dimensionO b sothatafull dimensionworth
of informationis lostin going from a sphericalfunction
to its harmonicrepresentatiorT hisinformationlosshap-
pensin two differentways:
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First, we treatthe differentfrequeng componentin-
dependentlyThusif we write:

b
f af and g AR
I 0 10

where R are rotations, then the descriptorsof the
functions f andg will be the same.Thatis, the de-
scriptoris unchangedf we apply differentrotations
to the differentfrequeng component®f a spherical
function. Figure 2 shawvs a visualizationof this for

two sphericafunctions.Theoneon the bottomis ob-

tainedfrom the oneon thetop by applyinga rotation
to only oneof thefrequeng componentsThoughthe
two functionsdiffer by more than a single rotation,
there spherical harmonic descriptorsare the same.
(An analagoudorm of informationloss occurswith

Fourier Descriptorsvherethe phasef differentfre-

quenciesarediscardedndependently

Figure 2: The bottomsphericalfunctionis obtainedby rotating
one of the frequencycomponent®f the top one Despitethe fact
thatthere is no rotation transformingthe functionon the top to the
oneonthebottom thedescriptos of thetwo functionsare thesame

Second,for eachfrequeny componentf|, the har
monic representatioronly storesthe enegy in that
componentFor|  2it is nottruethatif f g
thenthereis a rotation R suchthatR f g. Thus
knowing only the norm of theI-th frequeng compo-
nentdoesnot provide enoughinformationto recon-
structthe componentp to rotation.(This form of in-
formationloss doesnot occurwith Fourier Descrip-
tors, astwo circular functionswith the sameampli-
tudeandfrequeng canonly differ by phase/rotation.)
Figure3 shavs avisualizationof this for threespher
ical functions.The functionsareall of the samefre-
queng andhave the sameamplitude,but thereis no
rotation that can be appliedto transformthem into
eachother
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Figure 3: Three sphericalfunctionsof the sameamplitudeand
frequencyare shown.Note that there is no rotation transforming
anyoneof theminto the other

5. Extensionsto Voxel Descriptors

In Section3 we presentedh methodfor obtainingrotation
invariantrepresentationsf sphericalfunctions.In this sec-
tion we shav how this methodcanbe generalizedo obtain
rotationinvariantrepresentationgf voxel descriptors.

5.1. Rotation Invariant Representations

In order to obtain a rotation invariant representatiorof a
voxel grid we usethe obseation that rotations x the dis-
tanceof a point from the origin. Thus, we canrestrictthe
voxel grid to concentricspheref differentradii, and ob-
tain the sphericalharmonicrepresentatiorof eachspheri-
cal restrictionindependentlyThis processs demonstrated
in Figure4: First, we restrictthe voxel grid to a collection
of concentricspheresThen,we represeneachsphericare-
strictionin termsof its frequeny decompositionFinally, we
computethenormof eachfrequeng componentat eachra-
dius. Theresultantrotationinvariantrepresentatiois a 2D
grid indexed by radiusandfrequeng.

5.2. Properties

In additionto theinformationlossdescribedn Sectiord, the
methoddescribedabore alsolosesinformationasa resultof
the fact that the representatioris invariantto independent
rotationsof the different sphericalfunctions.For example,
theplanein Figure5 (right) is obtainedfrom the oneonthe
left by applyinga rotationto theinterior part of the model.
While the two modelsare not rotationsof eachother the
descriptorobtainedarethe same.

6. Experimental Results

To measurethe efcacy of the sphericalharmonicrepre-
sentation,we computeda numberof sphericalshapede-
scriptors,and comparedmatchingresultswhenthe spheri-
calfunctionswerealignedby PCA with theresultsobtained
whenthe sphericaharmonicrepresentatiowasused.

In orderto evaluateour methodwe computedhe follow-
ing sphericadescriptors:

Extended Gaussianlmage #: This is a descriptionof a
surfaceobtainedby binningsurfacenormals.
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Figure 4: We computea rotation invariant descriptorof a voxel
grid by intersectingthe modelwith concentricsphees,computing
the frequencydecompositiorof ead sphericalfunction,and com-
puting the normsof ead frequencycomponenat ead radius.The
resultantrotation invariant representationis a 2D grid indexed by
radiusandfrequency

Figure 5: Themodelon theright is obtainedby applyinga rota-

tion to theinterior part of the modelon the left. While the models
differ by more thana singlerotation, their rotationinvariant repre-

sentationsarethesame

Radial Distrib ution: This is a descriptionof a surface
thatassociateto every ray throughtheorigin, theaverage
distanceandstandardieviation of pointson the intersec-
tion of the surfacewith theray.

Spherical Extent Function ©: This is a descriptionof a
surfaceassociatingo eachray from the origin, the value
equalto thedistanceo thelastpoint of intersectiorof the
modelwith theray.

Sectors This is a descriptionof a surfaceassociatingo
eachray from the origin, the amountof surfaceareathat
sits over it. This is a continuousimplimentationof the
shellsin ShapeHistograms®, with sectorschoserto cor
respondo asinglecell within the64 64 representation
of thesphere.

ShapeHistogram 5: This a ner resolutionof the Sec-
tor descriptorthat breaksup the boundingsphereof the
modelinto a collectionof shellsandcomputeghe sector
descriptoifor theintersectiorof themodelwith eachone.
Voxel 12: Thisis a descriptionof a shapeasa voxel grid,
wherethe value at eachpoint is given by the negatively
exponentiatedEuclideanDistanceTransformof the sur
face.

We evaluatedthe performanceof eachmethodby testing
how well they classi ed modelswithin a testdatabaseThe
databaseonsistedf 1890"“household"objectsprovidedby
Viewpoint 7. The objectswere clusteredinto 85 classes,
basedn functionalsimilarities,largelyfollowing thegroup-
ingsprovidedby Viewpointandclassesangedn sizefrom 5
modelsto 153 models,with 610 modelsthatdid not t into
ary meaningfulclasses'2. Classi cation performancewas
measuredsingprecision/recalplots,whichwhichgivesthe
percentagef retrievedinformationthatis relevantasafunc-
tion of the percentagef relevantinformationretrieved.

We computedthe sphericalrepresentationsis 64 64
grids correspondingo regular samplingalongthe lines of
longitude and lattitude and we usedSPharmonicKit2.5 18
to obtainthe sphericalharmonicrepresentatiomsan array
of 33 oating point numbersBoth the sphericaldescriptors
andtheirsphericaharmonicrepresentationswerecompared
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usingthe L,-difference.The resultsof the classi cationex-
perimentareshawv in in Figure®.

Figure 6: Precisionvs. Recall plots comparingthe performance
of alignedsphericaldescriptos with the performanceof their har-
monicrepresentationsNotethat for mostof therepresentationshe
harmonicdescriptoroutperformghe canonicallyalignedone

As the resultsindicate, the applicationof the Spherical
HarmonicRepresentatioimprovestheperformancef most
of thedescriptorsTheimprovementof the matchingresults
is particularlymeaningfulwhenwe considetthefactthatthe
SphericaHarmonicRepresentatioreducesa 2D descriptor
intoal1D arrayof enegy values Thus,therepresentationot
only providesbetterperformancebut it doessowith fewer
bits of information.

7. Discussion

In this sectionwe presenta discussiorof theresultsin Sec-
tion 6. In particular we analyzethe caseof the Extended
Gaussianmage,and discusshow this re ects on the gen-

eral limitations of the SphericalHarmonicRepresentation.

We alsoevaluatetheimplicationsof the SphericaHarmonic
Representatiofor databaseetrieval.

7.1. Limitations

The analysisdescribedin Appendix A provides a mathe-
maticalinterpretatiorof thefailing of PCA-alignmentThis
analysismakes the assumptiorthat we are looking at the
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generalklassof sphericaffunctions,sothatfrequeng com-
ponentsalign independentlyHowever, in certainshapeap-
plicationsthis may not be the caseandthe descriptorsob-
tainedmay fall into a restrictve subsetof sphericalfunc-
tions. In thesecasesit is possiblethat the alignment of
different frequeny componentsare correlatedand PCA-
alignmentperformswell.

Sucha casemay occurwhenthe sphericalfunctionsare
primarily axis aligned,so that, up to rotation,they canbe

describeds:
& ax by o

and the alignmentsof the differentfrequeng components
are strongly correlated.This is the casefor the Extended
Gaussianmage* which describes polygonalmodelby the
distribution of normal vectorsover the unit sphere When
the databaseof modelsis restrictedto householdobjects,
the obtaineddescriptorsareprimarily axisaligned(seeFig-
ure 7) and principal axis alignmentmay provide optimal
alignment, (as indicated by the improved performancein
Figure6).

Figure 7: Imagesof modelsof a vase a chair, and scissos, with
their associatedExtendedsaussiarimages.Notethatthe EGlsare
mainlyaxial functionsand consequentlare well alignedby PCA.

7.2. Implications for Model Databases

Much of the researctpresentedn this paperis guidedby
the increasedoroliferationand accessibilityof 3D models.
Thesemodelshave beengatherednto databaseandoneof
thechallenge$asbeento designmatchingmplementations
thatarewell suitedfor databaseetrieval. The sphericahar
monic representatiopresentedn this paperaddressethis
challengen two ways:

1. While asphericafunctionof bandwidthb requiresO b?
space,its sphericalharmonicrepresentations of size
O b . Consequentlythe sphericalharmonicrepresenta-
tions provide a more compactrepresentatiomf the de-
scriptors, and can be comparedmore efciently. (For
eachmethodcomparedn Section6, Table 2 shaws the
spacerequirementsof the descriptorand its Spherical
HarmonicRepresentation.)

2. Furthermore,the Spherical Harmonic Representations
are basedon a frequeny decompostiorof a spherical
function. Consequentlythe representatiors inherently
multiresolutionalandthis propertycanbe usedto guide
indexing schemesor ef cient retrieval.
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Representation PCA-Aligned Harmonic
EGI 64 64 33
SphericaExtentFunction 64 64 33
RadialDistribution 2 64 64 2 33
Sectors 64 64 33
ShapeHistogram 4 64 64 4 33
Voxel 32 64 64 32 33

Table 2: Thenumberof oating point numbes usedto describe
ead representationThistabledemonstatesthatthe SphericaHar-
monicRepesentatiorprovidesa representatiorthatreduceghedi-
mensionalityof the spacerequiredfor storingthedescriptor

8. Conclusionand Futur e Work

In this paperwe have introducedthe SphericalHarmonic
Representatiorg rotationinvariantrepresentatioonf spheri-
calfunctionsin termsof theenegiesatdifferentfrequencies.
We have shawn that this representatioprovides a method
for improving the performanceof mary canonicallyaligned
sphericaldescriptorsn tasksof shapematching.ln addition
to providing bettermatchingperformancethis rotation in-
variantrepresentatioalsoreduceshedimensionalityof the
existing descriptoramproving both the time and spacere-
quirementf thesemethods.

Thiswork suggests.numberof challengeshatwe would
like to consideiin thefuture: First, we would lik e to explore
the possibilityof generalizinghis methodto voxel gridsus-
ing Zernike moments.Second,we would like to consider
methodsfor reducingthe rotationindependencef the dif-
ferentfrequeng componentsand,in thecaseof voxel grids,
of the differentradial componentsFinally, we would like
to explore extendingthis methodto capturemore rotation
invariantinformationin the higherfrequeng components,
allowing usto truly reconstruckeachfrequeng component
uniquelyup to rotation.
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Appendix A: A SignalProcessing-rameavork for PCA

This appendixpresentsa signal processingramework for
analyzingthe implicationsand limitations of model align-
mentvia PCA.We de ne asphericafunctioncharacterizing
theradial varianceof a shapealongdifferentraysfrom the
origin. In particular for amodelSandadirectionv we set:

2
RV Sv lim X

a 0cva s2p1l cosa dx
whereC v a is the conewith ape at the origin, anglea
anddirectionv, and2p 1 cosa istheareaof theinter
sectionof the conewith the unit spherg(seeFigure8). That
is, RV Sv givesthe sumof the squareof the distanceof
thepointslying on theintersectiorwith Sandtheray, from
theorigin, with directionv. Figure9 shavs avisualizationof
theRadial Variancefor a cubeby scalingthe radiusof each
pointonaspheren proportionto thevalueof thefunctionat
thatpoint. Notethatthefunctionscaleghepointsatthecor-
nersof the cubemoredrasticallybecause(1) we integrate
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Figure 8: Thevalue of the Radial Variancein the directionv is
de ned by intersectingthe modelwith a cone in the directionv,
with smallanglea, andintegrating the squae of the distanceover
theintersectionof themodelwith the cone

Figure 9: TheRadialVariancecanbevisualizedby displacingthe
radiusat a point on the sphee, in proportion to the value of the
functionat that point.

the squae of the distanceto the origin over eachpatch,and
(2) the anglebetweenthe point on the sphereandthe sur
facenormalis large, sothatmoresurfaceareaprojectsonto
asphericapatch.

Whatis valuableaboutthis functionis thatfor ary surface
S, thefunctionhasthe propertythat:
XiXjdx RV SV XX @
s
Thatis, thesecondand0-th) ordercomponentsf theradial
variancearepreciselythe termsof the covariancematrix of
themodel. This function givesa representationf theinitial

modelin a signal processingramenork that allows us to
malke two obserations:

1. Becauseof the orthogonalityof the frequeng compo-
nents,principal axis registration doesnot take into ac-
countinformation at non second-ordefrequenciesand
hencemakesno guaranteeasto how they align.

2. Aligning two modelsusingtheir principal axes provides
theoptimalalignmentfor their seconcrdercomponents,
aswill beshavn in thefollowing theorem:

Theorem: If f andg aretwo sphericalfunctions consist-
ing of only constantand secondorder harmonicsthenthe
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Lo-differencebetweenthe two is minimized when eachis
alignedto its own principalaxes.

Proof: Becausef andg consistof only constanandsecond
orderterms,we can representhe functionsby symmetric
matricesA andB where

fv VAv and gv VBv

If we assumehatA andB arealreadyalignedto their prin-
cipalaxeswe get:

a 0 0 by 0 O
A 0 a O and B 0 b, O
0 0 a3 0 0 bs

Thus,if Ris ary rotationwe get:

3
Rfg a bTraceARBR b § ab;
i1
wherea  gx*dxandb o x%y?dx de ne the lengths

and anglesbetweerthefunctionsx,—2 on the unit sphereWe
would like to shawv thatthe dot productis maximizedwhen
Ris apermutatiormatrix sothatRAR is diagonal.

Usingthefactthatthedifferentialsof arotationR arede-
ned by RSwhereSis a skew-symmetricmatrix, it sufces
to solve for:
0 9 TraceAR RSBR R
dtt o
TraceRARSB BS

But Sis a skew-symmetricmatrixsothat,SB  BSis asym-
metricmatrix with 0's alongthediagonal:

0 b by S b3 by S3
8B BS b, by S 0 b3 by S3
bz by S3 b3 b S3 0

Thus,if R ARis adiagonamatrixthenthederivative is zero,
independentf thechoiceof S. Conversely if theb; aredis-
tinctandR ARis notdiagonalwe canalwayschoosevalues
for Si», S13, andSy3 suchthatthederivative is non-zerojm-
plying thatif RAR is not diagonalit cannotmaximizethe
dotproduct. (Notethatif b1 b2 b3 thenB is aconstant
multiple of theidentity sothatthedotproductis independent
of the choiceof rotation.Similarly, if bj  bj thenrotations
in theplanespannedy x; andx; alsodo notchangethe dot
product.)

This shavsthattheL,-differencebetweenf andgis atan
extremumif andonly if A andB arebothdiagonalmatrices.
The minimum L,-differenceis thenattainedwhend ab; is
maximal.Sothatif a; a» ag thenwe mustalsohave
by by bz, andthel,-differencebetweenf andgis min-
imizedpreciselywhen f andg arealignedto their principal
axes.



