COS 423











Spring 2007








Tarjan

[image: image1.emf] 


[image: image2.emf]
[image: image3.emf]
[image: image4.emf]
[image: image5.emf]
[image: image6.emf]
[image: image7.emf]
[image: image8.emf]
[image: image9.emf]

_1237275016.doc
[image: image1.png]Class Notes: Depth-First Search

Assume that during a depth-first search the vertices of a graph are munbered from
1 to n in both preorder (the order of first visitation, called discovery order in
the book) and in postorder (the order of unstacking, called finishing order in
the book). Denote by pre(v) and post(v) the preorder and postorder number of v,
respectively, and by nd(v) the number of descendants of v, including v itself.

Descendants Lemma. The following four conditions are equivalent:

(i) Vertex v is an ancestor of vertex w;
(ii) pre (v) < pre(w) < pre(v) + nd (v);
(iti) post(v) — nd(v) < post(w) < post(v);

(iv) pre(v) < pre(w) and post(v) > post(w).

Proof: The proper descendants of v are exactly those vertices added to the stack
while v is on the stack. These vertices receive consecutively increasing preorder
numbers starting with pre(v) + 1, which implies that conditions (i) and (ii) are
equivalent. These vertices also receive consecutively increasing postorder numbers
ending with post(v) — 1 which implies that (i) and (iii) are equivalent. Since (i)
implies (ii) and (iii

(i) also implies (iv). Suppose (iv) is true with v # w. Then
pre(v) < pre(w), which implies that w is added to the stack after v, but post(v) >
post(w), which implies that w is popped from the stack before v. Then w must be
added before v is popped, and w must be an ancestor of v, i.e., (iv) implies (). 0

Lemma 1. (Edge Lemma) An edge (v,w) is of one of the following four kinds.

(i) w is a child of v: (v,w) is a tree edge.
(ii) w is a descendent but not a child of v:(v,w) is a forward edge.
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