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Abstract

TheIterativeClosestPoint (ICP) algorithmis a widelyused
methodfor aligningthree-dimensionalpointsets.Thequal-
ity of alignmentobtainedby thisalgorithmdependsheavily
on choosinggoodpairs of correspondingpointsin thetwo
datasets.If toomanypointsare chosenfromfeaturelessre-
gionsof thedata,thealgorithmconvergesslowly, �nds the
wrongpose, or evendiverges,especiallyin thepresenceof
noiseor miscalibration in the input data. In this paper, we
describea methodfor detectinguncertaintyin pose, andwe
proposea point selectionstrategy for ICP that minimizes
this uncertaintyby choosingsamplesthat constrain poten-
tially unstabletransformations.

1. Intr oduction

Whenbuilding threedimensionalmodelsusinga range
scanner, multiple viewsareusuallyrequireddueto thelim-
ited �eld of view of thescannerandthepresenceof occlu-
sions. Registrationof theseviews is typically performed
pairwise,usinga variantof theIterativeClosestPointalgo-
rithm (ICP) [3, 2]. This algorithmstartswith two meshes
andaninitial estimateof thealigningrigid-bodytransform.
It theniteratively re�nes thetransformby alternatelychoos-
ing correspondingpointsin themeshesand�nding thebest
translationandrotationthatminimizesanerrormetricbased
on thedistancebetweenthem.

SinceICP is a non-linearlocal searchalgorithm,it suf-
fers from many problemscommonlyassociatedwith local
searches,suchas slow convergence(due to shallow error
landscapes)andthetendency to fall into local minima.The
point selectionstrategy andthechoiceof errormetricto be
minimizedplay a largerole in boththerateof convergence
andtheaccuracy of theresultingpose.A discussionof these
issuescanbefoundin [11].

Pooralignmentbetweenapairof meshescancomefrom
several sources.Noise in the input datacancauseICP to

convergeto a local minimum. Thefrequency of local min-
ima in theerror landscapedependson input geometryand
on theminimizeddistancemetric. Thepoint-to-planeerror
metric of ChenandMedioni [3] makesthe ICP algorithm
lesssusceptibleto localminimathanthepoint-to-pointmet-
ric of Besl [2]. PottmanandHofer [9] show that if thetwo
meshesarecloseto eachother, thepoint-to-planedistanceis
thebestapproximationfor thetruedistancebetweenthetwo
surfaces. This metric alsohasan advantagethat it allows
thetwo surfacesto “slide” againsteachotherin the�at and
sphericalregions, which do not containenoughinforma-
tion to fully constrainthetransform.However, if too many
point-pairscomefrom suchfeaturelessregions, the algo-
rithm canfail to convergebecauseof lackof constraints.In
thiscase,thecauseof poorconvergenceandpoor�nal pose
is the shallow error landscapethat resultsfrom too much
sliding. We will call geometrythat doesnot have enough
constraintsfor goodconvergence“unstable.”

In most 3D scanningsystems,pairwise registration is
usually followed by a global relaxation algorithm [10],
whichspreadstheaccumulatedalignmenterroroverasetof
views. Sincea singlemeshusuallyhasseveral partnersin
thisset,poorposefor onemeshcaneasilybepropagatedto
its partners.Evenif two viewsarealignedcorrectly, ashal-
low error landscapearoundthe minimum cancausethem
to be pulled apartduring global relaxation. Finally, if the
outputsurfacemodelis to be reconstructedfrom the input
views by somesort of averaging[4], misalignedfeatures
canbecomeblurred. For all thesereasons,we would like
the�nal poseto bebothcorrectandwell-constrained.

Severalmethodshave beenproposedfor evaluatingand
improving the stability of the �nal pose between two
meshes.Oncea set of point-pairshasbeenselected,the
presenceof slidingcanbedetectedby analyzingthecovari-
ancematrix usedfor error minimization [13, 12, 5]. The
chosenpointsetcanthenbealteredto providethebestcon-
straintsfor the�nal pose.Guehring[5] addressestheprob-
lem of maximizingstability of the transformby assigning



weightsto existing point-pairsbasedon their contribution
to thecovariancematrix. However, sincestability analysis
is performedafter the point-pairshave alreadybeencho-
sen, this reweighting may not constrainsliding sincenot
enoughconstrainingpoints may have beenchosenin the
�rst place.Simon[12] hasdevelopedseveralalgorithmsfor
iteratively addingandremoving point-pairsto provide the
best-conditionedcovariancematrix. Wewill discusshisap-
proachin Section3.

Weproposea techniquefor identifyingwhetherapairof
mesheswill beunstablein theICP algorithmby estimating
thecovariancematrixfromasparseuniformsamplingof the
input. Wethendevelopasamplingstrategy thattriesto min-
imize this instabilityby drawing anew setof samplepoints
primarily from stable,i.e. “lock andkey”, areasof theinput
meshes.This techniqueextendsthenormalspacesampling
proposedby RusinkiewiczandLevoy [11]. Unlike[11], our
approachdealswith bothtranslationalandrotationaluncer-
taintiesin registration.

2. GeometricStability of ICP

In this sectionwe describea methodbasedon 6x6 co-
variancematrixesfor determiningif a pair of mesheswill
be unstableif alignedusinga point-to-planeerror metric.
This discussionis similar to the analysisof Menq [8] and
Simon[12].

2.1. Err or Minimization

Eachiterationof theICP algorithmproceedsasfollows.
Let

�

and � be two meshesor two point setswith associ-
atednormals.Thesenormalscaneitherbecomputedby av-
eragingthenormalsof adjacentfaces(for amesh),or canbe
providedexternally(if noconnectivity informationis avail-
able).A setof pointsis chosenon

�

, andfor eachpoint the
correspondingclosestpoint is foundon � . This formsaset
of � point-pairs �����	��


�
� , whereeach


� hasnormal �

� . (In
many implementations,sourceandtarget meshesarethen
exchangedandthepointselectionis repeated.Herewewill
useonly onemeshas the sourceto simplify the presenta-
tion.) Wethentry to �nd a rigid-bodytransformation,com-
posedof arotation � andatranslation� , thatminimizesthe
sumof squareddistancesof each�

� to theplanetangentto
� at 


� . Thealignmenterroris givenby:
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If the rotation that minimizes
�

is small, Equation1
can be solved by linearizing the rotation matrix � . This
is equivalent to treating the transformationof eachpoint
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� as a displacementby a vector % &(')�
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Figure1: (a) Forcevectors(dashed)exertedby points in ? on
points in @ . Resultingtranslationvector is in bold. (b) Torque
vectors(dashed)exertedby pointsin ? on pointsin @ . ? 's nor-
mals are attachedto points on @ for clarity. Resultingrotation
vectoris in bold.

tor. Substitutingandexpanding,we thereforewish to �nd a
6-vector % &BA6�/AC+ thatminimizes:
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To understandthe termsof Equation2, we canimagine
thateachpair ���

�

�I


�H� appliesto
�

atranslational“force” in
thedirectionof �

� andarotational“torque” aroundtheaxis
�

�

'J�

� (Figure1).
Thelasttwo termsof Equation2 show thattheamountby

which thepoint-planedistancewill changeif agivenpoint-
pair K is moved by a transformationvector % LM&NAOLM�/AP+ is
givenby:
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FromEquation3, we seethatpointswhosecorrespond-
ing normal vectors �

� are perpendicularto � , or whose
torquevectors�

�

'V�

� areperpendicularto & donotchange
theerror

�

(Figure2 (a),(c)).In amoregeneralsetting,LRQ

�

is zerofor point-pairswhose6-vectorof torquesandforces
is orthogonalto thetransformationvector.

We solve for the aligning transformby taking partial
derivativesof Equation2 with respectto the transformpa-
rameters.This resultsin a linear systemW�X

�ZY

, where
X is the [V'E7 vectorof transformationparameters,

Y

is the
residualvector, and W is a [6' [ covariancematrix of the
“torque” and“force” componentscontributedby eachpoint
pair:
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The matrix W encodeshow much the alignmenterror
will changewhenthe mesh

�

is moved from its optimum
alignmentto � (wheretheerroris 0) by thetransformation

% LM&BAGLf�2AP+ :
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Figure2: Twounstablesurfacesslidingagainsteachother. (a)-(b)Point-pairswhosecorrespondingnormals� areorthogonalto translation
direction

�

maintainthe samepoint-planedistance.Thus,this point pair exertsno constrainton translation
�

. (c)-(d) Point-pairswhose
torques(along ����� ) areorthogonalto therotationvector � alsomaintainthesamepoint-planedistance.Thus,this point pair exertsno
constrainton rotationby vector � .
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The transformationsfor which this increaseis com-
paratively small correspondto directionswherethe input
meshescansliderelative to eachother.

2.2. Stability of the Solution

Certaintypesof geometrylead to a covariancematrix
thatis not full rank,whichmeansthattheminimizingtrans-
form is not unique. The simplestexampleis two planes.
Without lossof generality, supposethey areparallelto the

9

: -plane.Oncetheplanesarealignedwith eachother, there
are still threedegreesof freedom: translationin the 9

: -
planeof oneplanerelative to theotherandrotationaround
the ; axis. Neither of thesetransformationschangesthe
point-planealignmenterror (Figure2 (b), (d)). This corre-
spondsto our intuitivenotionthatthereis notenoughinfor-
mationin the input datato fully constrainall the motions.
Other combinationsof unconstrainedrotationsand trans-
lations are possible. Figure3 shows a familiar shapefor
eachpossiblecombinationof unconstrainedrotationsand
translations.Eachof theseshapeswill exhibit slidingwhen
alignedto a copy of itself.

Wecanidentify theunconstrainedtransformationsbyex-
pressingW in termsof its eigenvaluesandeigenvectors.If
any of theeigenvaluesaresmall, thecorrespondingeigen-
vectorde�nes a transformationthat canmove two meshes
from theiroptimumalignmentwith only asmallincreasein
error.

Sliding betweena pair of meshescanoccureven if the
inputhasenoughfeaturestoconstrainmostmotions.An ex-
ampleis two planarregionswith indentationsor incisions.
Examplesof suchinput in shown in Figure4. If thesizeof
these“lock andkey” featuresis smallandonly a subsetof
themeshpointsareusedin thealignmentalgorithm,most
of thepointsusedin the registrationwill comefrom areas
thatareplanar. If thedatahasnonoise,thesmallnumberof
pointsfrom the“lock andkey” areasshouldbesuf�cient to

resolvetheambiguityin thetransformandbringthemeshes
into alignment.In reality, noisein point positionsandnor-
malsin the�at areaswill overwhelmthecontributionof the
pointssampledfrom thefeatures,andthealgorithmwill fail
to converge.

Thereareseveralwaysto approachtheproblemof slid-
ing. We can try to reducethe noise by smoothingthe
meshes.Thiscanhaveanundesirablesideeffectof smooth-
ing away thefeaturesthatprovide thevalid constraints.We
cantry to useotherconstraints,suchascolor [1, 15]. We
can also add more points to be usedfor minimization of
Equation2. Justaddingmorepointswill not improve con-
vergence,sincethey areaslikely to comefrom the�at areas
asfrom thepartsof themeshesthatprovidetheconstraints.
Wewouldlike,therefore,to beableto detectwhetherthein-
put datahasany rotationalor translationalinstability, iden-
tify if thereare any featuresthat can betterconstrainthe
unstabletransformations,and samplethosefeaturesmore
densely.

3. Impr oving ICP' s Stability Through Sample
Selection

In this sectionwe describea greedyalgorithm for se-
lecting samplesfrom the input meshesin a way that will
constraintransformationswhich have small associateder-
ror changeundertheuniformsamplingmodel.

The two techniquesthat arethe mostsimilar to our ap-
proachare thoseof Simon [12] and Rusinkiewicz [11].
Simon developedseveral hill climbing algorithmsfor se-
lecting a setof pointson oneof the input meshesthat has
thebestpotentialfor constrainingall transformationswhen
anothermeshis alignedwith it. Thesealgorithmsareespe-
cially well-adaptedfor dealingwith noisy data,but do not
addresstheproblemwhenmatchingareasareonly a subset
of theinputmeshes.They arealsodesignedfor caseswhen
only a very small numberof points is requiredfor align-
ment. As a result,they aretoo expensive to be usedwhen
largenumberof pointsareto beselectedfor minimization.



2 translations,1 rotation 3 rotations 1 rotation,1 translation 1 rotation 1 translation
Figure3: Someexamplesof simplesshapesthatareunstable.For eachshape,thecorrespondingcovariancematrixwill havesomenumber
of smalleigenvalues,andfor those,thecorrespondingeigenvectorspeci®esthedirectionof instability. Below each®gure,thenumberand
typesof the instabilitiesarenoted.A helix, which hasoneunstablescrew motion, is missing,but helicalshapesarenot likely to arisein
scanneddata.

Rusinkiewicz [11] proposeda techniquecallednormal-
spacesamplingthat is aimedat constrainingtranslational
sliding of the input meshes.Whendrawing samplesfrom
a mesh,the algorithm tries to ensurethat the normalsof
theselectedpointsuniformly populatethesphereof direc-
tions.Thealgorithmcanbeviewedastrying to equalizethe
eigenvaluesof eigenvectorsof W that correspondto trans-
lations.We will usea similar approachto createa basisall
six eigenvectorsof W .

3.1. A Measure of Stability

In previous sectionswe showed that the point-to-plane
errormetric is susceptibleto sliding in thepresenceof too
few constraints.Whenthe two input meshesarefar away
from eachother, this sliding canhelpusby preventingthe
algorithm from getting stuck in a wrong local minimum.
However, we do not wantthemeshesto slideoncethey get
closeto their correctalignment.Thegoalof our sampling
strategy, therefore,is to selectsamplesthat will constrain
the transformationswhen the alignmentgetscloseto the
correctpose.

As discussedin Section2.2,we candetectif thechosen
setof point-pairshasany unconstrainedtransformationsby
examiningtheeigenvaluesof thecovariancematrix W . Let

X

�"_,_/_

X�� be the eigenvectorsof W with the corresponding
eigenvalues

�

��� _,_,_��

�

� . Eacheigenvectorcorresponds
to ageneralscrew motionthatcanbedescribedasarotation
aroundanaxisandatranslationalongthataxis. If any of the

�

�

aresmallcomparedto
�

� , thecorrespondingeigenvector
correspondsto aslidingdirection.Ourmeasureof stability,
therefore,will be the condition numberof the matrix W :

�

���
	

���

. The goal of the samplingstrategy is to keep � as
closeto 1 aspossible.

However, the part of the transformationvector % &NA �/AP+

that correspondsto rotationdependson the term �

�

' �

� .
Thismeansrotationsaredependentondistanceof thepoint

�

� from the origin (which is thecenterof rotationwhen &

is appliedto each�

� ). As is commonwith PCA methods,
wewill shift thecenterof massof thepoints � to theorigin.
However, themagnitudeof rotationscanstill beincompati-

ble with themagnitudeof translations,sincea point �

� can
be arbitrarily far from the centerof mass. Therefore,af-
ter shifting the centerof mass,we will scalethe point set
so that theaveragedistanceof points �

� from theorigin is
1. This hasthe effect of equalizingthe maximumamount
of displacementthat canbe contributedby a point due to
“torque” (i.e. rotation) to the amountof displacementdue
to “force” (i.e. translation).

Finally, we only want to addthoseconstraintsthat will
pull themeshesto thealignmentthatis theglobaloptimum.
That is, we want to make the error landscapearoundthe
global minimum steep,while keepingthe landscapeshal-
low aroundthe local minima to allow the algorithmto es-
cape.Theglobalminimumis achievedwhenthepointsin

�

align exactly with their correctmatesin � . In this case
the normalsin Equation2 are the samefor points �

� and



� . Therefore,to constrainthecorrecttransformations,we
shouldanalyzeandconstrainthe covariancematrix that is
computedusingbothpointsandnormalsfrom themesh

�

.
We will call thismatrix W�
 .

3.2. Optimizing the Measure

As discussedabove,our measureof stability is thecon-
dition number � of the matrix W


 . In order to optimize
our stability measure,we �rst needanestimateof whatthe
eigenvectorsof thelinearsystemwould beif uniform sam-
pling wereused.Givenasinglemesh,wecandirectlycom-
puteits covariancematrix usingEquation4, wherethe �

�

associatedwith thepoints �

� comefrom themesh
�

. How-
ever, in a registrationproblemonly thosepointsthat lie in
the overlapbetweentwo meshesshouldcontribute to the
matrix computation.Thus,we may obtainthe estimateof
thecovariancematrixasfollows:

A1 Let ��
 be a setof pointsrandomlyselectedfrom
�

.
Thesizeof ��
 shouldbechosensothatoncethepoints
outsideof theoverlapareaarediscarded,therearestill
enoughpointsto reliablydeterminethecovariancema-
trix for the overlapregion. The numberof pointsde-
pendsonthesizeof theoverlapregionbetweenthetwo
meshes,theresolutionof themesh,andthemagnitude



of noisein the input data. In our experiencewith the
FormaUrbis Romaedataset[7], for meshesthatover-
lap by ����� , the numberof points necessaryfor the
eigenvectorsto stabilizeis on theorderof severalhun-
dred.

A2 For each ��� � 
 , we needto determinewhetherit
belongsto theoverlaparea.We �nd its closestpoint 


in � andcheckif it lies on theboundaryof themesh
� . If 


� belongsto theboundary, then � is outsidethe
overlaparea[14] andwe discardit. Otherwise,it is
addedto thesetof overlappoints � 
 .

A3 Weform thecovariancematrix W 
 of thepointsin � 


andcomputeits eigenvectorsX

� _/_,_

X�� . We compute
W�
 accordingto Equation4, but useboth pointsand
normalsfrom

�

.

We now usethesecomputedeigenvectorsto obtaina better
samplingof themesh

�

in theoverlapregion.

B1 Let � be the initial setof candidatepoints. Ideally, �

will containall pointson
�

thatbelongto theoverlap
area. We will discusshow to obtain the set � later.
Form a 6-vector �

�

�

% �

�

'G�




�
�I�




�
+ for eachpoint in

� . Noticethathere�




�
is thenormalof thepoint �

� as
opposedto thenormalof its closestpoint mate.

B2 Form six sortedlists �

��_,_/_

� � . Eachlist �

�

contains
thevectors�

� sortedin decreasingorderbasedon the
magnitudeof thedot product �

� !

X

�

. Themagnitude
of thisdotproductdetermineshow muchagivenpoint
constrainseacheigenvector X

�

. Hence,pointsin each
list are sortedin order of decreasingcontribution to
geometricstability.

B3 Wenow try toequallyconstrainall eigenvectorsof W

 .

We will maintainan estimateof how eacheigenvec-
tor is constrainedby the alreadychosenpoints. Let

<

�
_,_/_

<
� bethesumsof �	�

�
!

X

�

�

# overthealreadycho-
senpoints. �	�

�
!

X

�

�

# is theamountof errorincurredif
thepoint �

� is movedfrom its optimumpositionby the
transformationX

�

. Therefore,we can think of these
totalsasour currentestimateof the eigenvalues. We
choosethenext point from thesortedlist thathasthe
smallesttotal. This correspondsto the most uncon-
strainedeigenvector.

B4 Let � bethechosenpoint. We compute�	�

�
!

X

�

�

# for
eacheigenvector X

�

andupdatetherunningtotals.

Noticethat this samplingstrategy doesnot take into ac-
count the mesh � . We can think of this strategy as con-
strainingtheall transformationswhen

�

is alignedto acopy
of itself in theoverlapregion. Assumingthatwe arealign-
ing two ideal, overlappingscansof the sameobject, this
exactly correspondsto constrainingthe covariancematrix
whenwe reachthe global minimum. Oncethe pointsare

sampledfrom
�

, we can computetheir closestpoints in
� . We thenproceedwith the restof the ICP algorithmas
usual,now usingthenormalsfrom � for theminimization
of Equation2.

4. Accelerationsand Enhancements

Thesamplingalgorithmasit is describedabovecontains
two sourcesof inef�ciency.

First, in StepB2, we have to perform6 sortsof the set
of vectorsformedin StepB1. To reducethe costof these
sorts,we insteadsort thepointsinto a speci�ed numberof
bins.Thepointsareleft unsortedwithin eachbin. Although
not optimal, this still producesa good sampling,and the
approximationerrorcanbeboundedby thesizeof thebins.
Thus,the secondstepcanbe donein time proportionalto




�




.
Second,in StepB1, we needto form theset � of points

in the overlapbetween
�

and � . A brute-forceapproach
would be to testeachpoint in

�

for overlapwith � asde-
scribedin StepA2. Evenusinganef�cient nearest-neighbor
datastructuresuchasa k-d tree,this canbe expensive for
largemeshes.It canalsobewastefulif weonly intendto use
asmallsetof pointsfor computingthealigningtransform.

A simpleimprovementthatwe implementedin our sys-
tem is to processall thepointsin

�

regardlessof whether
they are in the overlaparea. This allows us to delay the
overlaptestuntil StepB3. At thattime,wecanperformthis
testthesamewayasin StepA2 of thematrixestimational-
gorithm.If �

� doesnotbelongto theoverlaparea,wedonot
updatethetotalsandchoosethenext point. This methodis
moreef�cient thanthebruteforceapproach(if we usefast
sorting),sincewe performonly asmany nearest-neighbor
testsasdictatedby thesamplingrate.We canusetheclos-
estpointscomputedasa resultof theoverlaptestfor mini-
mizationof Equation2. In practice,this makestheamount
of wastedwork inverselyproportionalto thesizeof overlap
region. With this implementation,ICP usingour sampling
strategy takesabout5 times longerper iteration than ICP
usinguniformsamplingwheninputmeshesoverlapby half
their area.

A fastersolutionis to usethesetof pointscomputedin
by theinitial eigenvectorestimation(StepsA1-A3) to gen-
eratemorepointsin theoverlaparea.Wecangeneratemore
suchpointsby crawling themesh

�

startingastheseseed
points. If we aregivena point cloudwith no connectivity,
we cancrawl the k-d treeusedfor the closestpoint com-
putationinstead.This allows usto quickly generatea large
set of points in the overlapareafor the set � and avoids
wastingwork performingnearest-neighbortestsfor points
thatareclearlyoutsidetheoverlaparea.Thesmallnumber
of pointsoutsidetheoverlapareageneratedby this method
canbediscardedwhentheir matesin � aredeterminedfor
errorminimization.This optimizationmakesour algorithm



3 timesslower per iterationthanconventionalICP. We ex-
pectthatwith a morecarefulimplementationwe canmake
oursamplingstrategy performcomparablyto ICPwith uni-
form sampling.

5. Results

Wehaveappliedoursamplingalgorithmto severaltypes
of syntheticandrealdata.

The�rst testcaseis two planarpatcheswith two grooves
forming an X (Figure 4). Eachpatchhas independently
addedGaussiannoise. This testcaseis similar to the one
usedbyRusinkiewicz [11] for normal-spacesampling.Fig-
ure5 showstheconvergenceratesfor aligningthesepatches
using uniform sampling,normal-spacesampling,and our
covariance-basedsampling. Both normal-spaceand co-
variancesamplingare able to �nd the correctalignment,
while uniform samplingdoesnot align the grooves cor-
rectly. Normal-spacesamplingtakesmoreiterationsto con-
verge sincedistributing the points equally throughoutthe
sphereof normalsputsanequalnumberof pointsin the�at
areasof the patchesas it doesin the grooves. Covariance
samplinginsteadpicks only thosepointsthat form a good
basisfor thenormals.

Figure4: Two planarpatcheswith 1 mm deepgrooves. Each
patch has independentlyaddedzero-meanGaussiannoise with
variance0.05 mm. Initial condition numberis 66.1. Condition
numberafter selecting ����� of the points with our algorithm is
3.7.
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Figure5: Convergenceratesfor ªincisedplaneºmeshesfor uni-
form, normal-spaceandcovariancesampling.

Figure8 shows thepointspickedby thesamplingalgo-
rithm to constrainthe eigenvectorsof the covariancema-
trix. To simplify the visualization,we usea smallerver-
sion of the incisedplanemodelandassumethat theentire
meshis within the areaof overlap. The initial covariance
analysisrevealsthreeunstableeigenvectorswith approxi-
matelyequaleigenvalues:two translationsin the 9

: plane
androtationaround ; . Notice that mostof the pointsare
pickedfrom theareasin thegrooves,sincethey aretheones
thatconstraintheunstableeigenvectors.A few pointsfrom
thecornersarepickedto additionallystabilizetherotations
aroundthediagonals.

Figure6 shows two sphericalpatcheswith groovesand
noise. Here,covariancesamplingin the only methodthat
�nds theposethatcorrectlyalignsthegrooves(Figure7).

Figure6: Two sphericalpatcheswith 1 mm deepgrooves. Each
patch has independentlyaddedzero-meanGaussiannoise with
0.05mmvariance.Thisdatasethasthreeunstablerotations.Initial
conditionnumberis 26.9. Conditionnumberafterselecting�����

of thepointswith ouralgorithmis 4.1.
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Figure7: Convergenceratesfor ªincisedsphereºmeshesfor uni-
form, normalspaceandcovariancesampling

We have also appliedour algorithm to real scandata.
Figure 9(a) shows the sampling of two scansfrom the
Forma Urbis Romaedataset[7]. Similar to the “incised
plane” example,thesemeshesexhibit translationalsliding
in theplaneandrotationalslidingaroundthevectorperpen-
dicularto theplaneof themeshes.Most of thesamplesare
placedinto theincisionson thescansto constrainthescans
from sliding and rotating in their commonplane. It took



(a) (b) (c) (d)

Figure8: Pointspicked by our samplingalgorithm for a patchwith two grooves. (a) Pointsconstrainingtwo unstabletranslational
eigenvectors. (b) Pointsconstrainingtheunstablerotation. (c)-(d) Two remainingrotationsarestableso they only requirea few points.
Theeigenvectorcorrespondingto translationin � is well constrainedby thealreadypickedpointsanddoesnotcontributeto thesampling.

(a)

(b) (c)

Figure9: Aligning two scansof FormaUrbis Romaefragment
033abc.(a) Pointsselectedby our samplingstrategy arein black.
Notice that in the outlinedregion therearerelatively fewer con-
straints to prevent horizontal sliding than vertical sliding. (b)
Thereforeuniform samplingcannotalign the vertical grooves in
theoutlinedregion asevidencedin this Z-buffer renderingof the
two meshesby thefact that theverticalgroovesareobscured.(c)
Covariancesamplingproducesthe correctalignmentmaking all
thegroovesvisible.

ICP25 iterationsto convergeto thecorrectalignment(Fig-
ure9(c)) from a roughmanualpositioningof thescansus-
ing our samplingstrategy. Eachinput meshcontainsabout
300,000points,andthealgorithmwassubsampling7

�

� of
the points from eachmeshto be usedin alignment. With
thesesettings,eachiterationof ICP usingour stablesam-
pling took5 secondsona400MHzPentiumII. Oneiteration
of ICP usinguniform samplingtook 1.5 seconds,however
whenstartedfrom the sameposition,uniform samplingis
unableto correctlyalign theverticalgrooves(Figure9(b)).

We have performedsomeinitial experimentswith using
the outputof geometricallystableICP in the global relax-
ation algorithm of Pulli [10] using the Forma Urbis Ro-
maedataset. The resultsseemto suggestthat scansthat
arealignedpairwiseusingour samplingstrategy “hold to-
gether”betterthan thosealignedusinguniform sampling.
Figure10showstheresidualerrorbetweenthepairof scans
from theFormaUrbis datasetexaminedaboveaftertheen-
tire setof viewshasbeenprocessedby theglobalrelaxation
algorithm.Scansalignedwith uniformsampling(Figure10
(a)) have beenpulled apart by as much as a millimeter,
while thosealignedby ouralgorithm(Figure10(b)) stayed
together. A systemfor global registrationof meshesthat
usesour samplingis presentedin a companionpaper[6].

Wealsoinvestigatedthein�uenceof noiseontheperfor-
manceof our samplingstrategy. Sincethealgorithmprior-
itizes thepointsbasedon their in�uence of thecovariance
matrix, it is possiblethat it canfavor areaswith signi�cant
noise,sincethepointstherecanlook like goodfeaturesfor
thealgorithmto sample.Smoothingtheinputdatacanelim-
inatesomeof the falsefeaturesandimprove thesampling.
However, if the meshesaresmoothedtoo much,the sam-
pling algorithmcanstill fail sincethe true featureswill be
smoothedaway. Figure11 shows successandfailurecases
of smoothingthenoisydatato improvethesampling.

(a) (b)
Figure10: A visualizationof residualerrorin theoverlapportion
of thepair of scansin Figure9 after they andtheir partnershave
beenprocessedby Pulli's global registration[10]. Meshesin (a)
were alignedusinguniform sampling. Meshesin (b) using our
geometricallystablealgorithm.Error is in mm,blackcorresponds
to 0, white to 1. Themaximumerrorin (a) is over1 mm,while the
maximumerrorin (b) is 0.3mm.



(a) (b)

(c) (d)
Figure11: Effect of noiseon covariancesampling. (a) A noisy
patchwith a crossin the center. The width of the grooves, indi-
catedby black arrows, is 10 mm, the depthis 1 mm, the mean
heightof thenoiseis 0.2.Sincethegroove is shallow, thenormals
of pointsin thegroove arecomparableto normalsof thenoisy¯at
areasandthe algorithmcannotdistinguishbetweenfeaturesand
noise. (b) Performing6 iterationsof simplesmoothingby aver-
agingneighborsremovesmostof thenoisebut keepsthe feature.
(c) A similar patch,but thewidth of thegroove is only 1 mm. (d)
Sincethesizeof thefeatureis comparableto thesizeof thenoise,
smoothingremovesthenoiseandmostof thefeature,whichmeans
all areasof the patchnow look identical, and covariance-based
samplingfails.

6. Conclusions

We have presenteda point selectionstrategy that im-
provesgeometricstability of theICP algorithm.This tech-
nique is aimed at sampling those featuresof the input
meshesthatprovide thebestconvergenceof thealgorithm
to the correctpose. The samplingstrategy is basedon es-
timatingthetransformationsthatcancauseunstablesliding
in the ICP algorithmandpicking pointsthatbestconstrain
thissliding.

Severaldirectionsarepossiblefor futurework. Thecur-
renttechniquetreatsall eigenvectorsof thecovariancema-
trix thesameandtriesto constrainthemequally. However,
the geometryof the input meshesoutsidethe overlaparea
canhave an effect on how we want to constrainthe trans-
formationswithin theoverlaparea.In particular, if a mesh
extendsfar beyoundtheoverlaparea,smallmisalignments
in rotationcanbecomeampli�ed. We would like to investi-
gatesamplingmethodsthattake this leverageinto account,
andin generalareableto assigndifferentweightsto differ-
enteigenvectors.

While we only addressthe stability of pairwisealign-
ment of meshesin this paper, a similar stability analysis
canbe appliesto a largercollectionof meshes,e.g. to the
globalrelaxationstepof themeshalignmentpipeline.Point
selectionfor maximizingstability of a largesetof scansis
substantiallymoredif�cult thanthepairwisestep,sincewe
haveto considerhow slidingof asinglescanpairwill affect
theentiresystem.We alsodiscussthis issuein moredetail
in a companionpaper[6].
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