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Abstract

Thelterative Closestoint (ICP) algorithmis a widelyused
methodor aligningthree-dimensiongbointsets.Thequal-

ity of alignmentobtainedby this algorithmdependsieavily
on choosinggoodpairs of correspondingpointsin the two

datasetslf too manypointsare chosernfromfeatuelessre-

gionsof the data, the algorithm corvergesslowly, nds the

wrong pose or evendivemges,especiallyin the presenceof

noiseor miscalibmtion in theinput data. In this paper we

describea methodor detectinguncertaintyin pose andwe

proposea point selectionstrategy for ICP that minimizes
this uncertaintyby choosingsampleghat constain poten-
tially unstabletransformations.

1. Intr oduction

Whenbuilding threedimensionaimodelsusinga range
scannermultiple views areusuallyrequireddueto thelim-
ited eld of view of the scannerandthe presencef occlu-
sions. Registrationof theseviews is typically performed
pairwise,usinga variantof the Iterative ClosestPointalgo-
rithm (ICP) [3, 2]. This algorithmstartswith two meshes
andaninitial estimateof thealigningrigid-bodytransform.
It theniteratively re nesthetransformby alternatelychoos-
ing correspondingointsin themeshe&nd nding thebest
translatiorandrotationthatminimizesanerrormetricbased
onthedistancebetweerthem.

SincelCP is a non-linearlocal searchalgorithm, it suf-
fersfrom mary problemscommonlyassociatedvith local
searchessuchas slow corvergence(dueto shallov error
landscapesandthetendeng to fall into local minima. The
point selectionstratgyy andthe choiceof errormetricto be
minimizedplay alargerole in boththerateof corvergence
andtheaccuray of theresultingpose.A discussiorof these
issuescanbefoundin [11].

Pooralignmentbetweera pair of meshegancomefrom
several sources.Noisein the input datacancauselCP to
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corvergeto alocal minimum. The frequeng of local min-

ima in the errorlandscapalependon input geometryand
onthe minimizeddistancemetric. The point-to-planesrror
metric of Chenand Medioni [3] makesthe ICP algorithm
lesssusceptibleo local minimathanthepoint-to-pointmet-
ric of Besl[2]. PottmanandHofer [9] shaw thatif thetwo

meshesgrecloseto eachother thepoint-to-planealistanceas

thebestapproximatiorfor thetruedistancebetweerthetwo

surfaces. This metric alsohasan advantagethat it allows
thetwo surfacego “slide” againstachotherin the at and
sphericalregions, which do not containenoughinforma-
tion to fully constrainthetransform.However, if too mary

point-pairscome from suchfeaturelesgegions, the algo-
rithm canfail to corvergebecaus®f lack of constraintsin

this casethecauseof poorcorvergenceandpoor nal pose
is the shallav error landscapehat resultsfrom too much
sliding. We will call geometrythat doesnot have enough
constraintfor goodcornvergence'unstablé.

In most 3D scanningsystems,pairwise registrationis
usually followed by a global relaxation algorithm [10],
whichspreadsheaccumulate@dlignmenterroroverasetof
views. Sincea singlemeshusually hasseveral partnersin
this set,poor posefor onemeshcaneasilybe propagatedo
its partners Evenif two views arealignedcorrectly a shal-
low error landscapearoundthe minimum can causethem
to be pulled apartduring global relaxation. Finally, if the
outputsurfacemodelis to be reconstructedrom the input
views by somesort of averaging[4], misalignedfeatures
canbecomeblurred. For all thesereasonswe would like
the nal poseto bebothcorrectandwell-constrained.

Several methodshave beenproposedor evaluatingand
improving the stability of the nal pose betweentwo
meshes. Oncea setof point-pairshasbeenselected the
presencef sliding canbedetectedy analyzingthe covari-
ancematrix usedfor error minimization [13, 12, 5]. The
choserpointsetcanthenbealteredto provide thebestcon-
straintsfor the nal pose.Guehring[5] addressethe prob-
lem of maximizing stability of the transformby assigning



weightsto existing point-pairsbasedon their contribution

to the covariancematrix. However, sincestability analysis
is performedafter the point-pairshave alreadybeencho-
sen, this reweighting may not constrainsliding since not
enoughconstrainingpoints may have beenchosenin the
rst place.Simon[12] hasdevelopedseveralalgorithmsfor

iteratively addingand removing point-pairsto provide the
best-conditionedovariancematrix. We will discusshisap-
proachin Section3.

We proposeatechniquefor identifying whethera pair of
meshesvill beunstablen thelCP algorithmby estimating
thecovariancematrix from asparseainiformsamplingof the
input. We thendevelopasamplingstratey thattriesto min-
imize this instability by drawing a new setof samplepoints
primarily from stablej.e. “lock andkey”, area®f theinput
meshesThis techniqueaxtendsthe normalspacesampling
proposedy RusinkieviczandLevoy [11]. Unlike[11], our
approactdealswith bothtranslationabndrotationaluncer
taintiesin registration.

2. Geometric Stability of ICP

In this sectionwe describea methodbasedon 6x6 co-
variancematrixesfor determiningif a pair of mesheswill
be unstableif alignedusinga point-to-planeerror metric.
This discussionis similar to the analysisof Menq[8] and
Simon[12].

2.1. Err or Minimization

Eachiterationof the ICP algorithmproceedsasfollows.
Let and betwo mesher two point setswith associ-
atednormals.Thesenormalscaneitherbe computedoy av-
eraginghenormalsof adjacenfacegfor amesh)or canbe
providedexternally (if no connectvity informationis avail-
able).A setof pointsis choseron , andfor eachpointthe
correspondinglosesipointis foundon . Thisformsaset
of point-pairs , whereeach hasnormal . (In
mary implementationssourceandtarget meshesarethen
exchangedndthepointselections repeatedHerewe will
useonly one meshasthe sourceto simplify the presenta-
tion.) Wethentry to nd arigid-bodytransformationcom-
posedof arotation andatranslation , thatminimizesthe
sumof squaredlistance®f each to the planetangento

at . Thealignmenterroris givenby:

@)

If the rotation that minimizes is small, Equation1
can be solved by linearizing the rotation matrix . This
is equivalentto treatingthe transformationof eachpoint

as a displacementby a vector , where

isal( ) vectorof rotationsaroundthe
, ,and axes,and is the translationvec-

p2xn2

(b)

Figure1: (a) Forcevectors(dashed)exertedby pointsin ~ on
pointsin . Resultingtranslationvectoris in bold. (b) Torque
vectors(dashedexertedby pointsin  on pointsin 'S nor
mals are attachedto pointson  for clarity. Resultingrotation
vectoris in bold.

plxnl

tor. Substitutingandexpandingwe thereforewishto nd a
6-vector thatminimizes:

(@)

To understandhe termsof Equation2, we canimagine

thateachpair appliesto atranslationatforce” in
thedirectionof  andarotational“torque” aroundthe axis
(Figurel).

Thelasttwo termsof Equation2 showv thattheamounty
whichthe point-planedistancewill changdf a givenpoint-
pair is moved by a transformationvector is
givenby:

(3)

From Equation3, we seethat pointswhosecorrespond-
ing normal vectors  are perpendiculato , or whose
torquevectors areperpendiculato donotchange
theerror (Figure2 (a),(c)).In amoregeneraketting,
is zerofor point-pairswhose6-vectorof torquesandforces
is orthogonalo thetransformatiorvector

We solwe for the aligning transformby taking partial
derivativesof Equation2 with respecto the transformpa-
rameters.This resultsin a linear system , Wwhere

is the vectorof transformatiorparameters, isthe
residualvector and is a covariancematrix of the
“torque” and“force” componentsontributedby eachpoint
pair:

(4)
The matrix  encodeshow much the alignmenterror

will changewhenthe mesh is movedfrom its optimum
alignmentto  (wheretheerroris 0) by thetransformation
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Figure2: Two unstablesurfacesslldlngagamsbachother (a)-(b)Point-pairsvhosecorrespondingormals  areorthogonato translation

direction maintainthe samepoint-planedistance.Thus, this point pair exertsno constrainton translation .

torques(along
constrainon rotationby vector .

®)

The transformationsfor which this increaseis com-
paratively small correspondo directionswherethe input
meshegansliderelative to eachother

2.2. Stability of the Solution

Certaintypesof geometrylead to a covariancematrix
thatis notfull rank,which meanghatthe minimizingtrans-
form is not unique. The simplestexampleis two planes.
Without lossof generality supposehey are parallelto the

-plane.Oncetheplanesarealignedwith eachother, there
are still threedegreesof freedom: translationin the -
planeof oneplanerelative to the otherandrotationaround
the axis. Neitherof thesetransformationshangeshe
point-planealignmenterror (Figure 2 (b), (d)). This corre-
spondgo ourintuitive notionthatthereis notenoughinfor-
mationin the input datato fully constrainall the motions.
Other combinationsof unconstrainedotationsand trans-
lations are possible. Figure 3 shavs a familiar shapefor
eachpossiblecombinationof unconstrainedotationsand
translationsEachof theseshapewill exhibit slidingwhen
alignedto a copy of itself.

We canidentify theunconstrainetransformationgy ex-
pressing in termsof its eigervaluesandeigervectors. If
ary of the eigervaluesare small, the correspondingeigen-
vectorde nes a transformatiorthat canmove two meshes
from their optimumalignmentwith only asmallincreasen
error.

Sliding betweena pair of meshesanoccurevenif the
inputhasenoughfeaturedo constrairmostmotions.An ex-
ampleis two planarregionswith indentationor incisions.
Examplesof suchinputin shovn in Figure4. If the sizeof
these'lock andkey” featuress smallandonly a subseif
the meshpointsareusedin the alignmentalgorithm, most
of the pointsusedin the registrationwill comefrom areas
thatareplanar If thedatahasno noise the smallnumberof
pointsfrom the“lock andkey” areasshouldbe sufcient to

(c)-(d) Point-pairswhose

) areorthogonalto therotationvector alsomaintainthe samepoint-planedistance.Thus,this point pair exertsno

resoletheambiguityin thetransformandbring themeshes
into alignment.In reality, noisein point positionsandnor-

malsin the at areaswill overwhelmthe contribution of the

pointssampledrom thefeaturesandthealgorithmwill fail

to converge.

Thereareseveralwaysto approachhe problemof slid-
ing. We can try to reducethe noise by smoothingthe
meshesThis canhave anundesirablesideeffectof smooth-
ing away thefeatureghatprovide thevalid constraintsWe
cantry to useotherconstraintssuchascolor [1, 15]. We
canalso add more pointsto be usedfor minimization of
Equation2. Justaddingmorepointswill notimprove con-
vergencesincethey areaslikely to comefromthe at areas
asfrom the partsof the mesheshatprovide the constraints.
Wewouldlike,thereforeto beableto detectwhetherthein-
put datahasary rotationalor translationainstability, iden-
tify if thereare ary featuresthat can better constrainthe
unstabletransformationsand samplethosefeaturesmore
densely

3. Improving ICP's Stability Through Sample
Selection

In this sectionwe describea greedyalgorithm for se-
lecting samplesfrom the input meshesn a way that will
constraintransformationsvhich have small associatecr-
ror changeunderthe uniform samplingmodel.

The two techniqueghat arethe mostsimilar to our ap-
proachare thoseof Simon [12] and Rusinkiavicz [11].
Simon developedseveral hill climbing algorithmsfor se-
lecting a setof pointson oneof the input mesheghat has
thebestpotentialfor constrainingall transformationsvhen
anothemeshis alignedwith it. Thesealgorithmsareespe-
cially well-adaptedor dealingwith noisy data,but do not
addresgheproblemwhenmatchingareasareonly a subset
of theinputmeshesThey arealsodesignedor casesvhen
only a very small numberof pointsis requiredfor align-
ment. As aresult,they aretoo expensve to be usedwhen
large numberof pointsareto be selectedor minimization.
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Figure3: Somesxamplef simplesshapeshatareunstable For eachshapethecorrespondingavariancematrixwill have somenumber
of smalleigevalues,andfor those the correspondingigervectorspeci®eghedirectionof instability. Below each®gure,thenumberand
typesof theinstabilitiesarenoted. A helix, which hasoneunstablescrav motion, is missing,but helical shapesrenot likely to arisein

scannediata.

Rusinkiavicz [11] proposeda techniquecallednormal-
spacesamplingthat is aimedat constrainingtranslational
sliding of the input meshes.Whendrawing samplesfrom
a mesh,the algorithmtries to ensurethat the normalsof
the selectedpointsuniformly populatethe sphereof direc-
tions. Thealgorithmcanbeviewedastrying to equalizethe
eigervaluesof eigervectorsof  thatcorrespondo trans-
lations. We will usea similar approacho createa basisall
six eigervectorsof

3.1. A Measure of Stability

In previous sectionswe shaved that the point-to-plane
error metricis susceptiblgo sliding in the presencef too
few constraints.Whenthe two input meshesarefar away
from eachother this sliding canhelp us by preventingthe
algorithm from getting stuckin a wrong local minimum.
However, we do notwantthe meshedgo slide oncethey get
closeto their correctalignment. The goal of our sampling
stratgyy, therefore,is to selectsampleghat will constrain
the transformationsvhen the alignmentgetscloseto the
correctpose.

As discussedn Section2.2,we candetectif thechosen
setof point-pairshasany unconstrainedransformationgy
examiningthe eigervaluesof the covariancematrix . Let

be the eigervectorsof  with the corresponding
eigervalues . Eacheigervectorcorresponds
to agenerakcrav motionthatcanbedescribedsarotation
aroundanaxisandatranslatioralongthataxis. If any of the
aresmallcomparedo , thecorrespondingigervector
correspond$o a sliding direction. Our measuref stability,
therefore,will be the condition numberof the matrix
—. Thegoal of the samplingstrateyy is to keep as
closeto 1 aspossible.

However, the part of the transformationvector
that correspondso rotationdependon the term .
This meangotationsaredependentn distanceof the point

from the origin (which is the centerof rotationwhen
is appliedto each ). Asis commonwith PCA methods,
wewill shiftthecenterof massof thepoints totheorigin.
However, the magnitudeof rotationscanstill beincompati-

ble with the magnitudeof translationssinceapoint  can
be arbitrarily far from the centerof mass. Therefore,af-

ter shifting the centerof mass,we will scalethe point set
sothatthe averagedistanceof points  from the origin is

1. This hasthe effect of equalizingthe maximumamount
of displacementhat canbe contributed by a point dueto

“torque” (i.e. rotation) to the amountof displacementue
to “force” (i.e.translation).

Finally, we only wantto addthoseconstraintghat will
pull themeshego thealignmentthatis theglobaloptimum.
Thatis, we want to make the error landscapearoundthe
global minimum steep,while keepingthe landscapeshal-
low aroundthe local minimato allow the algorithmto es-
cape. The global minimumis achievedwhenthe pointsin

align exactly with their correctmatesin . In this case
the normalsin Equation2 arethe samefor points  and

. Therefore to constrainthe correcttransformationsye
shouldanalyzeand constrainthe covariancematrix that is
computedusingboth pointsandnormalsfrom themesh
We will call this matrix

3.2. Optimizing the Measure

As discussedbove, our measureof stability is the con-
dition number of the matrix In orderto optimize
our stability measurewe rst needan estimateof whatthe
eigervectorsof thelinearsystemwould beif uniform sam-
pling wereused.Givenasinglemeshwe candirectly com-
puteits covariancematrix using Equation4, wherethe
associateavith thepoints comefrom themesh . How-
ever, in a registrationproblemonly thosepointsthatlie in
the overlap betweentwo meshesshould contribute to the
matrix computation. Thus, we may obtainthe estimateof
the covariancematrix asfollows:

Al Let be a setof pointsrandomlyselectedrom
Thesizeof  shouldbechosersothatoncethepoints
outsideof theoverlapareaarediscardedtherearestill
enoughpointsto reliably determinghecovariancema-
trix for the overlapregion. The numberof pointsde-
pendonthesizeof theoverlapregionbetweerthetwo
meshestheresolutionof the mesh,andthe magnitude



of noisein theinput data. In our experiencewith the
FormaUrbis Romaedatase{7], for mesheghatover-
lap by , the numberof points necessaryor the
eigervectorgo stabilizeis onthe orderof severalhun-
dred.

A2 For each , we needto determinewhetherit
belonggo the overlaparea.We nd its closestpoint
in andcheckif it lies on the boundaryof the mesh

. If  belongsto theboundarythen is outsidethe
overlaparea[14] andwe discardit. Otherwise,it is
addedo the setof overlappoints

A3 Weformthecovariancematrix  of thepointsin
and computeits eigervectors . We compute
accordingto Equation4, but useboth pointsand
normalsfrom

We now usethesecomputedeigervectorsto obtaina better
samplingof themesh in theoverlapregion.

Bl Let betheinitial setof candidatepoints. Ideally,
will containall pointson thatbelongto the overlap
area. We will discusshow to obtainthe set later
Form a 6-vector for eachpointin

. Noticethathere isthenormalof thepoint as
opposedo the normalof its closesipoint mate.

B2 Form six sortedlists . Eachlist contains
thevectors sortedin decreasingrderbasedon the
magnitudeof the dot product . Themagnitude
of this dot productdeterminesiow muchagivenpoint
constraineacheigervector . Hence pointsin each
list are sortedin order of decreasingcontribution to
geometricstability.

B3 Wenow try to equallyconstrairall eigervectorsof
We will maintainan estimateof how eacheigervec-
tor is constrainedoy the alreadychosenpoints. Let
bethe sumsof overthealreadycho-
senpoints. is theamountof errorincurredif
thepoint  is movedfromits optimumpositionby the
transformation . Therefore,we canthink of these
totalsasour currentestimateof the eigervalues. We
choosethe next point from the sortedlist that hasthe
smallesttotal. This correspondgo the mostuncon-
strainedeigervector

B4 Let bethechoserpoint. We compute for
eacheigervector andupdatetherunningtotals.

Notice thatthis samplingstrateyy doesnot take into ac-
countthe mesh . We canthink of this stratgy as con-
strainingtheall transformationsvhen is alignedto acopy
of itself in the overlapregion. Assumingthatwe arealign-
ing two ideal, overlappingscansof the sameobiject, this
exactly correspondgo constrainingthe covariancematrix
whenwe reachthe global minimum. Oncethe pointsare

sampledfrom , we can computetheir closestpointsin

. We thenproceedwith therestof the ICP algorithmas
usual,now usingthe normalsfrom  for the minimization
of Equation2.

4. Accelerationsand Enhancements

Thesamplingalgorithmasit is describedabove contains
two sourcef inef ciency.

First, in StepB2, we have to perform6 sortsof the set
of vectorsformedin StepB1. To reducethe costof these
sorts,we insteadsortthe pointsinto a speci ed numberof
bins. Thepointsareleft unsortedwvithin eachbin. Although
not optimal, this still producesa good sampling,and the
approximatiorerrorcanbeboundedy the sizeof thebins.
Thus, the secondstepcanbe donein time proportionalto

Secondjn StepB1, we needto form theset of points
in the overlapbetween and . A brute-forceapproach
would beto testeachpointin  for overlapwith  asde-
scribedn StepA2. Evenusinganef cient nearest-neighbor
datastructuresuchasa k-d tree, this canbe expensve for
largemesheslt canalsobewastefulif weonly intendto use
asmallsetof pointsfor computingthealigningtransform.

A simpleimprovementthatwe implementedn our sys-
temis to processall the pointsin  regardlessof whether
they arein the overlap area. This allows us to delaythe
overlaptestuntil StepB3. At thattime, we canperformthis
testthesameway asin StepA2 of the matrix estimational-
gorithm.If  doesnotbelongto theoverlapareawe donot
updatethe totalsandchoosethe next point. This methodis
moreef cient thanthe bruteforce approach(if we usefast
sorting), sincewe performonly as mary nearest-neighbor
testsasdictatedby the samplingrate. We canusethe clos-
estpointscomputedasa resultof the overlaptestfor mini-
mizationof Equation2. In practice this makesthe amount
of wastedwork inverselyproportionalto the sizeof overlap
region. With this implementation)CP usingour sampling
stratgyy takes about5 timeslonger per iterationthan ICP
usinguniform samplingwheninput meshe®verlapby half
theirarea.

A fastersolutionis to usethe setof pointscomputedn
by theinitial eigervectorestimation(StepsA1-A3) to gen-
eratemorepointsin theoverlaparea.We cangeneratenore
suchpointsby crawling themesh startingastheseseed
points. If we aregivena point cloud with no connectvity,
we cancrawl the k-d tree usedfor the closestpoint com-
putationinstead.This allows usto quickly generate large
setof pointsin the overlap areafor the set and avoids
wastingwork performingnearest-neighbaestsfor points
thatareclearly outsidethe overlaparea.The smallnumber
of pointsoutsidethe overlapareageneratedby this method
canbediscardedvhentheir matesin  aredeterminedor
errorminimization. This optimizationmakesour algorithm



3 timesslower periterationthancornventionallCP. We ex-
pectthatwith a more carefulimplementatiorwe canmake
our samplingstrateyy performcomparablyto ICP with uni-
form sampling.

5. Results

We have appliedour samplingalgorithmto severaltypes
of syntheticandrealdata.

The rst testcaseis two planarpatchesvith two grooves
forming an X (Figure 4). Eachpatchhasindependently
addedGaussiamoise. This testcaseis similar to the one
usedby Rusinkiavicz [11] for normal-spacsampling.Fig-
ure5 shavsthecornvergenceatesfor aligningthesepatches
using uniform sampling,normal-spacesampling,and our
covariance-basedgampling. Both normal-spaceand co-
variancesamplingare ableto nd the correctalignment,
while uniform samplingdoesnot align the grooves cor-
rectly. Normal-spacsamplingtakesmoreiterationsto con-
verge sincedistributing the points equally throughoutthe
sphereof normalsputsanequalnumberof pointsin the at
areasof the patchesasit doesin the grooves. Covariance
samplinginsteadpicks only thosepointsthat form a good
basisfor thenormals.

Figure 4: Two planarpatcheswith 1 mm deepgrooves. Each
patch hasindependentlyaddedzero-meanGaussiannoise with
variance0.05 mm. Initial condition numberis 66.1. Condition
numberafter selecting of the points with our algorithmis
3.7.
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Figure5: Convergenceratesfor dincisedplane®meshedor uni-
form, normal-spac@andcovariancesampling.

Figure 8 shaws the pointspicked by the samplingalgo-
rithm to constrainthe eigervectorsof the covariancema-
trix. To simplify the visualization,we usea smallerver-
sion of theincisedplanemodelandassumehatthe entire
meshis within the areaof overlap. The initial covariance
analysisrevealsthree unstableeigervectorswith approxi-
matelyequaleigervalues:two translationsn the  plane
androtationaround . Notice that mostof the pointsare
pickedfrom theareasn thegrooves,sincethey aretheones
thatconstrainthe unstablesigervectors.A few pointsfrom
the cornersarepickedto additionallystabilizethe rotations
aroundthediagonals.

Figure 6 shavs two sphericalpatcheswith groovesand
noise. Here, covariancesamplingin the only methodthat
nds theposethatcorrectlyalignsthe grooves(Figure7).

Figure6: Two sphericalpatcheswith 1 mm deepgrooves. Each
patch hasindependentlyaddedzero-meanGaussiannoise with

0.05mmvariance.This datasehasthreeunstableotations.Initial

conditionnumberis 26.9. Conditionnumberafter selecting

of the pointswith our algorithmis 4.1.
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Figure7: Corvergenceratesfor dincisedsphereteshesor uni-
form, normalspaceandcovariancesampling

We have also applied our algorithmto real scandata.
Figure 9(a) shavs the sampling of two scansfrom the
Forma Urbis Romaedatasef7]. Similar to the “incised
plane” example, thesemeshesexhibit translationakliding
in theplaneandrotationalsliding aroundthevectorperpen-
dicularto the planeof the meshesMost of the samplesare
placedinto theincisionson the scangdo constrairthe scans
from sliding androtatingin their commonplane. It took
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Figure 8: Pointspicked by our samplingalgorithmfor a patchwith two grooves. (a) Pointsconstrainingtwo unstabletranslational
eigervectors. (b) Pointsconstraininghe unstablerotation. (c)-(d) Two remainingrotationsare stableso they only requirea few points.

Theeigevectorcorrespondingo translationin

(@)

(b) (©

Figure9: Aligning two scansof FormaUrbis Romaefragment
033abc.(a) Pointsselectedyy our samplingstratey arein black.
Notice thatin the outlinedregion therearerelatively fewer con-
straintsto prevent horizontal sliding than vertical sliding. (b)

Thereforeuniform samplingcannotalign the vertical groovesin

the outlinedregion asevidencedin this Z-buffer renderingof the
two meshesy thefactthatthe verticalgroovesareobscured(c)

Covariancesamplingproducesthe correctalignmentmaking all

thegroovesvisible.

ICP 25 iterationsto corvergeto the correctalignment(Fig-
ure 9(c)) from a roughmanualpositioningof the scansus-
ing our samplingstrateyy. Eachinput meshcontainsabout
300,000points,andthealgorithmwassubsampling  of
the pointsfrom eachmeshto be usedin alignment. With
thesesettings,eachiteration of ICP usingour stablesam-
pling took5 second®na400MHzPentiumll. Oneiteration
of ICP usinguniform samplingtook 1.5 secondshowever
whenstartedfrom the sameposition, uniform samplingis
unableto correctlyalign theverticalgrooves(Figure9(b)).

is well constrainedy thealreadypicked pointsanddoesnot contributeto the sampling.

We have performedsomeinitial experimentswith using
the outputof geometricallystablelCP in the global relax-
ation algorithm of Pulli [10] using the Forma Urbis Ro-
mae dataset. The resultsseemto suggestthat scansthat
arealignedpairwiseusingour samplingstrategyy “hold to-
gether” betterthan thosealignedusing uniform sampling.
Figure1l0shawvstheresidualerrorbetweerthepairof scans
from the FormaUrbis dataseexaminedabove aftertheen-
tire setof views hasbeenprocessetyy theglobalrelaxation
algorithm. Scansalignedwith uniformsampling(Figure10
(a)) have beenpulled apartby as much as a millimeter,
while thosealignedby our algorithm(Figure 10 (b)) stayed
together A systemfor global registrationof mesheghat
usesour samplingis presentedn a companiorpaper6].

We alsoinvestigatedhein uence of noiseontheperfor
manceof our samplingstratey. Sincethe algorithmprior-
itizes the pointsbasedon their in uence of the covariance
matrix, it is possiblethatit canfavor areaswith signi cant
noise,sincethe pointstherecanlook like goodfeaturesfor
thealgorithmto sample.Smoothingheinputdatacanelim-
inate someof the falsefeaturesandimprove the sampling.
However, if the meshesare smoothedoo much,the sam-
pling algorithmcanstill fail sincethetrue featureswill be
smoothedaway. Figure1l shows successandfailure cases
of smoothinghe noisydatato improve the sampling.

(a) (b)

Figure10: A visualizationof residualerrorin the overlapportion
of the pair of scansin Figure9 afterthey andtheir partnershave
beenprocessedby Pulli's global registration[10]. Meshesin (a)
were aligned using uniform sampling. Meshesin (b) using our
geometricallystablealgorithm. Erroris in mm, blackcorresponds
to 0, whiteto 1. Themaximumerrorin (a)is over 1 mm,while the
maximumerrorin (b) is 0.3 mm.
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Figure11: Effect of noiseon covariancesampling.(a) A noisy
patchwith a crossin the center The width of the grooves, indi-
catedby black arraws, is 10 mm, the depthis 1 mm, the mean
heightof thenoiseis 0.2. Sincethe groove is shallav, thenormals
of pointsin thegroove arecomparabléo normalsof the noisy at
areasandthe algorithm cannotdistinguishbetweenfeaturesand
noise. (b) Performing6 iterationsof simple smoothingby aver
agingneighborsemaores mostof the noisebut keepsthe feature.
(c) A similar patch,but the width of the groove is only 1 mm. (d)
Sincethesizeof thefeatureis comparabléo the sizeof the noise,
smoothingemovesthenoiseandmostof thefeature whichmeans
all areasof the patchnow look identical, and covariance-based
samplingfails.

6. Conclusions

We have presentedh point selectionstrategyy that im-
provesgeometricstability of the ICP algorithm. This tech-
nigue is aimed at sampling those featuresof the input
mesheghat provide the bestconvergenceof the algorithm
to the correctpose. The samplingstratayy is basedon es-
timatingthetransformationshatcancauseunstablesliding
in the ICP algorithmand picking pointsthat bestconstrain
this sliding.

Severaldirectionsarepossiblefor futurework. The cur-
renttechniquetreatsall eigervectorsof the covariancema-
trix the sameandtriesto constrainthemequally However,
the geometryof the input meshesutsidethe overlaparea
canhave an effect on how we wantto constrainthe trans-
formationswithin the overlaparea.In particular if a mesh
extendsfar beyoundthe overlaparea,small misalignments
in rotationcanbecomeampli ed. We would lik e to investi-
gatesamplingmethodghattake this leverageinto account,
andin generalreableto assigndifferentweightsto differ-
enteigervectors.

While we only addresshe stability of pairwisealign-
ment of meshesdn this paper a similar stability analysis
canbe appliesto a larger collectionof meshesge.g. to the
globalrelaxationstepof themeshalignmentpipeline.Point
selectionfor maximizingstability of a large setof scands
substantiallymoredif cult thanthe pairwisestep,sincewe
haveto considethow sliding of asinglescanpairwill affect
the entiresystem.We alsodiscusghis issuein moredetail
in acompaniorpaper6].
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