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Abstract

Methodsfor trianglemeshdecimationarecommon;however, most
existing techniquesoperateonly on static geometry. In this pa-
per, we presenta view- andpose-independentmethodfor theauto-
maticsimpli�cation of skeletallyarticulatedmeshes.Suchmeshes
have associatedkinematicskeletonsthat areusedto control their
deformation,with the positionof eachvertex in�uenced by a lin-
earcombinationof bonetransformations.Our methodextendsthe
commonly-usedquadricerror metric by incorporatingknowledge
of potentialposesinto a probabilityfunction.We minimizetheav-
erageerrorof thedeformingmeshover all possiblecon�gurations,
weightedby the probability. This is possibleby transformingthe
quadricsfrom eachcon�guration into a commoncoordinatesys-
tem. Our simpli�cation algorithmrunsasa preprocess,andthere-
sultingmeshescanbeseamlesslyintegratedinto existing systems.
We demonstratethe effectivenessof this approachfor generating
highly-simpli�ed modelswhile preservingnecessarydetail in de-
forming regionsnearjoints.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling—GeometricAlgorithms

Keywords: meshsimpli�cation, level of detail, kinematicskele-
tons,articulatedmeshes

1 Intr oduction

Theproblemof meshsimpli�cation – reducingthenumberof poly-
gonsin a meshwhile preservingvisualandgeometricdetail– has
beenstudiedextensively. Most researchers,however, have consid-
eredthe input meshto berigid. In this paper, we presentanalgo-
rithm thataddressestheadditionalconsiderationsthatarerequired
to allow for automaticsimpli�cation of meshesdeformedusingan
articulatedskeleton,which are commonlyreferredto as skinned
meshes.Mostcommercialgamesmakeextensiveuseof suchmod-
els,andthey arefrequentlyusedin featureanimation.

A key observation that lays the foundationfor our algorithmis
thatgiventheadvancesin GPUspeed,it is notpracticalto spendex-
tensive time duringexecutionto choseanoptimalview-dependent
level of detail. In many cases,it is preferableto passadditional,
unnecessarypolygonsto the graphicscard, in favor of spending
lesswork on the CPU. In line with this observation, we look to
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Figure 1: A full resolutionmodelof a police of�cer is shownon the left,
with its simpli�ed counterparton the right. Facesare randomlycolored,
in order to clearly showthe triangulation. Notethat the simpli�ed model
maintainshigh detail aroundjoints, such astheelbows,while detail in the
restof themodelis reduced.

�nd a view-independentsimpli�cation methodthatshiftsasmuch
work aspossibleinto the precomputationstage. However, aswe
will see,nothing in our methodpreventsits incorporationinto a
view-dependentsystem,in much the sameway that other view-
independentsimpli�cation techniqueshave beenusedastheinitial
simpli�cation phasefor view-dependentre�nement.

A key challengeof simplifying deformingmodelsis that,by def-
inition, they changecon�gurationsat runtime.If ameshcanbede-
formedarbitrarily, it will be impossibleto pre-constructany mesh
thatwill beacceptablein all deformations.Our solutionis to limit
the classof deformablemeshesto thosethat areskeletally articu-
lated- a reasonableassumptiongiven the large numberof �gures
thatareanimatedin this manner, especiallyin interactive applica-
tions. The techniquewe useis often referredto as linear blend
skinning,andwe discussthis in furtherdetail in Section3.1. Fur-
ther, we associatea probabilityfunctionwith theskeletonthatpro-
vides the relative likelihoodof eachpossiblecon�guration. This
providesenoughlimitationson deformationto allow our algorithm
to �nd a singlemeshapproximationthatminimizesthegeometric
errorover thecorrespondingprobabilitydistribution. In this paper



Figure 2: Edge Collapse. Theedge (u; v) is contractedto w. Themesh
nowhasonefewervertex, andtwo fewer faces.

we proposea pose-independentmetric for simpli�cation of articu-
latedmeshes,andwill demonstrateits usein a view-independent
simpli�cation framework, althoughthe metric itself is not tied to
any particular framework. We de�ne the error to be minimized
asthe root meansquarederror of a modelover all con�gurations
of the skeleton. This algorithm extendsthe QSlim algorithm of
[GarlandandHeckbert1997]by addingadditionalinformationon
possiblecon�gurations,whichconstrainssimpli�cation in deform-
ing areas,evenwhenthoseareasareideal for simpli�cation in the
initial pose. Our main contribution is to show that given a linear
deformationmodel,we canencapsulateknowledgeof all posesin
a singlepose-independentquadric. Like QSlim, we approximate
model-to-modelerror by minimizing point-to-planedistanceover
all edgecontractions.Figure1 showsanexampleof aposedpolice
of�cer modelthathasbeensimpli�ed usingourmethod.As canbe
seenin thesimpli�ed versionon theright, thedeformingregionsat
thejointshavebeenpreservedin higherdetailthanthesurrounding
areas,resultingin asmoothbendin thoseareas.

2 Backgr ound and Related Work

Our work is basedon the QSlim algorithm, which utilizes the
quadricerrormetric (QEM). This wasintroducedin [Garlandand
Heckbert1997],andanalyzedin greaterdetail in [Garland1998],
and our algorithm will be presentedas a modi�cation of QSlim.
Many othersimpli�cation methodsexist, suchas[Schroederet al.
1992]and[Hoppeetal. 1993].

These basic simpli�cation approacheshave been applied to
a wide range of runtime applications, including both view-
independent(see[Hoppe1996]) andview-dependent(see[Hoppe
1997])dynamicsimpli�cation. This, in turn,hasled to suchappli-
cationsasexternal-memorysimpli�cation [Lindstrom 2000]. The
quadricmetricweusehasalsobeenadaptedto awider rangeof in-
putdata,suchasmesheswith materialproperties(see[Garlandand
Heckbert1998]and[Hoppe1999]).Theuser-guidedsimpli�cation
of [Kho andGarland2003]allows for greatercontrolover detail in
user-speci�ed areas.Othermethods,suchas[LindstromandTurk
2000] have looked to visual metricsfor determiningerror, rather
thanthegeometricerrorusedin previoussimpli�cation systems.

2.1 Quadric Error Metric

In theQSlim algorithm,simpli�cation is performedby building an
error functionde�ned on a vertex andanassociatedsetof planes.
The algorithm then iteratively contracts(or collapses)the edges
with lowest error by selectingcandidatesfrom a priority queue.
Eachcollapsewill decreasethenumberof verticesin themeshby
one,andwill usuallyremove two faces,asin Figure2.

QSlim minimizes the function d(v), which gives the squared
distanceof a vertex v from a set of planesadjacentto v, where

eachplane p through point a with normal n is representedas
[nx ; ny ; nz ; � n � a]0.
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We thende�ne the vertex quadricQv as the sum of the outer
productof theplanesadjacentto v, andusethis to representd(v)
for avertex v andits associatedquadric.

Qv =
X

p2 planes( v )

ppT (4)

d(v) = vT Qv v (5)

For the initial verticesin the mesh,d(v) will be zero,asis in-
tuitive. However, when two verticesu and v are consideredfor
contractionto a new vertex w, the error quadricfollows the addi-
tive ruleQw = Qu + Qv , anderroris computedaswT Qw w. Note
that it is possibleundercertainconditionsto directly solve for the
optimalvalueof w, asdiscussedin [GarlandandHeckbert1997].

Thus,theoverall algorithmis asfollows:

1. Computethequadriccorrespondingto eachvertex

2. Determinethecontractioncostfor eachedge

3. Placetheedgesin a min priority queuesortedon contraction
cost

4. Removetheedge(u; v) with thelowestcontractioncostfrom
thepriority queue

5. Usethequadricto determinetheoptimalcontractiontargetof
(u; v)

6. Contractu andv, andupdatethecostof all edgesadjacentto
u andv.

7. Repeatsteps4 through6 until thedesiredmeshresolutionis
reached.

As will be explainedin Section3, our algorithmmakesmodi-
�cations to the initial quadriccomputationof Step1, and makes
additionalchangesin theiterativecontractionstageof Step6.

2.2 Deformation Sensitive Decimation

Thepreviouswork closestto ourmethodis theDeformationSensi-
tive Decimationalgorithmproposedin [Mohr andGleicher2003].
Thesystemis presentedwith a modelto besimpli�ed in k differ-
entexampleposes,whereeachposehasthesameconnectivity, and
thereexistsa one-to-onemappingbetweenverticesof eachexam-
ple.

In theinitial quadriccomputationphase,avertex quadricQ i;v is
generatedfor eachvertex v in eachposei , usingthesamemethod
asasQSlim,resultingin a total of kv quadrics.

Duringiterativecontraction,thecollapsecostof anedge(v1 ; v2)
is equalto thesumof contractionerrorsin all poses:

kX

i =1

~vT
i (Qi;v 1 + Qi;v 2 )~vi (6)



where~vi is thecontractedpositionof theverticesv1 andv2 . This
will have theeffect of penalizingcontractionsthatareunfavorable
in certaincon�gurations.Contractionsthatarefavorablein all con-
�gurations will beperformed�rst.

We analyzetherunningtime of iterative contractionasfollows:
for eachcontraction,O(log v) operationsarerequiredto selectthe
minimum contractioncandidate,followed by O(k) operationsto
recomputecontractionerror in theneighborhoodof thecontracted
pair. As thenumberof contractionsis boundedby thetotalnumber
of verticesv, therunningtime of the iterative contractionphaseis
O(vk + v log v).

DeformationSensitive Decimationis shown to be a usefuland
robust algorithmfor simpli�cation of animatedmodels. It is im-
portantto distinguishthe trade-offs betweenthis methodand the
methodweareaboutto propose.First,DSDis moregeneralin that
is supportsarbitrarily deformationmethods.Our systemis limited
to linear-blendskinnedmodels(seeSection3.1); however, given
theubiquitousnatureof suchmodels,this is areasonableconstraint
for many applicationareas,especiallythoseof aninteractivenature,
suchascomputergames.

Additionally, aswe will seein Section3.2,theiterative contrac-
tion phaseof ouralgorithmrunsin time independentof thenumber
of sampleposes,or only O(v log v). Also, ourmethoddiffersfrom
DSDin thatweproposeamethodfor automatedsamplingof exam-
plecon�gurations,andonly asktheuserto provideanapproximate
probabilitydistribution, ratherthanrequiringtheuserto explicitly
provide examples.Finally, we alsoproposea methodfor updating
in�uence weightvaluesafteranedgehasbeencollapsedto a new
vertex thatwasnotpresentin theoriginalmesh.

2.3 Skeletall y Ar ticulated Simpli�cation

Otherresearchershavedevelopeduser-assistedmethodsfor simpli-
�cation of skeletallyarticulatedmeshes.In contrastto thesemeth-
ods,our approachdeterminesthe amountof deformationdirectly,
without requiringmanualmarking,whichnotonly savesartisttime
but alsoallows greatersimpli�cation in regionsarounda joint that
arenot signi�cantly deformed,suchasthesidesof aknee.

In [Houle andPoulin 2001], the authorsproposesimplifying a
static poseof the articulated�gure. A methodis developedfor
propagating the simpli�cation changes,which arein world space,
back into bonespace(the local coordinatesystemof eachbone).
Duringiterativecontraction,thismethodassumesthatthein�uence
weights(usedto controldeformationof themodel,asexplainedin
Section3.1)will remainconstantthroughoutsimpli�cation, which
mayor maynotbeanacceptableapproximation.

Anothermethod,which requirestheuserto manuallydivide the
object into deformableand non-deformableregions, is presented
in [Schmalstieg andFuhrmann1999]. Thedeformableregionsare
preservedto a greaterextentthanthenon-deformableregions.Un-
like the previous paper, the authorsdo not make the assumption
that in�uence weightsremainconstantthroughoutsimpli�cation.
Rather, they provide a methodto updatethe weightsbasedon a
shortest-pathgraphtraversalfrom a deformablenodeto adjacent
non-deformableregions,andassumesthatthecloseravertex lies to
abone,thestrongerthein�uencewill be.Thisapproachhasaccept-
ableresultsfor many models.However, we considerthe in�uence
weightsto beanessentialartisticproductof modelingandcontent
creation.Weightsdeterminetheshapeandsizeof creasesandthe
overall look of deformingbodies,andautomatedmethodsfor reas-
signingweightsmaynot preserve theartist's intent. Thuswe have
developedan approachthat approximatesthe original weightsin-
steadof computingnew weights.

Otherssuchas [Shamiret al. 2000] and[ShamirandPascucci
2001] have proposedsimpli�cation of meshesthat undergo arbi-

trary deformationasa functionof time. Generally, thesearespeci-
�ed asasequenceof frames,andarenotsubjectto constraintssuch
asaskeletalframework. This is similar in principleto ourproblem;
however, thosemethodshave thebene�t of beingprovidedall pos-
sibleframesupfront,while ouralgorithmis capableof handlingar-
bitrary skeletoncon�gurations. Additionally, thesemethodsfocus
on runtimesimpli�cation, with an auxiliary setof datastructures
suchas the T-DAG of [Shamir et al. 2000] precomputedof�ine.
This is requireddueto theproblemof arbitrarydeformations,and
thusdifferssigni�cantly from ourapproach.

Finally, a numberof methodshave beenpresentedfor Skeletal
Level of Detail, suchas that presentedin [Teichmannand Teller
1998]. This is in fact a differentproblemthanthe onewe aread-
dressing:theskeletonitself is simpli�ed, soasto reducetheamount
of skinningcomputation,but theskinmayor maynotbesimpli�ed.
Oursystemdirectlyaddressesthesimpli�cation of theskin,not the
skeleton.However, anindirectbene�t of our systemis thatasver-
ticesarecontracted,certainboneswill losein�uence over skin tri-
angles.A naturalextensionwould thereforebeto performSkeletal
LOD by removing bones,fusing themwith their parentoncethe
numberof in�uenced skin triangleshasdroppedbelow a certain
threshold.

3 Algorithm Speci�cation

Our algorithmcanbe conceptualizedasa setof modi�cations to
the QEM algorithm, and this sectionwill provide the detailsof
thosechanges.First, in Section3.1, we will formally specifythe
input to ouralgorithmandstaterelevantassumptions,includingthe
skinningmodel. Then,we introduceour alternative initial quadric
computationstepin Section3.2. In Section3.3, we discussthe
characterizationof joints. We thendetail our modi�cations to the
iterativecontractionstep,in Section3.4.

3.1 Problem Domain

Wede�ne ourproblemasfollows. Wearegivenaskeletallyarticu-
latedmeshM = (V; F; B ). V is a setof verticesv 2 R3 , eachof
which hasanassociatedweightvector[wv ;1 ; � � � ; wv ; j B j ] 2 Rj B j

that representsthe bonein�uence weightson v. The setof faces
F � V � V � V , constitutesthe trianglefacesthatmake up the
meshsurfaceof themodel.

B is thesetof bonesin themodelskeleton.Eachboneb 2 B is
de�ned asb = (M b; � b(M b); pb). Thematrix M b 2 R3� 4 is the
af�ne transformationinducedby thebone,relativeto thecoordinate
systemof its parent,pb 2 B [ f;g , wherepb = ; indicatesthatb is
therootbonein thesystem.Thiscanalsobethoughtof asde�ning
a local coordinatesystemof b.

The probability of a bone b assuminga particular con�gura-
tion of M b is given by the bone probability function � b(M b),
� b : R12 ! R+ , which is de�ned . The function � b will benon-
zerofor af�ne transformationmatricesrepresentingvalid con�gu-
rationsfor b. Frequently, � b can be as simple as a box function
indicatingminimum andmaximumvaluesalongeachdimension,
thoughgreatercontrolcanbeachievedwhenamoreaccurateprob-
ability functionis used,suchasoneobtainedusingmotioncapture
(seeSection3.3).

Although most general,it will rarely be intuitive to consider
speci�cation of � as a function of R12 . For the purposeof user
speci�cationof probabilityfunctions,we �nd it usefulto performa
changeof variables,andrepresent� b(M b) insteadas� (tb; � b; sb).
Eachof tb, � b, andsb arevectorsin R3 , andrepresentrespectively
the translation,rotation,andscaleof theboneb abouteachof the
threecanonicalaxesin thecoordinatesystemof its parent,pb. This



correspondscloserto the intuitive notion of a bone,in which an
artistwill conceptualizea boneasrotatinga certainnumberof de-
grees,or translatingto agivenposition.Usingtheseparameters,we
canrepresentM b asaproductof standardtranslation,rotation,and
scalingmatrices.

M b = T(tb)R(� b)S(sb)

Our methodis not limited to this choiceof reparameterization,
thoughit hasbeenshown to beusefulandintuitive,andcouldeasily
beextendedto amoregeneralform, suchasonethatincludesshear
parameters.

The meshwill deform accordingto the con�gurations of the
bonesandthecorrespondingin�uence weightsof eachvertex. We
cande�ne a poseP as representinga particularcon�guration of
the skeleton,including all boneparameters,anddenotethe initial
poseP0 . For any bone,we canperforma preorderedtraversalof
theskeletontreeto generateamatrixM paren t( b) (P ) thatrepresents
the coordinatesystemof the parentof b, usingposeP. Note that
for therootbone,thismatrix is theidentity.

Theverticesin V arespeci�ed in theworld coordinatesystem.
To perform skinning, a vertex v is transformedinto the coordi-
natesystemof a bonein the initial pose,by applying the matrix
Nb = (M paren t( b) (P0)M b(P0)) � 1 , as computedfor the initial
poseof themodel.Fromthiscoordinatesystem,wecanthentrans-
form thevertex into thetransformedcoordinatesystemof aboneby
theapplicationof M paren t( b) (P )M b(P ), asevaluatedin thecurrent
poseP.

We combine,or blend, the in�uences of all bonesin the sys-
temby takinga linearcombinationof transforms,whereeachbone
transformis weightedby its correspondingvertex in�uenceweight.
Thisallowsfor smoothcreasesandbendsin thesurfaceof themesh.
Thus,the transformationof a vertex from initial world positionto
theskinnedworld coordinatesof aparticularposeP is:

M v (P ) =
X

b2 B

wv ;b M paren t( b) (P )M b(P )Nb: (7)

3.2 Initial Quadric Computation

In QSlim, the �rst phaseis to computethe initial vertex quadrics,
Qv for eachvertex v. In our algorithm,we modify this to de�ne a
pose-independentquadric, whichencapsulatesknowledgeof defor-
mationsover all poses,in additionto thecon�gurationof thestatic
initial mesh.

Considerthe“leg” modelin Figure3. Whenthejoint is rotated
90degrees,thebottomof thekneewill bedeformedsharply. How-
ever, an ideal result would allow for drasticsimpli�cation away
from the knee,while preservingdetail at the kneeitself. In addi-
tion, if thekneecanonly bend90degreesdown but cannotbendup-
wards,thebottomof thekneewill bemoresigni�cantly deformed
than the top, which is roundedratherthan creased,and thus we
desiregreaterpreservationof detailon thelowerside.

To accomplishthis, we must incorporatethe planesof the de-
formedcon�gurationsinto thevertex quadrics.For a vertex v and
aposeP, wecande�ne thequadric-valuedfunctionQv (P ), which
givesthequadricof v whentheskeletonis putinto thecon�guration
de�ned by P . We computethis by recomputingall theM b matri-
cesaccordingly, skinningthemesh,thencomputingthequadricof
v usingthedeformedcoordinatesratherthanthereferencecoordi-
nates.

In QSlim, additionalconstraintplanesareintroducedby adding
quadrics.After joint deformation,however, wemustnotsimplyadd
togetherthe vertex quadricsfrom eachof the resultantdeformed
meshes.Vertex quadricsare variant underaf�ne transformation,

Figure 3: Leg model,in thereferencecon�gurationanda deformedcon�g-
uration. Theblack dottedline indicatestherange of motion(i.e, therange
for which � b is nonzero). Wecanseeintuitivelythat thesectionshighlighted
in greenshouldhavethehighestamountof simpli�cation, theyellowsection
abovethekneeshouldretainmoredetail,andtheredsectionbelowtheknee
requiresthegreatestlevelof detail.

Figure 4: CombiningQuadrics. In the left column,the left joint is rotated
30° from the initial pose, while the area aroundthe middlevertex hasnot
changed. Simplyaddingthe quadricsat the middle joint givesthe wrong
result, so the quadric from the rotatedposemustbe rotatedback to the
initial pose. In theright column,both the left andmiddlejoints havebeen
rotated,causinga deformation.Thedeformedquadricmustbecorrectedto
removetheeffectof rotationby theleft joint, thencombinedwith thatof the
initial pose.

aswill occurwhenthebonesareplacedinto a new con�guration,
evenwithout deformationof thesurroundingneighborhood.As an
example,considerthe verticesat the right end of the leg in Fig-
ure3. Theirquadricsin thedeformedposewill beatanangleto the
quadricsin theoriginal pose,which whensummedtogetherwould
result in a quadricwith a high collapsepenalty. However, these
trianglesare in fact goodcandidatesfor simpli�cation, as the lo-
cal curvatureof the surfacedoesnot deformandthe trianglesare
coplanar.

Instead,we maptheverticesinto a commoncon�guration, that
of theoriginalpose,whichwewill call thereferencecoordinatesys-
tem.Becausea vertex vi in posePi is known to betransformedby
M v (Pi ), the inverseM � 1

v (Pi ) will transformvi to v in reference
coordinates.

We canthenwrite the error of a singlevertex v over all poses
in our notation,substitutevi = M v (Pi )v, thenfactorv out of the



summation.
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Thesummationtermof Equation10 is aquadric,whichwerefer
to asthe pose-independentquadricQv . This canbe computedat
initial quadriccomputationtime,andthenusedaswith quadricsin
standardQSlim. Thisderivationhasanaturalgeometricinterpreta-
tion asshown in Figure4. In general,to transformaquadricQ into
Q0 througha transformationM , we have from [Garland1998] the
rule:

Q0  (M � 1)T Q(M � 1) (11)

Whenwe transformv by M � 1
v (Pi ), thecorrespondingtransfor-

mationof thequadricQv (Pi ) becomes

Qv = (M v (P )) T Qv (P )M v (P ) (12)

as in Equation 10. We can then consider the application of
M � 1

v (Pi ) as removing the effect of bone transformationon the
quadricQv (Pi ), andisolatingtheeffect dueto deformationof the
surface. This transformsQv (Pi ) to the referencecoordinatesys-
tem,wherethequadricscanbecombined.Becausethebonetrans-
formationis linear, it is easilyinvertible. This maynot bepossible
with moregeneral,non-linearanimation.

BecauseQv (P ) is a continuousfunction, the sumof quadrics
for all valid posesis equivalentto integrationover thedomain.

Qv =
Z

valid P
� (P )M v (P )T Qv (P )M v (P )dP (13)

The function � (P ) =
Q

b2 B � b(P ), which is the probability
of the currentpose,is written as the productof individual bone
probabilities. We now have an integral with dimensionalityup to
12jB j. Clearly, directquadraturemethodsarenotapplicablein this
situation. Instead,we apply a Monte Carlo integrationtechnique,
which consistsof replacingthe evaluationof the integral with a
sumover randomcon�gurations. To reducevariance,we usethe
RecursiveStrati�ed Samplingtechniqueasdiscussedin [Pressetal.
2002]. In this method,we considerthedomainto besampledwith
N samplesasa rectangularparallelepipedR = (xa ; xb), which is
speci�ed by two oppositecornersof the region. We thenbisectR
alongthe longestdimensioni , producingtwo subregionsof equal
size.

Rai = (xa ; xb �
1
2

ei � (xb � xa )ei )

Rbi = (xa +
1
2

ei � (xb � xa )ei ; xb)

Thevectorei is theunit vectorin thei -th coordinatedirection.Each
regionis thenallocatedN=2 samples.Whenthenumberof samples
allocatedto a region falls below somethresholdN 0 , we uniformly
samplein theregion. We thenusethesamplesto computeaMonte
Carloapproximationto theintegral for Qv .

Notethatgiventhereparameterizationfrom R12 into translation,
rotationandscale,the variablesareno longerindependent,asthe
rotationalparameters� b sampleasphericalfunction.Thesampling
patternis requiredto take this into account,asin [Arvo 1995]soas
to avoid anunbiasedestimator.

This quadricQv now encapsulatesthedeformationof vertex v,
andcanbe usedin the quadricerror metric asusual. The overall
methodfor computingthe initial quadricsis expressedin the fol-
lowing pseudocode.

function ComputeQuadrics()
{

for 1 to k
{

P = generate-configuration()
reskin-mesh( P)
� total = � total + � (P )
foreach ( v 2 V )

Qv = Qv + � (P )M v (P )T Qv (P )M v (P )
}

foreach ( v 2 V )
Qv = Qv =� total

}

3.3 Constructing Joint Probability Functions

Box Function: For simplicity, in somecasesasimplebox function
will suf�ce. This canbede�ned asa function that takesthevalue
1=(b� a) in therange[a; b], andis zeroeverywhereelse.It de�nes
a joint thathasno preferredangle,positionor scale,andcanmove
easilyanywherein its allowablerange.

GaussianDistrib ution: We mayalsoadda “preferredangle”and
a “stif fness”factorto eachjoint, asis commonin certainmodeling
productsfor inversekinematicsanimation.This will give a greater
priority to con�gurationsnearthe preferredangle,andallows the
userto have greatercontrolover the �nal simpli�ed output. As an
artist may alreadyset thesevalues,this doesnot imposean extra
burdenon contentcreators.For a preferredangle� anda stiffness
� , thisprobabilityfunctionis representedasaGaussiandistribution
with � and� asthemeanandstandarddeviation,respectively.

Prede�ned Animations and Motion Capture: In many cases,the
posesof animationswill beknown in advance.Thismaybethecase
eitherdueto manualanimationof frames,or the resultof motion
capturedata.In theknown examples,somebonesmayhave imper-
ceptiblemovement,andit may be visually acceptableto simplify
their skin polygonsasif they did not deform. From the examples
given,wecancomputetheprobabilitydistributionof thecon�gura-
tionsdirectly, andusethis informationto guideoursimpli�cation.

3.4 Iterative Contraction

Iterative contractionof edgesin our systemis mostly identical to
thatof QSlim. Note thatwe maintainthedesirablepropertyof er-
ror quadricsthatwe maydirectly solve for theoptimalpositionto
minimizeerror. Howeveranadditionalconsiderationmustbetaken
for assigningin�uence weightsto thenewly-createdvertex.

Eachin�uence weightmight bethoughtof asa continuousver-
tex attribute,suchascolor, which would seemto lendtheproblem
to theattribute-preservingsimpli�cation of [GarlandandHeckbert
1998] and [Hoppe 1999]. However, in our context, an in�uence
weight is not a propertyof themeshdistinctfrom geometry, but in
factdirectly in�uencesthe�nal skinnedgeometryof themesh.

Weusethefollowing methodfor updatingweightsafteravertex
collapse.We �rst computethedistancesfrom theoriginal vertices
v1 andv2 to the new vertex vcollapsed, which we refer to asd1 and
d2 (seeFigure5). We thenusethe expressiont = d1=(d1 + d2)
asan interpolantfor the linear interpolationbetweenw1 andw2 ,
theweightvectorsassociatedwith v1 andv2 , wherebytheweight
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Figure5: WeightUpdateRule. Theverticesv1 andv2 withanedgebetween
them(black line) are to becontractedto vertex vcollapsed . Thedistances
d1 andd2 are usedto interpolatetheweightvectors of the two verticesto
computethein�uenceweightsof vcollapsed .

vectorof thenewly createdvertex is wcollapsed= w1(1 � t) + w2 t .
Empiricalvalidationfor thismethodis givenin Section4.

During iterative contraction,thereis a possibility thatgeometry
may“foldover,” thatis, �ip theorientationof a triangle,whichpro-
ducesvisually unpleasantartifacts.We addressthis by disallowing
collapseswherethenormalof any trianglein theneighborhoodof
thecollapsewouldberotatedby morethan90 degreesin therefer-
encepose.Thisprovedto bereasonable,but amorecomprehensive
solutionmight computean averagenormalover all poses,or �nd
normalcones.

4 Experiments and Results

We testedour algorithm on several models,including a scanned
humanleg, a policeof�cer, anda horse.Our primary focusin the
resultswason correctnessandresultingmeshquality, ratherthan
speed,asour methodis intendedfor usein a preprocess,yet sim-
pli�cation times are shown to be closely comparableto standard
QSlim.

To show theamountof simpli�cation acrossa model,we color
eachfaceof themodelbasedon its size,usinga logarithmicscale.
The areaswith the mostsimpli�cation are red, andprogressively
becomeblue in areasof lesssimpli�cation. We have found this
to be a useful tool in analyzingsimpli�cation, thoughit is most
expressivewhentheoriginaltrianglesarerelatively uniformin size,
sothatsimpli�ed regionsstandoutclearly.

The leg model, which was taken and modi�ed from a Nvidia
skinningdemo[Nvidia 2000], is a taperedcylinder that becomes
slightly smallerat oneend,andbendsup to 90° down in themid-
dle. As canbe seenin Figure6, oncethe meshis simpli�ed, the
regionsawayfrom thejoint aresimpli�ed dramatically, dueto their
near-coplanarity. In theviewsof thesimpli�ed, undeformedmodels
(bottomrow) weseehow theregionaroundthejoint is preservedin
greaterdetail.Notethatthebottomof thekneemaintainshigherde-
tail overawiderareathanthetop,dueto thegreaterdeformationof
the triangles.This is aswasexpectedfrom Figure3. Finally, note
how the sideof kneeis simpli�ed morethanthe top andbottom,
asthe verticeson the sideare limited to positionsin the planeof
their adjacenttrianglesin theoriginal mesh.This would not occur
in systemsthat preserve detail basedon distanceto joints. When
thekneedeforms,weseethattheshapeof thecreasein theoriginal
modelis preservedin thesimpli�ed versions.

In Section3.4,we give a methodfor updatingtheweightvector
after iterative contraction.We comparedtheresultsof this method
to the resultsof usinga proceduralweight function to recompute
vertex weights.Most modelswill not have a proceduralspeci�ca-
tion for in�uence weights,sotheperformanceof theweightupdate
rule is critical. In ourexample,wefoundthatfor moderatesimpli�-
cation(13 percentof original), theroot meansquareddifferencein

weightsis insigni�cant, beinglessthan1:45� 10� 3 , andthemaxi-
mumerroris 0:021. Evenfor moredrasticsimpli�cation (3 percent
of original), theroot meansquarederroris about5:18 � 10� 3 , the
maximumerror is 0:028, and hasan imperceptibleeffect on the
resultingskinnedmesh.

Figure7 shows theperformanceof our method,ascomparedto
two alternativealgorithms.First,wecompareto amethodthatpre-
servesdetailneardeformableareasby scalingthestandardquadrics
by a weight that falls off away from thejoints. For a vertex v with
quadricQv , andthe positionof the nearestbonexb, we scalethe
quadricby Q0

v = [� G(jj v � xbjj ) + 1]Qv , whereG is aGaussian,
with � = 0 and� = 0:1. In ourexample,wealsoset� = 5, which
hasthe effect of giving quadricsnearjoints � + 1 = 6 timesas
muchweightasthosefar away from joints. Thechoiceof � and�
canbetunedasnecessary. Wealsoshow theresultsof thestandard
QSlim algorithm,run on thereferencepose.All examplesuseour
methodto updatein�uence weightsduringiterativecontraction.

In certain cases,the intuitive logic that the areasaroundthe
pivot shouldbe preserved in the highestdetail is not alwayscor-
rect.Whenthejoints in Figure7 aredeformed90degrees,thearea
at the pivot itself is actually relatively �at. Thereare in fact two
creasedregionsadjacentto the pivot area,but the pivot areaitself
doesnot form a crease.As canbe seenin the example,our algo-
rithm recognizesthecreases,andpreservesthemin higherdetail,as
well assimplifying the�at regionsat thejoints. Also, greatersim-
pli�cation is achieved on the outsideof the tube,which doesnot
undergo signi�cant deformation.The methodof preservingdetail
at thejoint preservesasigni�cant amountof unnecessarydetail.Fi-
nally, thestandardQSlim algorithmresultsin a relatively uniform
level of simpli�cation acrossthesurfaceof theobject,anddoesnot
preserve any additionaldetailat thejoint, resultingin theexpected
lossof quality.

Figure 7: A full resolutionmodel,onesimpli�ed with our method,another
thatthepreservesdetailnearjoints,andthelastwith standard QSlim.In�u-
enceweightshavebeenupdatedusingour method.Notethat theareanear
thepivot is �at, ratherthancreased.Our algorithmcorrectlyprovidesmore
simpli�cation in thisarea.Themethodof preservingnearjoints incorrectly
preservestoo much detail in this area,andQSlimhasa uniformamountof
simpli�cation acrossthemodel.

In Figure8, we show an exampleof a scannedhumanleg pro-
vided by Cyberware. First, we seethe full resolutionmodel, fol-



Figure 6: Leg Model,at variouslevelsof simpli�cation, andcoloredrandomlyto showthetriangulation.Thetop rowshowstheleg with thekneedeformedat
a 45 degreeangle. Thebottomrow showstheleg in thereferencepose, but with facescoloredbasedon area.Thisshowsthepreservationof detail aroundthe
joint, with moredetail on thelowersideof thejoint. Fromleft to right, themeshesareshownafter1700,2000,2200,and2250collapses,respectively.

lowedby amodelsimpli�ed with QSlimin thebentposition,which
we expectwould make a goodapproximation,but loses�delity in
its approximationof the straightpose. The third modelhasbeen
simpli�ed basedonthestraightpose,andsimpli�cation artifactsare
visible at the creaseof the knee. Using our methodwith 4 poses,
weachieveamoreaccurateapproximation.

Figure 8: Leg fromthescannedfemaledataset,shownsimpli�ed to about
0.5%of the original numberof triangles. Our method(usingonly 4 sam-
ples)correctly placesadditional detail in the deformingregions to better
preservetheshape. Notethat thecreaseat theback of thekneein theresult
producedby our methodbetterapproximatestheoriginal than themethod
producedbyQSlimfromthestraightpose.

To comparetheeffectof varyingprobabilityfunctions,weshow
acloseupof thebackof thekneesin theCyberwareScannedMale
(Figure9). Theleft kneehasa120°rangeof motion,while theknee
on the right hasonly at 30°rangeof motion. As a result, the left
kneepreserveshigherdetailto allow for betterapproximationof all
possibledeformations.

For quantitative evaluationof our approximation,we usedthe
Metro tool [Cignoni et al. 1998], which computesthe Hausdorff
distancebetweentwo surfaces.As shown in Table1, our method
producesa betterresultthaneitherstaticmethodwhenconsidering
bothposes.

For amorecomplicatedexample,with multiplebonesandjoints,
we show thepoliceof�cer modelin Figure10. It canbeseenthat
the deformableregions, especiallyaroundthe kneesand elbows,
arepreservedin higherdetail. We canseefrom therearsimpli�ed
view that thebacksof thekneeshave a largeareathat is preserved
in highdetail,asdo theheels,elbowsandwrists.

Table 2 shows the times requiredto simplify eachof our test
modelsto 10%of theoriginalnumberof triangles.Althoughthere-
sultsprove to bequite fast,dueto artifactsof our implementation,

Figure 9: ScannedMale. Theleft kneehasa 120°range of motion,andso
preserveshigher detail in the indicatedregion than the kneeon the right,
which hasa 30°range. Notethat asin Figure 8, thesurfaceat thecreaseis
�at underdeformationandis thereforedecimated.

Model Straight Pose Bent Pose Std. Dev.
QSlim/StraightPose .01017 .01350 2.4e-3

QSlim/BentPose .01718 .01130 4.1e-3
OurMethod .01122 .01207 6.0e-4

Table 1: Comparisonof the resultsof static methodsversusour method.
Thescannedfemaleleg modelwassimpli�ed to 0.5%of original triangles,
andtheHausdorff distanceto theoriginal meshwascomputedusingMetro.
Whileour methodgivesa goodapproximationacrossposes,theapproxima-
tion qualityof thestandard QSlimvarieswidely.

thereis room for greatertime ef�ciency. Our systemwas imple-
mentedin a high-level interpretedlanguage,andwe expectthat a
similar implementationin a moreef�cient languagewould provide
betterperformance.Also, increasingthe numberof sampleswill
increasethetime in the initial quadriccomputationproportionally.
In theexamplesshown, 16sampleswereused,but goodquality re-
sultscanbeseenfor 8 or even4 samples,duein part to theuseof
strati�cation to reducevariance.Wecanseethattheoverheadfrom
the initial quadriccomputationis a small part of the overall time,
contributing to around25%of thetotal simpli�cation time. As this
is theonly phaseof QSlim changedin any signi�cant way by our
method,theseresultsshow thatourmethodaddsonly asmallover-
head,especiallykeepingin mind that this is intendedfor usein a
preprocess,andsimpli�cation is not performedat run-time. Addi-
tionally, asthesizeof themeshincreases,the runningtime of the
algorithmwill consistmainly of the iterative contractiontime, re-
ducingtherelative time penaltyof our methodversusQSlim for a
singlepose.

Themajorityof thetimespentin eachfunctionevaluationis used
for standardlinear algebraoperations.An optimizedlinear alge-
brapackagecouldpotentiallyprovide a largeperformancebene�t.
However, wewishto stressthatall work is spentin apreprocessbe-



Figure 10: Rearview of a simpli�ed policeof�cer modelwith 10%of the
original triangles,coloredbasedon triangle size. Themodelon the left is
simpli�ed usingQSlimin theoriginal pose, while themodelon theright is
simpli�ed usingour method.Notehowour methodcorrectlypreservesmore
detail aboutthejoints,especiallytheknees,elbows,etc.

Model Vertices Quadric Time Total Time
Leg 2306 0.25s 0.77s

HumanLeg 25158 5.1s 14.0s
Horse 48485 6.5s 26.1s
Police 63881 6.9s 29.3s

ScannedMale 146631 24.2s 95.36

Table 2: Simpli�cation Times. Each modelwassimpli�ed to 10% of the
original size. Timesare givenin seconds,usingour C# implementationof
thealgorithm.TheQuadricTimeis thetimeto computetheinitial quadrics.

fore actualexecution,andno work is performedduring rendering
time.

5 Conc lusions

In this paper, we presenteda method for view- and pose-
independentsimpli�cation of skeletally articulatedobjects. We
have seenhow poseindependenceis possiblethroughthe useof
the joint probability function � , which allows us to have a single
quadricthatis applicableto many poses.Also, we showedhow in-
tegrationof the vertex quadricsover the domainof possiblebone
con�gurations,andtransformingquadricsback into the reference
coordinatesystem,allows for quadricsto be correctlycombined,
thenusedto simplify theoriginal meshwhile takingdeformations
into account.Finally, wesaw how ourmethodaccuratelypreserves
creasesanddeformingregionsat joints moreeffectively thanstatic
methodsof simpli�cation.

It is importantto understandthesituationswhereour algorithm
doesnot provide a signi�cant bene�t. In modelswith signi�cant
creasesat the joints, the standardQSlim algorithm will preserve
additionaldetail in theseregions,which in many casesmaybesuf-
�cient for animation.Also, in modelswith widelyvaryingrangesof
motion,especiallywhenthemostextrememotionsareuncommon
asde�ned by theprobabilityfunction,thesinglepose-independent
model producedby our algorithm may be insuf�cient. In such
cases,it maybepracticalto considerperformingthesimpli�cation
for eachpre-de�nedanimationsequence,ratherthan for all pos-
sible animationsat once. For example,a modelof a golfer may
have legsthat remainstationarywhile makinga putt, but naturally
move whenwalking betweenholes. Sucha systemmight useour
methodto generatea pose-independentmodel for eachsequence,

andswitch modelsasnecessary. Additionally, for extremeposes
that are short-lived, and in which the focus is drawn to a single
model,suchasaslamdunkpose,asystemmightneedto assignad-
ditional trianglesto themodelfor thedurationof theanimation.It
would thenbeusefulto useour algorithmwith a progressive-mesh
typesystemfor continuouslevel-of-detail,sothattheexactnumber
of trianglescouldbespeci�ed. While it maybenecessaryto take
someof theseconsiderationsinto accountbeforeintegratingoural-
gorithm into a productionsystem,our algorithmprovidesa useful
foundationonwhich to build.
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