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Goals

Implement a data structure using linked lists. 

Analyze the running time of a program. 

Explore a notoriously difficult problem (see Intractability lecture).
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Euclidean TSP

Given n points in the plane, find a tour of minimum length that visits them all.
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USA cities
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13,509 cities in the United States
http://www.tsp.gatech.edu



USA cities
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optimal TSP tour
http://www.tsp.gatech.edu



General TSP

Given n points and pairwise “distances”, find a tour of minimum length that visits them all. 

 
Distances could represent: 

Costs. 

Travel times. 

Fuel consumed. 

Some more abstract quantity. 

…
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problem: 

all possibilities

find shortest tour 
through 5 given cities

1 mile

A B
C

D
E

A B E C D

A C D B E

A B C E DA B C D E A B D E CA B D C E

A D C B E

A B E D C

A D B C EA C E B DA C B D E A C B E D



USA landmarks
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Applications

Traveling salespeople?  Probably not.
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Applications

VLSI design.  Drill holes in a printed circuit board.
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Applications

VLSI design.  Drill holes in a printed circuit board.
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Applications

VLSI design.  Drill holes in a printed circuit board. 

Space telescope.  Re-position satellite to image celestial objects.
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The Journal of the Astronautical Sciences , Vol. 49, No. 3, July - September 2001, pp. 469-488 

Fuel-Saving Strategies for 
Dual Spacecraft 

Interferometry Missions 

Christopher A. Bailey,1 Timothy W. McLain,2 and Randal W. Beard3 

Abstract 

Separated spacecraft interferometry missions will require that spacecraft move in a coor-
dinated fashion to ensure minimal and balanced consumption of fuel. This paper develops 
strategies for determining interferometry mission plans that result in significant fuel sav-
ings over standard approaches. Simulation results demonstrate that valuable reductions in 
fuel consumption can be realized by combining the retargeting and imaging maneuvers re-
quired to image multiple stellar sources. Fuel-optimal imaging strategies have been devel-
oped for two-spacecraft interferometry missions similar to the proposed StarLight mission 
using chained local optimization methods. Based on these strategies, sampling-pattern 
guidelines for space-borne interferometry missions have been developed . 

Introduction 
Space-based optical interferometry has been identified by NASA as one of the 

key technologies in furthering the scientific exploration of the universe in the next 
century. NASA's Origins Program will use the fundamentals of interferometry to 
form a sophisticated space-based telescope as the primary tool for future space mis-
sions to image stars and distant planetary systems with new levels of accuracy. This 
paper develops fuel-saving schemes for separated spacecraft stellar interferometry 
missions. For such missions, the objective is to minimize the amount of propellant 
mass required to perform the mission objectives while ensuring that no spacecraft in 
the formation is left with insufficient fuel to complete the mission . 

Interferometers image stellar targets in a significantly different way than conven-
tional telescopes, which use a single, large primary mirror. An optical interferome-
ter samples parallel wavefronts at two or more locations and combines the light to 
produce an interference pattern. From these interference patterns or fringes, high 
angular resolution images of the source can be constructed. Optical interferometry 
requires a precisely controlled separation between the light collecting apertures. 
1NTT/Verio-SME Hosting, Orem, Utah 84097. 
2Department of Mechanical Engineering, Brigham Young University, Provo, Utah 84602. 
3Department of Electrical and Computer Engineering , Brigham Young University, Provo , Utah 
84602. 
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Applications

VLSI design.  Drill holes in a printed circuit board. 

Space telescope.  Re-position satellite to image celestial objects. 

Computational biology.  Map the mouse genome.
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letter

194 nature genetics • volume 29 • october 2001

A radiation hybrid transcript map of the mouse genome

Philip Avner1,2, Thomas Bruls1, Isabelle Poras1, Lorraine Eley3, Shahinaz Gas1, Patricia Ruiz4, Michael V.
Wiles5,10, Rita Sousa-Nunes6, Ross Kettleborough6, Amer Rana6, Jean Morissette4, Liz Bentley3, Michelle
Goldsworthy3, Alison Haynes3, Eifion Herbert3, Lorraine Southam3, Hans Lehrach5, Jean Weissenbach1,
Giacomo Manenti7, Patricia Rodriguez-Tome8,10, Rosa Beddington*, Sally Dunwoodie6,9 & Roger D. Cox3

1Genoscope, Centre National de Sequençage and CNRS UMR 8030, CP 5706, 91057 Evry Cedex, France. 2Unité de Génétique Moléculaire Murine, Institut
Pasteur, Paris, France. 3Mammalian Genetics Unit, Medical Research Council, Harwell, UK. 4Centre de Recherche du CHUL 5Max-Planck Institute of
Molecular Genetics, Ihnestrasse, Berlin, Germany. 6Laboratory of Mammalian Development, National Institute for Medical Research, The Ridgeway, Mill
Hill, London, UK. 6, Ste-Foy, Quebec, Canada. 7Instituto Nazionale Tumori, Division of Oncology, Milano, Italy. 8The European Bioinformatics Institute,
European Molecular Biology Laboratory Outstation, European Bioinformatics Institute, Wellcome Trust Genome Campus, Hinxton, Cambridge, UK. 9The
Victor Chang Cardiac Research Institute, Darlinghurst, Sydney, Australia. 10Present addresses: Deltagen Inc., Menlo Park, California, USA (M.V.M.); Geneva
Proteomics Inc., Meyringe, Switzerland (P.R.-T.). *Deceased. Correspondence should be addressed to P.A. (e-mail: pavner@pasteur.fr).

Expressed-sequence tag (EST) maps are an adjunct to sequence-
based analytical methods of gene detection and localization for
those species for which such data are available, and provide
anchors for high-density homology and orthology mapping in
species for which large-scale sequencing has yet to be done1.
Species for which radiation hybrid–based transcript maps have
been established include human2, rat3–5, mouse6, dog7, cat8 and

zebrafish9,10. We have established a comprehensive first-gener-
ation–placement radiation hybrid map of the mouse consisting
of 5,904 mapped markers (3,993 ESTs and 1,911 sequence-
tagged sites (STSs)). The mapped ESTs, which often originate
from small-EST clusters, are enriched for genes expressed dur-
ing early mouse embryogenesis and are probably different
from those localized in humans. We have confirmed by in situ
hybridization that even singleton ESTs, which are usually not
retained for mapping studies, may represent bona fide tran-
scribed sequences. Our studies on mouse chromosomes 12 and
14 orthologous to human chromosome 14 show the power of
our radiation hybrid map as a predictive tool for orthology
mapping in humans.
To ensure the mapping of novel embryonic transcripts, we
sequenced the Beddington endoderm cDNA library derived from
a 7.5–days post coitum (dpc) gastrulating embryo. Some 4,000
EST sequences from this library and 200 sequences from a previ-
ously analyzed embryonic library11,12 were examined by cluster-
ing homologous sequences into groups corresponding to putative
single genes and determining their expression profile by computa-
tional analysis. Approximately 18% were novel; after clustering,
108 sequences remained as unique single sequences (singletons).
Although singletons are often considered to be DNA contami-
nants and omitted from EST mapping programs, they may be
transcripts expressed at low levels, or transcripts that are poorly
represented in the nucleotide database because they are specific to
a cell type or are poor substrates for reverse transcriptase. To
address the biological significance of these singletons, we gener-
ated probes for in situ hybridization from six of the EST-sequence

Fig. 1 Whole-mount in situ hybridization: singletons represent bona fide gene
transcripts. Whole-mount RNA in situ hybridization of mouse embryos (lateral
view) using probes generated from ESTs (a,b) AL022911 (c) AL023051 (d,e)
AL033345, and (f,g) AL034928. Singletons represent bona fide transcripts. a, At
7.5 dpc, AL022911 transcripts are localized to the head process. b, At 9.5 dpc,
they are found in the otic vesicle, the branchial arches and isolated cells in the
midbrain, ventral to the heart and adjacent to the neural tube. c, At 7.5 dpc
(left), AL023051 transcripts are restricted to the visceral endoderm, and at 9.5
dpc (right) to its descendant, the yolk sac. d, At 7.5 dpc, AL03334 transcripts are
restricted to the nascent mesoderm and primitive streak. e, At 9.5 dpc, they are
localized to the midbrain, dorsal neural tube, pharyngeal pouches and pre-
somitic mesoderm. f, EST genes with restricted patterns of expression 7–7.5-dpc
embryos show widespread but non-ubiquitous localization of AL034928 tran-
scripts. Embryos developed for a short time show expression in the anterior vis-
ceral endoderm (arrow), whereas those developed for longer (bottom) show
the extent of gene expression. g, At 9.5 dpc, AL034928 transcript localization is
widespread but is absent from the heart, yolk sac and neuroepithelium.
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Applications

VLSI design.  Drill holes in a printed circuit board. 

Space telescope.  Re-position satellite to image celestial objects. 

Computational biology.  Map the mouse genome. 

Combinatorial optimization.  Training ground for new techniques.
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seminal problem 
in operations research



Easy?  Try all possible tours; pick best one. 

Brute-force algorithm
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problem: 

all possibilities

find shortest tour 
through 5 given cities

1 mile

A B
C

D
E

A B E C D

A C D B E

A B C E DA B C D E A B D E CA B D C E

A D C B E

A B E D C

A D B C EA C E B DA C B D E A C B E D

problem: 

all possibilities

find shortest tour 
through 5 given cities

1 mile

A B
C

D
E

A B E C D

A C D B E

A B C E DA B C D E A B D E CA B D C E

A D C B E

A B E D C

A D B C EA C E B DA C B D E A C B E D



Brute-force algorithm

Estimate how many possible tours among n = 1,000 cities? 

A.   181,440

B.   1,000,000

C.   60,822,550,204,416,000

D.   2.01  × 102,564
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n # tours

5 12

10 181,440

20 60,822,550,204,416,000

50 3.04  × 1062

100 4.66  × 10155

1,000 2.01  × 102,564

QuizSocket.com



Easy?  Try all possible tours; pick best one. 

 
Hard?  Given n points, number of possible tours is

ABCDE and AEDCB 
are the same tours

n  ×

ABCDE, BCDEA, CDEAB, DEABC, and EABCD
are the same tours

Brute-force algorithm
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problem: 

all possibilities

find shortest tour 
through 5 given cities

1 mile

A B
C

D
E

A B E C D

A C D B E

A B C E DA B C D E A B D E CA B D C E

A D C B E

A B E D C

A D B C EA C E B DA C B D E A C B E D

problem: 

all possibilities

find shortest tour 
through 5 given cities

1 mile

A B
C

D
E

A B E C D

A C D B E

A B C E DA B C D E A B D E CA B D C E

A D C B E

A B E D C

A D B C EA C E B DA C B D E A C B E D

(n−1)  ×  (n−2)  ×   …  ×  1
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Nearest insertion heuristic
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Nearest insertion heuristic
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Nearest insertion heuristic
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B

A

F
502.49

610.33 300.00 494.97

353.55



Nearest insertion heuristic
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Nearest insertion heuristic

Q.  Does nearest insertion heuristic guarantee to produce shortest tour? 

A.  No.

23

D

E

C

B

A

F

nearest insertion tour length = 2947.47

D

E

C

B

A

F

optimal tour length = 2512.09
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Smallest increase heuristic
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D

B

A
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Smallest increase heuristic
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length = 2320.18

best



Smallest increase heuristic

27

D

B

A

C

E
length = 2521.56

best



Smallest increase heuristic
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Smallest increase heuristic
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length = 2595.19
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Smallest increase heuristic
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Smallest increase heuristic
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Smallest increase heuristic
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C
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length = 3005.58

best



Smallest increase heuristic
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length = 2745.50
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Smallest increase heuristic
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length = 2691.32

best



Smallest increase heuristic
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length = 2693.64

best



Smallest increase heuristic
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length = 3459.86

best



Smallest increase heuristic
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Smallest increase heuristic
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D

F

B

A

E
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Smallest increase heuristic

Q.  Does smallest increase heuristic guarantee to produce shortest tour? 

A.  No.

39

smallest increase tour length = 2691.31

D

F

B

A

E

C

optimal tour length = 2254.11

D

F

B

A

E

C
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Point data type

You will not write or submit this file.
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 public   class Point

public Point(double x, double y) creates the point (x, y)

public  double distanceTo(Point that) Euclidean distance between the two points

public     int drawTo(Point that) draws the line segment between the two points

public  String toString() string representation of this point



 public  class Tour

public Tour() creates an empty tour

public Tour(Point a, Point b, … ) creates a 4-point tour a→b→c→d→a

public    int size() number of points in this tour

public double length() length of this tour

public   void draw() draws this tour to standard drawing

public String toString() string representation of this tour

public   void insertNearest(Point p) inserts the point p into tour using nearest 
insertion heuristic

public   void insertSmallest(Point p) inserts the point p into the tour using the 
smallest increase heuristic

Tour data type

42



Circularly linked lists

Node data type. 

 
 
 
 
 
Visual representation.

43

(x0, y0) (x1, y1) (x2, y2) (x4, y4) (x3, y3)

first

private class Node { 
    private Point p; 
    private Node next; 
}



Traversing a circularly linked list

Which of the following prints every node in a circularly linked list? 

A.  

 

 

 

B.  
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Node x = first; 
while (x != first) { 
    StdOut.println(x.p); 
    first = first.next; 
}

for (Node x = first; x != null; x = x.next) {   
    StdOut.println(x.p); 
}

Node x = first; 
do { 
    StdOut.println(x.p); 
    x = x.next; 
} while (x != first);

Node x = first; 
while (x.next != first) { 
    StdOut.println(x.p); 
    x = x.next; 
}

C.

D.



Traversing a circularly linked list
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(x0, y0) (x1, y1) (x2, y2) (x4, y4) (x3, y3)

first

x

Node x = first; 
do { 
    StdOut.println(x.p); 
    x = x.next; 
} while (x != first);

(x0, y0)
(x1, y1)
(x2, y2)
(x4, y4)
(x3, y3)

standard output



Inserting a node into a circularly linked list
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(x0, y0) (x1, y1) (x2, y2) (x4, y4) (x3, y3)

first

(x5, y5)

x

best

newNode



Smallest increase heuristic: performance trick

Bottleneck.  Computing the tour length. 

Impact.  Requires n calls to distanceTo().

47

d4

d5

d1

d2

d3

d6

d7

length  =  d1 + d2 + d3 + d4 + d5 + d6 + d7



Smallest increase heuristic: performance trick

Key optimization.  Compute change in tour length; not tour length. 

Impact.  Only 3 calls to distanceTo() instead of n.
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d1

d2

d3

Δlength  =  d1 + d2 � d3



Tips and tricks

Linked structures. 

Do not use a null-terminated linked list. 

You must use a circularly linked list. 

Use new Node() only to create new nodes (not new references to existing nodes). 

 
Traversing the circularly linked list. 

Can use a for or while loop. 

Simpler with a do-while loop. 

 
Work incrementally. Constructors, size(), length(), toString(), …  

 
Dealing with ties.  If tie, insert after first such point. 

 
Corner cases.  (0- and 1-point tours). 

 
String representation. Use StringBuilder in toString() for repeated string concatenation.

49

see CircularQuote in precept
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Pokemon Go
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TSP art
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TSP art
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TSP art
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TSP books, apps, and movies
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