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Abstract

We studytheaverage-casperformancef algorithmsfor the
binary knapsackproblem. Our focus lies on the analysis
of so-calledcore algorithms the predominantalgorithmic
conceptusedin practice. Thesealgorithmsstart with the
computationof an optimal fractional solutionthat hasonly
one fractional item and then they exchangeitems until an
optimal integral solution is found. The idea is that in
mary casesthe optimal integral solution should be close
to the fractional one suchthat only a few items needto
be exchanged. Despitethe well known hardnessof the
knapsackproblemon worst-casenstancespracticalstudies
shav that knapsackcore algorithmscan solve large scale
instancewery ef ciently. For example,they exhibit almost
linearrunningtime on purelyrandominputs.

In this paper we presentthe rst theoreticalresulton
the running time of core algorithmsthat comesclose to
theresultsobsenedin practicalexperiments.We prove an
upper boundof O npolylog n  on the expectedrunning
time of a core algorithm on instanceswith n itemswhose
prots andweightsare dravn independentlyuniformly at
random.A previousanalysisontheaverage-caseomplexity
of the knapsackproblem proves a runningtime of O n* |
but for a differentkind of algorithms. The previously best
known upperboundontherunningtime of corealgorithmsis
polynomialaswell. Thedegreeof this polynomial,however,
is atleastalargethreedigit number In additionto uniformly
randominstancesyve investigateharderinstancesn which
pro ts andweightsare pairwisecorrelated.For this kind of
instanceswe canprove atradeof describinghow thedegree
of correlationin uencestherunningtime.

1 Introduction

This paperis concernedvith a probabilisticanalysisof the
0/1 knapsackproblem. A subsebf n givenitemshasto be
pacledin a knapsackof capacityb. Eachitem hasaprot

pi andaweightw;, fori n 12 n . Theproblem
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is to selecta subsebf theitemswhosetotal weightdoesnot
exceedthecapacityboundb andwhosetotalpro t is aslarge
aspossible.In termsof anintegerlinear program(ILP), the
problemis

maximize Z PiX;
in

Z Wi X b
in

01, fori

subjectto

and X n
We assumehatweightsandpro ts aredrawn independently
uniformly atrandomfrom 0 1. Following the corventions
in previousanalyseg11, 9], thevalueof nis assumedo be

choseraccordingto the Poissordistribution with parameter
N. Furthermoreb  bN, for someconstanb 0 3 .

Our focus lies on the analysisof so-calledcore algo-
rithms that have beenprovento be the mostef cient algo-
rithmsin numerousgpracticalstudieq7, 8, 14]. Thisalgorith-
mic conceptvassuggestetly BalasandZemel[1]. Theidea
is to startwith the computationof an optimalfractionalso-
lution with at mostonefractionalitem andthento exchange
someof theitemsuntil anoptimalintegral solutionis found.
Thesetof itemsthatarecandidateso beexchangedis called
thecore, andthe hopeis thatthe sizeof the corefor “typical
instances’is relatively small. As a rst steptowardsana-
lyzing core algorithms,Lueker proved an upperboundon
the expectedgapbetweerthe optimalintegral andthe opti-
mal fractionalsolution[11]. Basedon this result,Goldbeg
andMarchetti-Spaccamel@®] wereableto prove structural
propertieof thecoreresultingin thefollowing boundonthe
runningtime of a Las Vegastype corealgorithm. For every

x edk 0,with probabilityatleastl 1 k, therunningtime
of their algorithmdoesnot exceeda speci ed upperbound
thatis polynomialin the numberof items. However, thede-
greeof this polynomialis quite large, the leadingconstant
in the exponentis at leasta large threedigit number Even
moredramatically the degreeof the polynomialgrows with
the reciprocalof the failure probabilitylike klog k . Ob-
senethatthiskind of tail boundsdoesnotallow to conclude
ary sub-exponentialupperboundon the expectedrunning



time. This work waslater extendedto the multidimensional
knapsaclkproblemby DyerandFrieze[4].

Betterboundson the runningtime are only known for
an algorithmby Nemhauseand Ullmann[13]. This algo-
rithm, however, doesnot follow the coreconceptbut instead
appliesa dominancecriterionto reducethe searctspace.A
subseS n withweightw S &; sw; andprot p S
a; spi dominatesanothesubse nifwS wT and
pS pT. Forsimplicity, let usassumehatall setshave
differentpro ts. The consideredandominstancessatisfy
this assumptiorwith probability 1. Underthis assumption,
no subsetdominatedy anothersubsetanbeanoptimalso-
lution to the knapsackproblem,regardlessof the knapsack
capacity Consequentlyit sufces to considemonly thosesets
thatarenot dominatedby othersets,the so-calleddominat-
ing sets In arecentstudy[2], we shavedthat,for uniformly
randominstancesthe expectednumberof dominatingsets
is boundedby O n® , evenif the weightsare choserby an
adwersary This resultimplies an upperboundof O n* on
the expectedrunningtime of the Nemhauser/Ullmanalgo-
rithm. In fact, experimentsshown that the running time of
this algorithm behaes approximatelylike n3. Core algo-
rithms, however, shav a muchbetterperformancen exper
iments[7, 8, 14]. Their runningtime on uniformly random
instancess almostlinear. Interestingly the mostsuccessful
implementation®f corealgorithms[7, 14] additionallyex-
ploit dominationin orderto decreas¢he numberof subsets
generatedby thecore.

1.1 New results

The motivation for our studyis to understandand explain

the ef ciency of knapsackcore algorithmson randomin-

stances.We presentthe rst theoreticalresultson the run-

ning time of a core algorithm coming closeto the results
obsenedin practice.In particular we prove anupperbound
of npolylog n ontheexpectedrunningtime of a corealgo-

rithm onuniformly randominstancesin addition,following

arecenttrendin practicalstudies([7],[15]), we investigate
alsoharderinstancesn which pro ts andweightsarecorre-
lated. Herewe prove a tradeof describinghow the running

time increasesvith the correlation.

As in themostef cient implementationshealgorithms
underlyingouranalysiscombinethecoreandthedomination
concept. However, certaindetailsof this combinationare
quitedifferent.In particular we useGoldbeg andMarchetti-
Spaccamela'de nition of the core[9] andcombineit with
the enumeratiormethodfor dominatingsetsby Nemhauser
and Ullmann [13]. Somavhat surprisingly this combina-
tion of theoreticalconceptsdoesnot only enableus to do
a rigorousmathematicaainalysis but alsoyields a new im-
plementationof a core algorithmthat outperformsthe best
previous implementationdy ordersof magnitudeson well
studiedbenchmarknstances.

1.2 Outline

In Section2 we startwith a shortoverview of thetechniques
andresultsfrom previous work thatwe apply in our analy-

sis. In Section3, we presentanalgorithmwith almostlinear

expectedrunningtime on uniformly randominstancesThis

algorithm, however, hassomesmall failure probability, that

is, it might computea sub-optimalsolutionwith polynomi-

ally small probability In Section4, we shav how failures
canbe handledwithout increasingthe expectedrunning by

more thana constantfactor In Section5, we describean

average-casmodelfor so-calledveaklycorrelatednstances
andgeneralizeour analysistowardsthis model. Finally, we

brie y presentfew preliminaryexperimentakesults.

2 Tools and techniques
2.1 Core algorithms

Corealgorithmsstartby computingan optimal solutionfor
therelaxedor fractionalknapsackproblem.In this problem,
the constraints 01 arereplacedby0 x 1. An
optimal solution to the fractional problem can be found
by the following greedyalgorithm [1]. Starting with the
empty knapsackand we add items one by onein order of
non-increasingro t-to-weight ratiol. The algorithmstops
whencomingto the rst itemthatwould exceedthe capacity
boundb. Thisitem is called breakitem andthe computed
knapsacklling notincludingthe breakitemis calledbreak
solution It hasbeenshownn that the break solution, and
hencealso the fractional solution, can be found in linear
time by solving a weighted median problem [1]. For a
geometricainterpretationjet usmapeachitemw; p; tothe
point w; p; 2. Thenthe greedyalgorithm described
above canbe picturedasrotatingaray clockwisearoundthe
origin startingfrom the vertical axis andinsertingall swept
itemsuntil the insertionof the currentitem would exceeds
the capacity Theray de ned by the breakitem s calledthe
Dantzigray (seeFigurel).

Thereis a strongmotivationto startwith the computa-
tion of the breaksolution. It hasbeenobsenredin practical
studiegthatthe breaksolutionis quite similar to the optimal
integral solutionin thesensdhatthethey differin only afew
variables.Soonly afew itemsneedto beexchangedo trans-
form the breaksolutionto anoptimalsolution. The problem
is, of course thatwe do not know in advancewhich items
to exchange. Therefore,one usesan appropriatesubsetof
candidatdtems, calledthe core. Assumethe core contains
all itemsthatneeddo be exchangedo obtainanoptimalso-
lution, thenitemsoutsidethe corecanbe x edto the value
givenby thebreaksolution. Therearevariousdifferentways
to de ne thecore.

Tin previousstudiesthepro t-to-weightratio of anitemis alsocalledits
density In this papey the term densitysolely refersto the densityfunction
describingthe probability distributionsof the pro®ts.
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Figurel: Dantzigray andBreakltem. The corestripehas
vertical width 2G with G denotingthe integrality gap. The
lossof anitemis the verticaldistanceto the Dantzigray.

Goldbeg andMarchetti-Spaccamel®] de ne thecore
asfollows. Assumethe items are given in order of non-
increasingro t-to-weight ratioandlet k denotetheindex of
thebreakitem. Thesolutionvectorfor thefractionalproblem
hasthe form YA 1 1f0 0 wheref 01 is
the entry at positionk. For ary feasibleinteger solution
X X1 X ,denech X i n:Ak x ,ie.,chX
is the setof items on which Y and X do not agree. When
removing anitem from the breaksolutionthe freedcapacity
canbe usedto includeitemsthathave pro t-to-weight ratio
atmostr:  px Wk correspondingo theslopeof theDantzig
ray. Obviously, replacingitems by otheritemswith same
weightbut smallerpro t-to-weight ratio leadsto someloss
in prot. This loss can only be compensatedy Iling
the knapsackwith more weight, that is, by decreasinghe
wastedcapacity One canquantify the lossthatis incurred
by replacinga “valuable”item (p; w; r) by a “cheap”
item(p; w; r)asfollows. Basedonthesloper : px W
of the Dantzigray de ne lossi pi rw, i.e. lossi
correspondso the vertical distanceof itemi to the Dantzig
ray. Goldbeg and Marchetti-Spaccamelproved that the
differencein prot betweenary feasibleinteger solution X
andtheoptimalfractionalsolution)é\canbeexpressedis

YA Yxpor by oxw

The rst termontheright handsidecorrespondi anunused
capacityof the integer solution X whereaghe secondterm
is dueto theaccumulatedossof all itemsin ch X . De ne

PX & ,Xpi,andletX beanoptimalintegralsolution.
Theintegrality gapG P A px givesanupperbound
for theaccumulatedossof X andthereforeanupperbound
for theindividuallossof eachitemin ch X . Thus,all items
inch X have verticaldistanceat mostG from the Dantzig
ray. Hence,the corecanbe de ned to consistof all items

lossi
i chX

with lossatmostG. Thevalueof G canbeobtainedge.g.,by
guessingr by addingtheitemsin orderof increasingossto
thecoreuntil thelossof thenext itemis notsmallerthanthe
differencein prot betweenthe optimal fractional solution
andthe bestinteger solutioncomputedsofar.

2.2 Properties of the core

Lueker's analysis[11] boundsthe expectedintegrality gap
for uniformly randominstances. In particulat he showvs

EG O 'OQ,jN . Goldbeg and Marchetti-Spaccamelg®]

obsenethatthis analysiscaneasilybe generalizedo obtain
exponentialtail boundson G.

LEMMA 2.1. Thek is constantcy sud that for everya
2
log*N, Pr G coa'ogTN 2 a,

. . log?N
In words, the integrality gapdoesnot exceedO = ,

with high probability. Let us remarkthat the value of cg
depend®n b, the constandeterminingthe knapsackcapac-
ity. Theconstraina  log*N satis esourrequirement$ut,
in generalthetail boundcanbe extendedto hold for every
a N, for every xedk 3. We will usethis boundto
obtainatail boundonthe numberof itemsin thecore.
Goldbeg and Marchetti-Spaccamel§9] use this tail
boundfor their probabilisticanalysisof a core algorithm.
Let usbriey sketchtheir analysisandexplain why it fails
to bound the expectedrunning time. It is the basisfor
our modi cations to the core algorithm. Let X denote
the numberof core items i.e., itemswith vertical distance
at most G from the Dantzigray. Basically the expected
value of X correspondso N times the areacovered by
the Gregion aroundthe Dantzigray, thatis, E X  2GN.
(Thereare someslight dependenciethat we neglect here.
In fact, the Dantzig ray has sometendenyg to fall into
denseregions.) If Gis x ed then this numberis sharply
concentrated. Furthermore,becauseof Lemma 2.1 the
randomvariableGis sharplyconcentrateéroundO % .
Combiningtheseresultsjt followsX O log?N , with high
probability. Consequentlythe numberof setsgeneratedy
thecoreitemsis 2X  NC 09N Obhviously, enumeratingll
thesesetscannotbe donein polynomialtime. Therefore,
Goldbeg and Marchetti-Spaccamelase a further trick to
signi cantly reducethe numberof setsenumerated.They
use a ltering mechanismthat we call loss Iter. This
mechanismgeneratesonly those sets with loss at most
G For every xede 0, they shav that the numberof
setsgenerateds 2° X NO1 | with probability 1 e
Unfortunately the degreeof this polynomialgrows rapidly
with the reciprocalof the failure probability e Roughly
speakingthisis becaus¢herandomvariableX hasmovedto
theexponentsothatsmalldeviationsin X might causdarge
deviationsin the runningtime. For this reasonthe analysis



of Goldbeg and Marchetti-Spaccameltails to boundthe
expectedrunning time. Moreover, constantfactorslost in
the analysisof X and G go directly to the exponentof the
polynomialrunningtime bound.

Insteadwewill replacetheloss Iter by abetter Itering
mechanisnmreducingthe numberof enumeratedsetsfrom

20 X to NX°1. This way, we will be able to bound
the expectedrunning time by NpolylogN. Our Itering

mechanisnis basedn the following dominanceeriterion.

2.3 The Nemhauser/Ullmann algorithm

Fix a knapsackinstancewith n items. Recall,thata subset
S n withweightw S §; swiandprot pS & spi
dominatesnotheisubsel nifwS wT andp S

p T . For simplicity, let usassumehatall setshave differ-
entprots. Obsenre thatthe consideredandominstances
satisfythisassumptionwith probability1. Setsthataredom-
inatedby othersetscannotbe optimal solutionsto the knap-
sackproblem,regardlesf the speci ed knapsaclcapacity
Consequentlyit sufces to considerthosesetsthat are not
dominatedby other sets,the so-calleddominatingsets In
otherterminology dominatingsetsare Pareto-optimalsolu-
tions i.e., solutionsthat cannotbe improved in weight and
prot simultaneouslpy othersolutions.

Nemhauseland Ullman [13] introducedthe following
elegantalgorithmthat computeshe sequencef all domi-
natingsetsin avery efcient way. Fori  n, let s; bethe
sequence®f dominatingsubsetsover theitems1 i. The
setsin s; areassumedo belistedin increasingprderof their
weights.Given;, thesequence; 1 canbecomputedrom
si asfollows. First duplicateall subsetsn s; andthenadd
itemi 1 to eachof theduplicatedsets.In this way we ob-
tain two orderedsequencesf sets. Now we memge the two
sequenceby removing thosesubsetshataredominatedby
ary othersetin theunionof thetwo sequencesTheresultis
theorderedsequence; 1 of dominatingsetsovertheitems
1 i 1.

Thesequence; ; canbecalculatedrom the sequence
Si in time linear in the length of s, that is, linear in
the numberof dominating subsetsover the items 1 i
Since the optimal knapsacklling is describedby one of
the subsetsin the list s,, namely the subsetwith largest
weight not exceedingthe capacityb, generatings, solves
theknapsaclproblem.Thisyieldsthefollowing lemma.

LEMMA 2.2. Foreveryi n,letqi denotehenumberof
dominatingsetsoveritemsl iandassumé& gi 1
Eqi The Nemhauser/Ulimaralgorithm computesan
optimalknapsak lling in expectedimeO &7 llE qi
OnEqgn

In [2] it is shavn thatE g n O n® for uniformly
randominstances. Hence, the expectedrunning time for

these instancesis O n* .  Furthermore, an analysis is
presentedvhich allows adwersarialweights and randomly
drawn pro ts that possiblyfollow differentprobability dis-
tributions.

LEMMA 2.3. Supposeprot p; is drawn accoding to a
continuousnonngativeprobability distribution with density

functionfi: ¢ o- Suppos¢t max , E pi and
f max , sug. , fix . Thenther is a constant
C1 o sud that the expectedhumberof dominatingsets

iSEq cfun® 1.

Combining the two lemmas, it follows that the ex-
pectedrunning time of the Nemhauser/Ullmanmlgorithm
is O fur® . Obsere thatpro ts canbe rescaledsuchthat
K 1, unlessthereis anitem whoseexpectedpro t is un-
bounded. The interestingparameteiis the maximumden-
sity f. The boundon the expectednumberof dominating
setsincreasedinearly with the maximumdensity The same
holdsfor the expectedrunningtime. Sayingit theotherway
around,the lessrandomnesss available, the larger the ex-
pectedrunningtime.

3 Algorithm FastCore 1: filtering dominated solutions

Our rst algorithmhasalmostlinear runningtime but fails
with a small probability We use a static core consisting
of all itemswith lossatmostd c4N 1log®N, for a suit-
able constantcy. In Figure 2a, core items corresponcto
thoseitems falling into the regions A or B. We usethe
Nemhauser/Ulimanmlgorithm to generateall dominating
setsover the coreitems. Theitemsin regionC, i.e. items
outsidethe core and above the ray, are virtually addedto
thesesets. Among all dominatingsetssatisfyingthe capac-
ity boundthe mostpro table oneis selected.If the prot

of this setdiffers from the pro t of the optimal fractional
solution by at mostd thenwe have a proof of optimality
andthe algorithm outputsthis set, otherwisethe algorithm
outputsfailure. The correctnes®f this algorithm follows
from the discussionsn the previous sections. The algo-
rithm fails only if the chosenheight of the core stripe is
smallerthanthe integrality gap, thatis, if d G Notice,
that the algorithm might have neverthelessfound the op-
timal solution but only the proof of optimality is missing.
From Lemma2.1, it follows that the failure probability is
PrG d 2 %ogNc N G,

In the following probabilistic analysis,we will shov
that the expected running time of our algorithm is
O NpolylogN . This analysisis quite tricky and compli-
catedbecauseof vast dependenciebetweendifferent ran-
domvariables.The centralideas however, arerathersimple
andelegant. Thus,beforegoinginto the details,let ustry to
give someintuition aboutthemainideasbehindtheanalysis.
As the areacoveredby the corestripeis O N 1log®N , the
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Figure 2: The core stripe consistsof regions A and B which are de ned by the Dantzig Ray. Itemsin region G have

insufcient variationin pro t.

numberof coreitemsis only O log®N , with high probabil-
ity. Therunningtime of the Nemhauser/Ullmanalgorithm
dependsgpolynomially on the numberof coreitemsandis
linearin f, i.e.,the maximumdensityof the probability dis-
tributionsfor the pro ts of the coreitems. When calculat-
ing f, we have to conditionon the factthattheseitemshave
weightsandpro ts thatfall into the corestripe. The height

L 3 N
of the corestripeis Q 'OQTN . Thus, intuitively, the pro t
of a “typical” coreitem follows a uniform distribution over

aninterval of lengthQ % . More formally, we will shav
thattheconditionalprobability distributionsfor thepro ts of
almostall coreitemshave densityatmostN. Hencef N.
By Lemma2.3, the expectednumberof dominatingsetsis
atmostf polylogN  NpolylogN. Thus,by Lemma2.2,the
runningtime canbe upperboundedoy N polylogN aswell.
Hence,interestingly the lineartermin the upperboundon
therunningtime is notduethe numberof coreitemsbut due
to thedensityof theirpro t distributions.

THEOREM 3.1. For uniformlyrandominstancesalgorithm
FastCoe 1 computesan optimal solution with probability
at least1 N % % The expectedrunning time of this
algorithmis O NpolylogN .

Proof. The boundon the failure probability follows from
previous discussions.It remainsto prove the upperbound
on the expectedrunningtime. Let A and B denotethe set
of pointsabove and belov the Dantzigray r with vertical
distanceat mostd cgN * log®N from r, respeciiely.
In the following, we identify the ray with its slope,i.e.,
r  px Wk with k denotingthe index of the breakitem.
De ne

G Arw 1 & B rw

Brw d 1

Zl-

wp wp

1

DeneF Xy 2:x 01 y 0& 1 i1
Figure 2b depictstheseregions. The motivation for these
de nitions will becomeclearsoon.

For a moment,let us assumehatr andthe numberof
itemsin A andB aswell astheirindividual weightsare x ed
arbitrarily. Consideranitem i with weightw; in region A.
The prot of this item correspondgo a point on the line
segmentL; p 01: pw A . Obsere thatthe
Dantzig ray depend=n the weightw; of this item but not
onits pro t. In particular moving the point corresponding
to item i arbitrarily on the line segmentL; doesnot affect
the position of the Dantzigray. Undertheseassumptions,
therandomvariablep; is choseruniformly from theinterval
Li. The sameholds for the itemsin region B. Obsene
that the prot intenals for the itemsin A B G have
lengthat least1l N, exceptfor the breakitem that will be
handledseparately As a consequencethe density of the
prot distributionsfor theseitemsis upperboundedby N.
Hence,applyingLemmaz2.3 yields the following boundon
the expectednumberof dominatingsetsfor theseitems. For
ary givenregionR 2 let Xg denotethe numberof items
in R andggr the numberof dominatingsetsovertheseitems.
cNj4

LEMMA3.1. Egag ¢ XaB G | 1, for

anyj

Every additionalitem canincrease¢he numberof dom-
inating setsat mostby a factorof two. For this reasonwe
canassumehat the breakitem is coveredby the boundin
Lemma3.1 aswell. Furthermore,can apply this fact to
the itemsin G and obtain that the numberof dominating
setsover the coreitemsis ga 8 26 g g . Therun-
ning time of the Nemhauser/Ullmanalgorithmis roughly
E ga s timesthe numberof coreitems. In the following,
we will (implicitly) shov thatE ga g o N polylogN
andE 2% O 1. Unfortunately however, the random



variablesXg andq o g ¢ are not completelyindependent by proving ay oPr X

asboth of them dependon the position of the Dantzigray.
Themajordif culty in theremaininganalysiss to formally
provethatthis kind of dependences insigni cant.

We assumehat the algorithm rst computeghe dom-
inating setsover the itemsin region A B G addingthe
itemsin someorderthatis independentf the pro ts, e.g.,
in order of increasingweight. Afterwards,the itemsfrom
region G areadded. Let T denotethe runningtime of this
algorithm.Lemma2.2 combinedwith Lemma3.1yields

ETXas k Xs g

o Nk g 1k g Nk g% 129
for every k g 0 and a suitable constantc,. De ne
fkg Nk g 70529 Noticethatf is denedin a
way suchthatit is monotonicallyincreasingn g, for every
0 g k. Rewriting the abose boundin terms of this
function,we obtainthefollowing slightly wealer bound.
ET Xas k XG g

Applying rst G A BandthenG A B F combined
with the monotonicitypropertyof f yields

fkg

¥ k

ET Pr Xa B

k X gfkg
k Og
¥

k
PrXas k Xas r 9 fkg
2og

Next replacingf k g byc,N k g 7 °29 andrearranging
thesumsyields

¥

ET CZNZOP"XABF g 28
g

¥
SPrXae kXag e g k g 7°
kg

¥
czNzOPr Xag r g2
g

¥
;PrXABF kXagr g k 7°
K

Let us switch to a more compactnotationand de ne X
XA B F andY XA B F- Thlsway,

(3.1)
¥
ET CZNZ)PrY g2y PrX kY gk 7°
g k 0

In the following, we upperboundthe two probability terms
occuring in this bound one after the other We start

kY g k 7% O polylogN ,
for ary choice of g 0. Afterwards, we showv that
a5 oPrY g29 O1.HenceET O polylogN so

thatthetheorenfollows.

First, let usstudythetermPr X kY g. Obsenre,
thevariablesX andY describenumbersof pointsin the dis-
joint regions A B F and A B F, respectiely. If
theseregionswould be x ed,thenthesetwo variableswvould
be independenas points are generatedy the Poissondis-
tribution. Unfortunately however, both regionsarede ned
by the Dantzigray r andthis ray somehav dependson the
pointsfound in theseregions. In fact, both of the consid-
eredregionsareadjacentto r, andr hassometendeng to
fall into a denseregion. Therefore we have to take into ac-
countthedependengof thevariablesX andY ontherandom
variabler. We dealwith this dependeng by placingworst-
caseassumption®nr. In particular we assumean adwer-
saryknowing all pointsin the unit squarechoosesheray r
to be arny ray throughthe origin insteadof assuminghatr
is the ray throughthe breakitem. Theregions A B F
and A B F arenow de ned with respecto this adwer-
sarialrayr. Letp  2dN. Obsenethatthevalueof E X is
roughlyequalto .

LEMMA 3.2. For every advesarial choice of the ray r,

PrX 2ap N ol ,foreverya 1

ad

Proof. The ideais to consideronly a few essentialposi-
tions of the ray r andto sumthe probability over all these
positions. For this purpose,we de ne a set of overlap-
ping parallelogramsR; having the propertythat ary given
corestripeA B is completelycoveredby two of thesepar
allelograms. The rst | 1 2d parallelogramscover
the right lower triangle of the unit squarew. Parallelo-
gramR (i 1 I) isaquadranglevith cornercoordinates
0d 0 d 1li2d 2d and 1i2d . Anotherl parallel-
ogramscover the upperleft triangle of the unit square.
ParallelogramR ; (i 1 1) is aquadranglevith corner
coordinates d0 dO i2d1 and i2d 2d 1. Every
parallelogramcoversan areaof size 2d. It is easyto ver
ify that this set of regions hasthe requiredproperty Let
X; denotethe numberof itemsin region R;. ThenE X
areaut R N 2dN . UsingChernof boundst holds

foralla 1landi 2 :
e 1
PrX ap =
Hence,Pr i:X ap &2,PrX ap 2 &
andsoPr X 2ap 2 e:al N egal

The abore tail boundon X holdsfor ary adwersarialchoice
of arayr. Consequentlywhenletting r denotethe Dantzig



ray, the boundholds for ary outcomeof this ray aswell. Finally, combiningLemma3.3 with the Equations3.2 and
Furthermorejt holdsfor ary choiceof the variableY, too, 3.3yields

asthe dependencdetweenthe variablesX andY is only
via the position of the Dantzigray. As a consequencepr

everyg O, ThusTheorem3.1is shown.

ET  cxcsNlog®NE 2% cocze?Nlog®N

¥
kzop" X kY gk 7° 4 Algorithm FastCore 2: two lists of dominating sets

In orderto obtainanalgorithmthatalwayscomputesanop-
timal solution, one can dynamically expandthe core until
algorithm FastCorel is successful. A somavhat extreme
variant of this approachis to startwith a core stripe that

PrX 4uY g 4u 7°

¥

YPrX 2apyY g 2a 1y 7°
a 2

M e 1 immediatelygivesa high succesrobability, sayl N 3,

au 7° z N — 2a 1p 7 5 andto usea single backuproutine that computesall dom-

a2 a inating setsusing the Nemhauser/Ullmanalgorithmif the

Usingu 2dN  2cqlog®N yields corealgorithmfgils. The analys_isin [2] sh(_ws t_hatthe ex-
v 1 pectedrunningtime for computingall dominatingsetsun-

z N e 2a 1 7° dertheuniform distributionis only O N* . Thus,neglecting
£ a2 dependencieghis approachpromisesan expectedrunning

¥ @ 1 264l0g®N _— timeof N 30O N* O N for the backuproutine. Let us

e z N 22 2 L have a closerlook at this approach. The running time is

i ad H mainly determinedby the numberof dominatingsets. Let

dall» Gin, @ndqgoeyt denotethe numberof dominatingsetsover
all items, over the itemsinside and over the items outside
thecorestripe,respectiely. Let £ denotethe eventthatthe
core computationis successful.Thenthe expectednumber
of dominatingsetsisE qn E qa1 = Pr £ . Thedif-
culty liesin estimating gai £ . Obsere thatthe event
%, by de nition, is very unlikely. Thusthe value of qg
might be extremelybiasedby £, and,hence,therunning
time of the Nemhauser/Ulimanmlgorithm conditionedon
£ mightbemuchlargerthanO N* .

Forary x edcg 0, thistermis boundedby O p° . Conse-
quently thereexistsa constantz 0, suchthat

¥
SPrX kY gk 75  cslog®N
Ko

Applying this upperboundto Equation3.1 gives

¥
. c2C3Nlog r g
3.2 ET Nlog™®N PrY 29
g

We further simplify. In orderto bypassthe dif culties causedby dependen-
(3.3) cies,we usea differentapproachutilizing two lists of domi-
¥ natingsets.First, we computea list with all dominatingsets
ZOPI’ Y g2¢ E2Y E 2XasF E 2% over theitemsin the core. If this computatiordoesnot nd
g anoptimalsolution,we computea secondist with all dom-
Thelattertermcanbeboundedasfollows. inating setsover the items outsidethe core. Obsene that
LEMMA 3.3 E 2¢ & combiningtheselists to obtainall dominatingsetsyields a

combinedlist of maximumlength i, Qout. This way the
Proof. The numberof pointsin F is a Poissonrandom expectednumberof dominatingsetsis upperboundedby
variable whose meancorrespondgo the areacoveredby E gnZ Prz E Qn Qouwt £ Pr . Inthefollow-
F timesN becausehe numberof pointsin the unit square ing analysis,we will be able to give a good estimatefor
is a Poissonvariable with meanN and points are placed E gowt £ astherandomvariableqqy is only slightly bi-
uniformly at random. Olviously, the areaof F is 2 N. asedby . Still this doesnotimmediatelysolve the prob-
Hence, the number of points in F follows the Poisson lem sincethe variableq;, heaily dependntheevent

distribution with paramete. Consequently sothatwe arenot ableto upperboundE g, £ appropri-
2 of ately Now the key obsenationis that we do not needto

E 2% Z PrX; f2f (Z € 2f computeall dominatingsetsbut we only needto nd theset

0 o f! amongthem that is maximal with respectto the given ca-

o 4 5 4 pacityboundb. This, however, giventhetwo sortedlists of
e Zﬁ e e & dominatingsetscanbedonein time O g, Qout insteadof
O gn 9out by scanninghetwo sortedlists asdescribedy
Horowitz and Sahniin [10]. They usethis techniqueto re-



ducetheworstcaserunningtime of theNemhauser/Ulimann Let us switch to a more compactnotationandde ne X

algorithmfrom O 2" to O 2" 2 . We usetheir ideato deal
with the dependenciesn our average-casanalysis. Us-
ing this technique the expectednumberof dominatingsets
generatedoy our algorithm can be estimatedby E g,

E Qout £ .WehaveshovnE g O NpolylogN) in the
proof of Theorem3.1. Thefollowing analysismainly deals
with boundingE qout £ .

THEOREM 4.1. Algorithm FastCoe?2 always computes
an optimal solution. Its expected running time is
O NpolylogN .

Proof. We begin the proof by specifyingsomedetailsof the
algorithm that are missingin the descriptionabove. The
algorithmusesa x ed corestripewith d  5cq logN 2 N,
wherecy is the constanigivenin Lemmaz2.1. Let us adopt
thenotationfrom theprevioussectionfor theregionsde ned
by thecorestripeasdepictedn Figure2. LetC andD denote
theregionsabove andbelow thecorestripe respectrely. For
the purposeof a simpleanalysis,we addtheregion H (see
Figure2c)tothecorestripe. Theanalysisf therunningtime
of algorithm FastCorel for theitemsinsidethe coreis not
affectedby this changeaswe upperboundedXg by X and
F G H. IncludingH into the corestripeensureghatall
itemsin C D follow adistribution with densityat mostN.

Let T, Ta B 1, and Tc p denotethe running time of
algorithm FastCore2, algorithm FastCorel appliedto the
itemsin A B H, andthe Nemhauser/Ulimanalgorithm
appliedto theitemsin C D, respectiely. Furthermorelet
£ be the event that the core stripe was chosensuf ciently
large, i.e., the integrality gapis at mostd. We accountthe
time for combiningthe two lists to thetime neededor their
computation Thisway,

ET E Ta B H Pr £ ETcp €

The analysisof algorithm FastCorel yieldsE Ta s H
O NpolylogN . In thefollowing, we will shav

NpolylogN

ETco Pr

E
whichyieldsthetheorem.

First, let us verify that every itemin C D follows a
distribution with densityat mostN. For a momentassume
thatthe Dantzigrayis x ed. Supposenadwersaryspeci es
the weightw; of anitem i in region C (or analogouslyin
region D). Thentheitem canbe movedup anddown onthe
line sgmentL; p 01: pw C withoutaffecting
the event . The length of this line segmentis at least
% as we addedthe region H to the core. Consequently
independenbf the outcomeof £, theprot of eachitem
follows a uniform distribution with densityat mostN. Thus
for all k ,

ETcp £ X b k OKN

Xc p. It remaingto show

polylogN

E X°
Pr £

O
Obsere that Lemma 2.1 with d
Pr £ 2 509N N 5 Hence,it sufces to shav that
EX® £ OmaxNSpPr z !

The ideais that the randomvariable X is very sharply
concentratedroundits meanE X N sothatconditioning
on £ doesnotsigni cantly changeheexpectedvalueof X.
Foreveryt 1,

5co logN 3 N yields

¥
EX®> £ Zprxf’i £
i

I.E

As X follows a Poissondistribution with meanat mostN,

¥
t PrrX° i £
iZ Pr £

Pr X 2aN°® exp 32aN,foreverya 1. Hence,
fori  2NS5 Prx5 i exp 2i'5. Now setting
t 2N ®gives
¥
EX® «z 2N® Proz ‘Sep 3i'®
i
2N° pPr oz '01

This completeghe proof of Theoren4.1.

5 Correlated instances

Several experimentalstudies[7, 8, 14, 15 do not only
investigateuniformly randominstancesut alsosomeother,
harder classesof randominputs, e.g., so-called“weakly
correlated” instances. We de ne d-correlated instances
0 d 1, aparameterizedrersion of Weakly correlated
instances(the latter correspondto d-correlatedinstances
withd 10%)asfollows. All weightsarerandomlydrawvn
from 01. Prots are setto a random perturbationof
the correspondingveight value,i.e., for alli n, p;:
w; ri, wherer; is arandomvariableuniformly distributed
in d2d 2. This canbe seenas choosingn points
independentlyat randomfrom the quadranglede ned by
thepoints 0d2 0 d2 11 d2 11 d2 (see
Figure 3). For our analysiswe againassumehatthe value
of n is chosenaccordingto the Poissondistribution with
parameteN, andb  bN, for someconstanb 0 % .
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In this sectionwe prove an upperboundon the integrality
gapGfor d-correlatednstances.

Integrality gap for d-correlated instances

LEMMA 5.1. Ther is a constantcy sud that for every
1 a log*N,Pr G coaglog®l 22
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profit

0 weight
-d/2

Figure3: For d-correlatednstancestemsareuniformly sampledrom region Q. Theright gure (magni ed rectangl€rom
theleft gure) shavsanexamplefor corestripesA andB with heightd. Itemsin regionG  F haveinsufcient randomness.

Proof. (sketch). We adaptthe proof from Lueker [11] for
uniform instancesPleasaeferto [11] for details.In partic-
ularwe comparethe solutionof anapproximatioralgorithm
with the optimal fractional solution. The differenceof the
objective valuesis an upperboundon the integrality gap.
Theapproximatiorworksasfollows. De ne k: log, N d
ande O k4 K. Assumethatitems are orderedaccord-
ing to non-decreasingro t-to-weight ratio. Startingwith
the empty knapsackwe insertitemsin this order until the
remainingknapsackcapacityis aboutvk, wherev is the ex-
pectedweightof the next item (the averageweightof points
in a region sweptby the densityray whenslightly rotating
it further). Let cap be the remainingcapacityof the knap-
sack. We thenrepeatedlyconsidersuccessie setsS; S

of about2k itemstrying to nd asubsetS S with weight
in cap 2e cap. Theprobabilitythatwe nd suchasubset
is at Ieast% for every S. This canbe shovn with the help of
thefollowing lemmawhichessentiallyshavsthatsubset®f
randomnumberday exponentiallydense.

LEMMA 5.2. (Lueler[11]) Let f bea piecavisecontinuous
densityfunctionwith domain a a. Suppos¢ is bounded
and hasmean0 andvariancel. Letxx be a real sequence
withx, o k. Supposeave draw 2k variablesX; Kok
accoding to f. Then,for large enoughk, the probability
that there existssomek-itemsubsetS 2k with §; X

X< €Xx eis atleast%, providede 7k4

Thepro t-gap betweertheapproximatendtheoptimal
fractional solution hastwo contributions: residualcapacity
andcumulatedossof pacleditems. Whenthe approxima-
tion algorithm nd a suitablesubsetS, the residualcapacity
of the knapsackis at most2e causinga lossin prot of at
mostr2e O %’ Iog% , wherer  px w is the slopeof
the Dantzigray. With high probability the sloper is upper
boundedy a constantermdependingn b. Thecumulated
losscanbeestimatedby capr kro r wherel de-

notesthe numberof iterationsperformedby the algorithm
andrg andr; arethe slopesof the densityray beforethe
rst and after the last iteration, respectiely. In eachiter-
ationthe densityray advancesO dk N with high probabil-
ity. Theaccumulatedbssofitemsin S S isO Idk? N . In
eachiterationthe succesprobabilityis at Ieast%, therefore
Prl a 2 2foralla

5.2 Running time

We adaptalgorithmFastCore2 to the new situationby using
asmallercorestripe,thatis, we setd cd% Iog3% insteadof

d cgN llog®N. Thisway, we obtainthefollowing result.

THEOREM 5.1. TheexpectedunningtimeofFastCoe 2 on
d-correlatedinstancess O Y polylogQ .

Proof. (sketch).Let Q betheregionfrom wherewe sample
theitems(seeFigure3). Theareaof Q hassized. Compared
to the uniform model,the concentratiorof itemsis largerby
factorl d. Choosingcoreheightd  cqlog® § we expect
about2cy Iog3% coreitemsin contrastto 2cq4log®N for the
uniform case Let A andB denotethe coreregionsabove and
belown the Dantzigray, respectiely. Considerthe casewhen
theslopeof the Dantzigrayis largerthanl (theothercases
similar). De ne regionsF andG with G F (seeFigure3).

F Xy Q:y x d dNd

G wp A wrw F wp B wrw d F

For itemsin A B G the maximum density of the
prot distribution is N d. Therefore, for ary j ,
EdascXagag |J ©CNdj* 1. Itemsin G
havelargerdensitiessowe againpessimisticallyassumehat
eachof theseitemsdoublesthe numberof dominatingsets.
We have choserthesizeof F sothaton averagethereis only
oneitemin F. This way our analysis,which accountsalso
for itemsin G, applieshereaswell.



DomF

DomF | LossF
1d Dom | LossF | 2-lists | combo
2 0.34 0.07 - 0.02
4 1.01 0.16 - 0.04
8 2.88 0.32 0.01 0.07
16 7.47 0.77 0.01 0.13
32 17.83 2.54 0.02 0.27
64| 41.28 6.83 0.02 0.54
128 | 109.31| 16.92| 0.04 1.23
256 - | 36.13| 0.06 3.05
512 - | 86.51| 0.11 8.42
1024 — | 202.01| 0.18| 21.47

Table 1. Averagerunning time (in seconds)for d-correlated
instancesof sizen 10000 without preprocessing.Each entry
gives the averageover 1000 testinstances. Columns2+4 give
the numbersfor three variantsof our algorithm implementinga
speci®edsubsedf featuresDomF= dominating-se®lter; LossF=
Loss-®lter;combo= knapsaclsolver by Pisinger We®xedb 04
for all experiments.

6 A few notes on experimental results

We implementeda core algorithm that combinesthe ideas
presentedn this and other theoreticalstudies. Our im-

plementationuses the core conceptfrom Goldbeg and
Marchetti-Spaccamelaonsideringonly items in a stripe
aroundthe Dantzigray. In contrastto our theoreticalanaly-
sis,our experimentaktudyusesadynamicallygrowing core.
This way the algorithmautomatically nds the optimalcore
size. The reasonwhy we immediatelyswitch to a dynam-
ically growing coreis thatarny algorithmwith a staticcore
cannotseriouslycompetewith this dynamicapproach. In

thetheoreticalanalysiswe only assumedh static, x ed size
core becausea dynamicallygrowing core introducesaddi-
tional dependenciethatwe cannotanalyze.

Our experimentalstudy shaws, if we combineall the
conceptspresentedn the precedingsections,then we ob-
tain animplementatiorthat canoutperformthe bestknown
previous implementations.In particular we apply the loss

Iter from Goldbeg and Marchetti-Spaccamelas well as
thedominancelter basednthe Nemhauser/Ulimanalgo-
rithm. In addition,we usetwo lists, whichare nally memged
usingthe lineartime algorithmof Horowitz and Sahni. Our
implementationbeatsthe bestprevious implementationby
Pisinger(combocodewith 64-bitsintegerarithmetic[7]) on
d-correlatedinstancedy several ordersof magnitudesput
only if we add all the featureslisted above. In fact, for
uniformly randominstanceghe runningtime is dominated
by thetimeto nd the optimalfractionalsolutionandthere
areno signi cant differencedetweerdifferentimplementa-
tions. Theexperimentatesultsfor d-correlatednstancesre

muchmoreinteresting.Table1 presentsrst measurements
obtainedbnaSunFire™15K. As ourtheoreticatesultssug-
gest,the runningtime increaseslightly supetlinearin 1 d
for most of the implementations. The implementationus-
ing all thefeaturesshavs evenaslightly sub-lineabehaior.
We wantto point out thattheseexperimentalkresultareonly
preliminary andwe planto continuewith a morethorough
study
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