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Abstract

Westudytheaverage-caseperformanceof algorithmsfor the
binary knapsackproblem. Our focus lies on the analysis
of so-calledcore algorithms, the predominantalgorithmic
conceptusedin practice. Thesealgorithmsstart with the
computationof an optimal fractionalsolutionthat hasonly
one fractional item and then they exchangeitems until an
optimal integral solution is found. The idea is that in
many casesthe optimal integral solution should be close
to the fractional one such that only a few items needto
be exchanged. Despite the well known hardnessof the
knapsackproblemon worst-caseinstances,practicalstudies
show that knapsackcore algorithmscan solve large scale
instancesvery ef�ciently . For example,they exhibit almost
linearrunningtimeonpurelyrandominputs.

In this paper, we presentthe �rst theoreticalresult on
the running time of core algorithms that comesclose to
the resultsobserved in practicalexperiments.We prove an
upper bound of O

�
npolylog

�
n��� on the expectedrunning

time of a core algorithm on instanceswith n items whose
pro�ts and weightsare drawn independently, uniformly at
random.A previousanalysisontheaverage-casecomplexity
of the knapsackproblemprovesa running time of O

�
n4 � ,

but for a differentkind of algorithms. The previously best
knownupperboundontherunningtimeof corealgorithmsis
polynomialaswell. Thedegreeof thispolynomial,however,
is at leasta largethreedigit number. In additionto uniformly
randominstances,we investigateharderinstancesin which
pro�ts andweightsarepairwisecorrelated.For this kind of
instances,wecanproveatradeoff describinghow thedegree
of correlationin�uencestherunningtime.

1 Introduction

This paperis concernedwith a probabilisticanalysisof the
0/1 knapsackproblem. A subsetof n given itemshasto be
packed in a knapsackof capacityb. Eachitem hasa pro�t
pi anda weightwi , for i ��� n�	��
 1 � 2 ��
�
�
�� n � . Theproblem

�
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is to selecta subsetof theitemswhosetotal weightdoesnot
exceedthecapacityboundb andwhosetotalpro�t is aslarge
aspossible.In termsof anintegerlinearprogram(ILP), the
problemis

maximize ∑
i ��� n�

pixi

subjectto ∑
i ��� n�

wixi � b

and xi ��
 0 � 1 � , for i ��� n��

Weassumethatweightsandpro�ts aredrawn independently,
uniformly at randomfrom � 0 � 1� . Following theconventions
in previousanalyses[11, 9], thevalueof n is assumedto be
chosenaccordingto thePoissondistribution with parameter
N. Furthermore,b � bN, for someconstantb � � 0 � 1

2 � .
Our focus lies on the analysisof so-calledcore algo-

rithms that have beenproven to be the mostef�cient algo-
rithmsin numerouspracticalstudies[7, 8,14]. Thisalgorith-
mic conceptwassuggestedby BalasandZemel[1]. Theidea
is to startwith thecomputationof an optimal fractionalso-
lution with at mostonefractionalitem andthento exchange
someof theitemsuntil anoptimalintegralsolutionis found.
Thesetof itemsthatarecandidatesto beexchanged,is called
thecore, andthehopeis thatthesizeof thecorefor “typical
instances”is relatively small. As a �rst steptowardsana-
lyzing core algorithms,Lueker proved an upperboundon
theexpectedgapbetweentheoptimal integral andtheopti-
mal fractionalsolution[11]. Basedon this result,Goldberg
andMarchetti-Spaccamela[9] wereableto prove structural
propertiesof thecoreresultingin thefollowing boundonthe
runningtime of a LasVegastypecorealgorithm. For every
�x edk � 0,with probabilityatleast1 � 1 � k, therunningtime
of their algorithmdoesnot exceeda speci�ed upperbound
thatis polynomialin thenumberof items.However, thede-
greeof this polynomial is quite large, the leadingconstant
in theexponentis at leasta large threedigit number. Even
moredramatically, thedegreeof thepolynomialgrows with
thereciprocalof the failureprobability like � k log

�
k� . Ob-

servethatthiskind of tail boundsdoesnotallow to conclude
any sub-exponentialupperboundon the expectedrunning



time. This work waslaterextendedto themultidimensional
knapsackproblemby DyerandFrieze[4].

Betterboundson the runningtime areonly known for
an algorithmby NemhauserandUllmann [13]. This algo-
rithm, however, doesnot follow thecoreconceptbut instead
appliesa dominancecriterionto reducethesearchspace.A
subsetS � � n� with weightw

�
S� � å i � Swi andpro�t p

�
S� �

å i � S pi dominatesanothersubsetT � � n� if w
�
S� � w

�
T � and

p
�
S��� p

�
T � . For simplicity, let usassumethatall setshave

different pro�ts. The consideredrandominstancessatisfy
this assumptionwith probability 1. Underthis assumption,
nosubsetdominatedby anothersubsetcanbeanoptimalso-
lution to the knapsackproblem,regardlessof the knapsack
capacity. Consequently, it suf�ces to consideronly thosesets
thatarenot dominatedby othersets,theso-calleddominat-
ing sets. In arecentstudy[2], weshowedthat,for uniformly
randominstances,the expectednumberof dominatingsets
is boundedby O

�
n3 � , even if the weightsarechosenby an

adversary. This result implies an upperboundof O
�
n4 � on

theexpectedrunningtime of theNemhauser/Ullmannalgo-
rithm. In fact, experimentsshow that the running time of
this algorithm behaves approximatelylike n3. Core algo-
rithms,however, show a muchbetterperformancein exper-
iments[7, 8, 14]. Their runningtime on uniformly random
instancesis almostlinear. Interestingly, themostsuccessful
implementationsof corealgorithms[7, 14] additionallyex-
ploit dominationin orderto decreasethenumberof subsets
generatedby thecore.

1.1 New results

The motivation for our study is to understandand explain
the ef�ciency of knapsackcore algorithmson randomin-
stances.We presentthe �rst theoreticalresultson the run-
ning time of a core algorithm coming close to the results
observedin practice.In particular, weproveanupperbound
of npolylog

�
n� on theexpectedrunningtime of acorealgo-

rithm onuniformly randominstances.In addition,following
a recenttrendin practicalstudies([7],[15]), we investigate
alsoharderinstancesin which pro�ts andweightsarecorre-
lated. Herewe prove a tradeoff describinghow therunning
time increaseswith thecorrelation.

As in themostef�cient implementations,thealgorithms
underlyingouranalysiscombinethecoreandthedomination
concept. However, certaindetailsof this combinationare
quitedifferent.In particular, weuseGoldbergandMarchetti-
Spaccamela's de�nition of thecore[9] andcombineit with
theenumerationmethodfor dominatingsetsby Nemhauser
and Ullmann [13]. Somewhat surprisingly, this combina-
tion of theoreticalconceptsdoesnot only enableus to do
a rigorousmathematicalanalysis,but alsoyieldsa new im-
plementationof a corealgorithmthat outperformsthe best
previous implementationsby ordersof magnitudeson well
studiedbenchmarkinstances.

1.2 Outline

In Section2 westartwith ashortoverview of thetechniques
andresultsfrom previouswork thatwe apply in our analy-
sis. In Section3, we presentanalgorithmwith almostlinear
expectedrunningtime on uniformly randominstances.This
algorithm,however, hassomesmall failureprobability, that
is, it might computea sub-optimalsolutionwith polynomi-
ally small probability. In Section4, we show how failures
canbe handledwithout increasingthe expectedrunningby
more thana constantfactor. In Section5, we describean
average-casemodelfor so-calledweaklycorrelatedinstances
andgeneralizeour analysistowardsthis model. Finally, we
brie�y presenta few preliminaryexperimentalresults.

2 Tools and techniques

2.1 Core algorithms

Corealgorithmsstartby computingan optimalsolutionfor
therelaxedor fractionalknapsackproblem.In thisproblem,
the constraintsxi ��
 0 � 1 � are replacedby 0 � xi � 1. An
optimal solution to the fractional problem can be found
by the following greedyalgorithm [1]. Starting with the
empty knapsackand we add itemsoneby one in orderof
non-increasingpro�t-to-weight ratio1. The algorithmstops
whencomingto the�rst itemthatwouldexceedthecapacity
boundb. This item is calledbreak item andthe computed
knapsack�lling not includingthebreakitemis calledbreak
solution. It has beenshown that the break solution, and
hencealso the fractional solution, can be found in linear
time by solving a weightedmedianproblem [1]. For a
geometricalinterpretation,let usmapeachitem wi � pi to the
point

�
wi � pi � ��� 2. Then the greedyalgorithm described

abovecanbepicturedasrotatinga rayclockwisearoundthe
origin startingfrom theverticalaxisandinsertingall swept
itemsuntil the insertionof the currentitem would exceeds
thecapacity. Theray de�ned by thebreakitem is calledthe
Dantzigray (seeFigure1).

Thereis a strongmotivation to startwith thecomputa-
tion of thebreaksolution. It hasbeenobservedin practical
studiesthat thebreaksolutionis quitesimilar to theoptimal
integralsolutionin thesensethatthethey differ in only afew
variables.Soonly afew itemsneedto beexchangedto trans-
form thebreaksolutionto anoptimalsolution.Theproblem
is, of course,that we do not know in advancewhich items
to exchange.Therefore,oneusesan appropriatesubsetof
candidateitems,calledthe core. Assumethe corecontains
all itemsthatneedsto beexchangedto obtainanoptimalso-
lution, thenitemsoutsidethecorecanbe �x ed to thevalue
givenby thebreaksolution.Therearevariousdifferentways
to de�ne thecore.

1In previousstudies,thepro�t-to-weightratio of anitemis alsocalledits
density. In this paper, thetermdensitysolely refersto thedensityfunction
describingtheprobabilitydistributionsof thepro®ts.
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Figure1: Dantzigray andBreakItem. The corestripehas
vertical width 2G with G denotingthe integrality gap. The
lossof anitem is theverticaldistanceto theDantzigray.

Goldberg andMarchetti-Spaccamela[9] de�ne thecore
as follows. Assumethe items are given in order of non-
increasingpro�t-to-weight ratioandlet k denotetheindex of
thebreakitem. Thesolutionvectorfor thefractionalproblem
has the form ÅX � �

1 ��
�
�
�� 1 � f � 0 ��
�
�
 � 0� where f � � 0 � 1� is
the entry at position k. For any feasibleinteger solution
X � � x1 ��
�
�
 � xn � , de�ne ch

�
X � � 
 i � � n� : Åxi �� xi � , i.e.,ch

�
X �

is the setof itemson which ÅX andX do not agree. When
removing anitem from thebreaksolutionthefreedcapacity
canbeusedto includeitemsthathave pro�t-to-weight ratio
atmostr : � pk � wk correspondingto theslopeof theDantzig
ray. Obviously, replacingitems by other items with same
weight but smallerpro�t-to-weight ratio leadsto someloss
in pro�t. This loss can only be compensatedby �lling
the knapsackwith more weight, that is, by decreasingthe
wastedcapacity. Onecanquantify the lossthat is incurred
by replacinga “valuable” item (pi � wi � r) by a “cheap”
item (pi � wi � r) asfollows. Basedon thesloper : � pk � wk
of the Dantzig ray de�ne loss

�
i � ��� pi � rwi � , i.e., loss

�
i �

correspondsto theverticaldistanceof item i to theDantzig
ray. Goldberg and Marchetti-Spaccamelaproved that the
differencein pro�t betweenany feasibleinteger solutionX
andtheoptimalfractionalsolution ÅX canbeexpressedas

∑
i ��� n�

Åxi pi � ∑
i � � n�

xi pi � r

�
b � ∑

i � � n�
xiwi ��� ∑

i � ch � X � loss
�
i � 


The�rst termontherighthandsidecorrespondstoanunused
capacityof the integer solutionX whereasthe secondterm
is dueto theaccumulatedlossof all itemsin ch

�
X � . De�ne

P
�
X �	� å i ��� n� xi pi , andlet X 	 beanoptimalintegralsolution.

Theintegrality gapG � P
� ÅX � � P

�
X 	 � givesanupperbound

for theaccumulatedlossof X 	 andthereforeanupperbound
for theindividuallossof eachitemin ch

�
X 	 � . Thus,all items

in ch
�
X 	 � have verticaldistanceat mostGfrom theDantzig

ray. Hence,the corecanbe de�ned to consistof all items

with lossat mostG. Thevalueof Gcanbeobtained,e.g.,by
guessingor by addingtheitemsin orderof increasinglossto
thecoreuntil thelossof thenext item is notsmallerthanthe
differencein pro�t betweenthe optimal fractionalsolution
andthebestintegersolutioncomputedsofar.

2.2 Properties of the core

Lueker's analysis[11] boundsthe expectedintegrality gap
for uniformly randominstances. In particular, he shows

E �G� � O
� log2 N

N � . Goldberg andMarchetti-Spaccamela[9]
observethatthis analysiscaneasilybegeneralizedto obtain
exponentialtail boundsonG.

LEMMA 2.1. There is constantc0 such that for every a �
log4N, Pr 
 G � c0a log2 N

N � � 2� a .

In words,the integrality gapdoesnot exceedO
� log2 N

N � ,
with high probability. Let us remarkthat the value of c0
dependson b, theconstantdeterminingtheknapsackcapac-
ity. Theconstrainta � log4N satis�esour requirementsbut,
in general,the tail boundcanbeextendedto hold for every
a � Nk , for every �x ed k 
 1

2. We will usethis boundto
obtaina tail boundon thenumberof itemsin thecore.

Goldberg and Marchetti-Spaccamela[9] use this tail
boundfor their probabilisticanalysisof a core algorithm.
Let us brie�y sketchtheir analysisandexplain why it fails
to bound the expectedrunning time. It is the basis for
our modi�cations to the core algorithm. Let X denote
the numberof core items, i.e., itemswith vertical distance
at most G from the Dantzig ray. Basically, the expected
value of X correspondsto N times the area covered by
the G-region aroundthe Dantzig ray, that is, E �X ��� 2GN.
(Thereare someslight dependenciesthat we neglect here.
In fact, the Dantzig ray has some tendency to fall into
denseregions.) If G is �x ed then this numberis sharply
concentrated. Furthermore,becauseof Lemma 2.1 the
randomvariableGis sharplyconcentratedaroundO

� log2 N
N � .

Combiningtheseresults,it followsX � O
�
log2N � , with high

probability. Consequently, thenumberof setsgeneratedby
thecoreitemsis 2X � NO � logN � . Obviously, enumeratingall
thesesetscannotbe donein polynomial time. Therefore,
Goldberg and Marchetti-Spaccamelausea further trick to
signi�cantly reducethe numberof setsenumerated.They
use a �ltering mechanismthat we call loss �lter . This
mechanismgeneratesonly those sets with loss at most
G. For every �x ed e � 0, they show that the numberof
setsgeneratedis 2O ��� X � � NO � 1� , with probability 1 � e.
Unfortunately, the degreeof this polynomialgrows rapidly
with the reciprocalof the failure probability e. Roughly
speaking,thisis becausetherandomvariableX hasmovedto
theexponentsothatsmalldeviationsin X might causelarge
deviationsin therunningtime. For this reason,theanalysis



of Goldberg and Marchetti-Spaccamelafails to boundthe
expectedrunning time. Moreover, constantfactorslost in
the analysisof X andG go directly to the exponentof the
polynomialrunningtimebound.

Instead,wewill replacetheloss�lter by abetter�ltering
mechanismreducingthe numberof enumeratedsetsfrom
2O ��� X � to NXO � 1� . This way, we will be able to bound
the expectedrunning time by NpolylogN. Our �ltering
mechanismis basedon thefollowing dominancecriterion.

2.3 The Nemhauser/Ullmann algorithm

Fix a knapsackinstancewith n items. Recall,that a subset
S � � n� with weightw

�
S� � å i � Swi andpro�t p

�
S� � å i � S pi

dominatesanothersubsetT � � n� if w
�
S� � w

�
T � andp

�
S� �

p
�
T � . For simplicity, let usassumethatall setshave differ-

ent pro�ts. Observe that the consideredrandominstances
satisfythisassumptionwith probability1. Setsthataredom-
inatedby othersetscannotbeoptimalsolutionsto theknap-
sackproblem,regardlessof thespeci�edknapsackcapacity.
Consequently, it suf�ces to considerthosesetsthat arenot
dominatedby othersets,the so-calleddominatingsets. In
otherterminology, dominatingsetsarePareto-optimalsolu-
tions, i.e., solutionsthat cannotbe improved in weight and
pro�t simultaneouslyby othersolutions.

Nemhauserand Ullman [13] introducedthe following
elegantalgorithmthat computesthe sequenceof all domi-
natingsetsin a very ef�cient way. For i ��� n� , let Si be the
sequenceof dominatingsubsetsover the items1 ��
�
�
 � i. The
setsin Si areassumedto belistedin increasingorderof their
weights.GivenSi , thesequenceSi � 1 canbecomputedfrom
Si asfollows. First duplicateall subsetsin Si andthenadd
item i � 1 to eachof theduplicatedsets.In this way we ob-
tain two orderedsequencesof sets.Now we mergethe two
sequencesby removing thosesubsetsthataredominatedby
any othersetin theunionof thetwo sequences.Theresultis
theorderedsequenceSi � 1 of dominatingsetsover theitems
1 ��
�
�
�� i � 1.

ThesequenceSi � 1 canbecalculatedfrom thesequence
Si in time linear in the length of Si , that is, linear in
the numberof dominatingsubsetsover the items 1 ��
�
�
�� i.
Since the optimal knapsack�lling is describedby one of
the subsetsin the list Sn, namely the subsetwith largest
weight not exceedingthe capacityb, generatingSn solves
theknapsackproblem.Thisyieldsthefollowing lemma.

LEMMA 2.2. For everyi ��� n� , let q
�
i � denotethenumberof

dominatingsetsover items1 ��
�
�
�� i andassumeE � q � i � 1� � �
E � q � i � � . The Nemhauser/Ullmanalgorithm computesan
optimalknapsack �lling in expectedtimeO

�
å n � 1

i � 1 E � q � i � � � �
O
�
n � E � q � n� � � .

In [2] it is shown that E � q � n� � � O
�
n3 � for uniformly

randominstances. Hence, the expectedrunning time for

these instancesis O
�
n4 � . Furthermore, an analysis is

presentedwhich allows adversarialweightsand randomly
drawn pro�ts that possiblyfollow differentprobability dis-
tributions.

LEMMA 2.3. Supposepro�t pi is drawn according to a
continuous,nonnegativeprobabilitydistributionwithdensity
function fi : ��� 0 � ��� 0. Supposeµ � maxi � � n�

�
E � pi � � and

f � maxi ��� n�
�
supx �	��
 0

�
fi
�
x���
� . Thenthere is a constant

c1 � ��� 0 such that theexpectednumberof dominatingsets
is E � q� � c1f µn4 � 1.

Combining the two lemmas, it follows that the ex-
pectedrunning time of the Nemhauser/Ullmannalgorithm
is O

�
f µn5 � . Observe that pro�ts canbe rescaledsuchthat

µ � 1, unlessthereis an item whoseexpectedpro�t is un-
bounded. The interestingparameteris the maximumden-
sity f . The boundon the expectednumberof dominating
setsincreaseslinearly with themaximumdensity. Thesame
holdsfor theexpectedrunningtime. Sayingit theotherway
around,the lessrandomnessis available, the larger the ex-
pectedrunningtime.

3 Algorithm FastCore 1: filtering dominated solutions

Our �rst algorithmhasalmostlinear runningtime but fails
with a small probability. We use a static core consisting
of all itemswith lossat mostd � cdN � 1 log3N, for a suit-
able constantcd. In Figure 2a, core items correspondto
thoseitems falling into the regions A or B. We use the
Nemhauser/Ullmannalgorithm to generateall dominating
setsover the core items. The itemsin region C, i.e. items
outsidethe core and above the ray, are virtually addedto
thesesets.Amongall dominatingsetssatisfyingthecapac-
ity boundthe mostpro�table one is selected. If the pro�t
of this set differs from the pro�t of the optimal fractional
solution by at most d then we have a proof of optimality
andthe algorithmoutputsthis set,otherwisethe algorithm
outputsfailure. The correctnessof this algorithm follows
from the discussionsin the previous sections. The algo-
rithm fails only if the chosenheight of the core stripe is
smallerthan the integrality gap, that is, if d 
 G. Notice,
that the algorithm might have neverthelessfound the op-
timal solution but only the proof of optimality is missing.
From Lemma2.1, it follows that the failure probability is
Pr �G � d � � 2 � cd logN � c0 � N � cd � c0.

In the following probabilistic analysis,we will show
that the expected running time of our algorithm is
O
�
NpolylogN � . This analysisis quite tricky and compli-

catedbecauseof vast dependenciesbetweendifferent ran-
domvariables.Thecentralideas,however, arerathersimple
andelegant.Thus,beforegoinginto thedetails,let ustry to
givesomeintuition aboutthemainideasbehindtheanalysis.
As theareacoveredby thecorestripeis O

�
N � 1 log3N � , the
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Figure 2: The core stripe consistsof regionsA and B which are de�ned by the Dantzig Ray. Items in region G have
insuf�cient variationin pro�t.

numberof coreitemsis only O
�
log3N � , with high probabil-

ity. Therunningtime of theNemhauser/Ullmannalgorithm
dependspolynomially on the numberof core items and is
linearin f , i.e., themaximumdensityof theprobabilitydis-
tributionsfor the pro�ts of the core items. Whencalculat-
ing f , we have to conditionon thefactthattheseitemshave
weightsandpro�ts that fall into thecorestripe. Theheight

of the corestripe is Q
� log3 N

N � . Thus, intuitively, the pro�t
of a “typical” coreitem follows a uniform distribution over

aninterval of lengthQ
� log3 N

N � . More formally, wewill show
thattheconditionalprobabilitydistributionsfor thepro�ts of
almostall coreitemshavedensityat mostN. Hence,f � N.
By Lemma2.3, the expectednumberof dominatingsetsis
atmostf polylogN � NpolylogN. Thus,by Lemma2.2,the
runningtime canbeupper-boundedby NpolylogN aswell.
Hence,interestingly, the linear term in the upperboundon
therunningtime is notduethenumberof coreitemsbut due
to thedensityof their pro�t distributions.

THEOREM 3.1. For uniformlyrandominstances,algorithm
FastCore 1 computesan optimal solution with probability
at least 1 � N � cd � c0. The expectedrunning time of this
algorithmis O

�
NpolylogN � .

Proof. The bound on the failure probability follows from
previous discussions.It remainsto prove the upperbound
on the expectedrunning time. Let A andB denotethe set
of points above and below the Dantzig ray r with vertical
distanceat most d � cdN � 1 � log3N from r, respectively.
In the following, we identify the ray with its slope, i.e.,
r � pk � wk with k denotingthe index of the break item.
De�ne

G � 
 � w� p� � A � rw � 1 � 1
N ��� 


�
w� p� � B � rw 
 1

N �
� 
 � w� p� � B � rw � d � 1 � 1

N � 


De�ne F � 
 � x � y� � � 2 : x ��� 0 � 1��� y � � 0 � 1
N ��� � 1 � 1

N � 1� � .
Figure 2b depictstheseregions. The motivation for these
de�nitions will becomeclearsoon.

For a moment,let us assumethat r andthe numberof
itemsin A andB aswell astheir individualweightsare�x ed
arbitrarily. Consideran item i with weight wi in region A.
The pro�t of this item correspondsto a point on the line
segmentLi � 
 p � � 0 � 1� :

�
p � wi � � A � . Observe that the

Dantzig ray dependson the weight wi of this item but not
on its pro�t. In particular, moving the point corresponding
to item i arbitrarily on the line segmentLi doesnot affect
the position of the Dantzig ray. Under theseassumptions,
therandomvariablepi is chosenuniformly from theinterval
Li . The sameholds for the items in region B. Observe
that the pro�t intervals for the items in

�
A � B��� G have

length at least1� N, except for the breakitem that will be
handledseparately. As a consequence,the densityof the
pro�t distributions for theseitems is upperboundedby N.
Hence,applyingLemma2.3 yields the following boundon
theexpectednumberof dominatingsetsfor theseitems.For
any givenregionR � � 2, let XR denotethenumberof items
in R andqR thenumberof dominatingsetsover theseitems.

LEMMA 3.1. E � q � A� B�	� G � X� A� B�
� G � j � � c1N j4 � 1, for
any j �
� . �

Every additionalitem canincreasethenumberof dom-
inatingsetsat mostby a factorof two. For this reason,we
canassumethat the breakitem is coveredby the boundin
Lemma 3.1 as well. Furthermore,can apply this fact to
the items in G and obtain that the numberof dominating
setsover the coreitemsis qA� B � 2XG � q � A� B�
� G. The run-
ning time of the Nemhauser/Ullmannalgorithmis roughly
E � qA� B � timesthe numberof coreitems. In the following,
we will (implicitly) show that E � q � A� B�	� G � � NpolylogN
and E � 2XG � � O

�
1� . Unfortunately, however, the random



variablesXG and q � A� B�	� G are not completelyindependent
asboth of themdependon the positionof the Dantzigray.
Themajordif�culty in theremaininganalysisis to formally
provethatthis kind of dependenceis insigni�cant.

We assumethat the algorithm�rst computesthe dom-
inating setsover the itemsin region

�
A � B� � G addingthe

itemsin someorderthat is independentof the pro�ts, e.g.,
in orderof increasingweight. Afterwards,the items from
region G areadded. Let T denotethe runningtime of this
algorithm.Lemma2.2combinedwith Lemma3.1yields

E �T � XA� B � k � XG � g�
� c2 � � N � k � g� 4 � 1� � k � g� � ��� N � k � g� 4 � 1� 2g � � �

for every k � g � 0 and a suitableconstantc2. De�ne
f
�
k � g� � c2N

�
k � g � 7� 52g. Notice that f is de�ned in a

way suchthat it is monotonicallyincreasingin g, for every
0 � g � k. Rewriting the above bound in terms of this
function,we obtainthefollowing slightly weakerbound.

E �T � XA� B � k � XG � g� � f
�
k � g� 


Applying �rst G � A � B andthenG �
�
A � B� � F combined

with themonotonicitypropertyof f yields

E �T � �
¥

∑
k� 0

k

∑
g� 0

Pr �XA� B � k � XG � g� f
�
k � g�

�
¥

∑
k� 0

k

∑
g� 0

Pr � XA� B � k � X� A� B��� F � g� f
�
k � g� 


Next replacingf
�
k � g� by c2N

�
k � g � 7� 52g andrearranging

thesumsyields

E �T � � c2N
¥

∑
g� 0

Pr � X� A� B��� F � g� 2g

¥

∑
k� g

Pr � XA� B � k � X� A� B��� F � g� � k � g � 7� 5

� c2N
¥

∑
g� 0

Pr � X� A� B��� F � g� 2g

¥

∑
k� 0

Pr � X� A� B�	� F � k � X� A� B��� F � g� � k � 7� 5 


Let us switch to a more compactnotationandde�ne X �
X� A� B�
� F andY � X� A� B��� F . Thisway,

E � T � � c2N
¥

∑
g� 0

Pr �Y � g� 2g
¥

∑
k� 0

Pr �X � k �Y � g� � k � 7� 5 

(3.1)

In the following, we upper-boundthe two probability terms
occuring in this bound one after the other. We start

by proving å ¥
k� 0 Pr �X � k � Y � g� � k � 7� 5 � O

�
polylogN � ,

for any choice of g � 0. Afterwards, we show that
å ¥

g� 0Pr �Y � g� 2g � O
�
1� . Hence,E � T � � O

�
polylogN � so

thatthetheoremfollows.
First, let usstudythe term Pr �X � k � Y � g� . Observe,

thevariablesX andY describenumbersof pointsin thedis-
joint regions

�
A � B� � F and

�
A � B� � F, respectively. If

theseregionswouldbe�x ed,thenthesetwo variableswould
be independentaspointsaregeneratedby the Poissondis-
tribution. Unfortunately, however, both regionsarede�ned
by the Dantzigray r andthis ray somehow dependson the
points found in theseregions. In fact, both of the consid-
eredregionsareadjacentto r, andr hassometendency to
fall into a denseregion. Therefore,we have to take into ac-
countthedependency of thevariablesX andY ontherandom
variabler. We dealwith this dependency by placingworst-
caseassumptionson r. In particular, we assumean adver-
saryknowing all pointsin theunit squarechoosesthe ray r
to be any ray throughthe origin insteadof assumingthat r
is the ray throughthe breakitem. The regions

�
A � B� � F

and
�
A � B� � F arenow de�ned with respectto this adver-

sarialray r. Let µ � 2dN. Observe thatthevalueof E �X � is
roughlyequalto µ.

LEMMA 3.2. For every adversarial choice of the ray r,

Pr �X � 2aµ� � N
�

ea � 1

aa � �
, for everya � 1

Proof. The idea is to consideronly a few essentialposi-
tions of the ray r andto sumthe probability over all these
positions. For this purpose,we de�ne a set of overlap-
ping parallelogramsRi having the propertythat any given
corestripeA � B is completelycoveredby two of thesepar-
allelograms. The �rst l ��� 1 � � 2d �	� parallelogramscover
the right lower triangle of the unit squareU. Parallelo-
gramRi (i � 1 ��
�
�
�� l ) is aquadranglewith cornercoordinates�
0 � d � � � 0 ��� d � � � 1 � i2d � 2d � and

�
1 � i2d � . Anotherl parallel-

ogramscover the upperleft triangle of the unit squareU.
ParallelogramRl � i (i � 1 ��
�
�
�� l ) is a quadranglewith corner
coordinates

� � d � 0� � � d � 0� � � i2d � 1� and
�
i2d � 2d � 1� . Every

parallelogramcoversan areaof size2d. It is easyto ver-
ify that this set of regions has the requiredproperty. Let
Xi denotethe numberof itemsin region Ri . ThenE �Xi � �
area

�
U �

Ri � � N 
 2dN � µ. UsingChernoff boundsit holds
for all a � 1 andi ��� 2l � :

Pr �Xi � aµ� �



ea � 1

aa � �




Hence, Pr � � i : Xi � aµ� � å 2l
i � 1 Pr �Xi � aµ� � 2l

�
ea � 1

aa � �

andsoPr �X � 2aµ� � 2l
�

ea � 1

aa � �
� N

�
ea � 1

aa � �
. �

Theabove tail boundon X holdsfor any adversarialchoice
of a ray r. Consequently, whenletting r denotetheDantzig



ray, the boundholds for any outcomeof this ray as well.
Furthermore,it holdsfor any choiceof the variableY, too,
as the dependencebetweenthe variablesX andY is only
via the positionof the Dantzigray. As a consequence,for
everyg � 0,

¥

∑
k� 0

Pr �X � k � Y � g� � k � 7� 5

� Pr �X � 4µ � Y � g� � 4µ � 7� 5� ¥

∑
a � 2

Pr �X � 2aµ � Y � g� � 2 � a � 1� µ � 7� 5

� �
4µ � 7� 5 � ¥

∑
a � 2

N



ea � 1

aa � � �
2
�
a � 1� µ � 7� 5 


Usingµ � 2dN � 2cd log3N yields
¥

∑
a � 2

N



ea � 1

aa � � �
2
�
a � 1� µ � 7� 5

� µ5
¥

∑
a � 2

N



ea � 1

aa � 2cd log3N 

2a � 2 � 7

µ � 5




For any �x edcd � 0, this termis boundedby O
�
µ5 � . Conse-

quently, thereexistsa constantc3 � 0, suchthat
¥

∑
k � 0

Pr �X � k � Y � g� � k � 7� 5 � c3 log15N 


Applying this upperboundto Equation3.1gives

E �T � � c2c3Nlog15N � ¥

∑
g� 0

Pr �Y � g� 2g 
(3.2)

We furthersimplify.

¥

∑
g� 0

Pr �Y � g� 2g � E � 2Y � � E 
 2X� A� B� � F � � E � 2XF � 

(3.3)

Thelattertermcanbeboundedasfollows.

LEMMA 3.3. E � 2XF � � e2.

Proof. The number of points in F is a Poissonrandom
variable whosemeancorrespondsto the areacovered by
F timesN becausethe numberof points in the unit square
is a Poissonvariable with meanN and points are placed
uniformly at random. Obviously, the areaof F is 2� N.
Hence, the number of points in F follows the Poisson
distributionwith parameter2. Consequently,

E � 2XF � � ∑
f � 0

Pr �Xf � f � 2f � ∑
f � 0

e� 2 � 2f

f !
� 2f

� e� 2 ∑
f � 0

4f

f !
� e� 2e4 � e2 


�

Finally, combiningLemma3.3 with the Equations3.2 and
3.3yields

E � T � � c2c3Nlog15NE � 2XF � � c2c3e2Nlog15N 

ThusTheorem3.1is shown. �
4 Algorithm FastCore 2: two lists of dominating sets

In orderto obtainanalgorithmthatalwayscomputesanop-
timal solution, one can dynamicallyexpandthe core until
algorithm FastCore1 is successful. A somewhat extreme
variant of this approachis to start with a core stripe that
immediatelygivesa high successprobability, say1 � N � 3,
and to usea singlebackuproutine that computesall dom-
inating setsusingthe Nemhauser/Ullmannalgorithmif the
corealgorithmfails. The analysisin [2] shows that the ex-
pectedrunningtime for computingall dominatingsetsun-
dertheuniformdistribution is only O

�
N4 � . Thus,neglecting

dependencies,this approachpromisesan expectedrunning
time of N � 3O

�
N4 � � O

�
N � for the backuproutine. Let us

have a closer look at this approach. The running time is
mainly determinedby the numberof dominatingsets. Let
qall, qin, andqout denotethenumberof dominatingsetsover
all items, over the items inside andover the items outside
thecorestripe,respectively. Let E denotetheeventthat the
corecomputationis successful.Thenthe expectednumber
of dominatingsetsis E � qin � � E � qall � � E � � Pr � � E � . Thedif-
�culty lies in estimatingE � qall � � E � . Observe thattheevent

� E , by de�nition, is very unlikely. Thus the valueof qall
might be extremelybiasedby � E , and,hence,the running
time of the Nemhauser/Ullmannalgorithm conditionedon

� E mightbemuchlargerthanO
�
N4 � .

In orderto bypassthedif�culties causedby dependen-
cies,we usea differentapproachutilizing two lists of domi-
natingsets.First,we computea list with all dominatingsets
over the itemsin thecore. If this computationdoesnot �nd
anoptimalsolution,we computea secondlist with all dom-
inating setsover the items outsidethe core. Observe that
combiningtheselists to obtainall dominatingsetsyields a
combinedlist of maximumlength qin � qout. This way the
expectednumberof dominatingsetsis upper-boundedby
E � qin �E � � Pr �E � � E � qin � qout � � E � � Pr � � E � . In the follow-
ing analysis,we will be able to give a good estimatefor
E � qout � � E � as the randomvariableqout is only slightly bi-
asedby � E . Still this doesnot immediatelysolve theprob-
lem sincethevariableqin heavily dependson theevent � E
sothatwe arenot ableto upper-boundE � qin � � E � appropri-
ately. Now the key observation is that we do not needto
computeall dominatingsetsbut we only needto �nd theset
amongthem that is maximal with respectto the given ca-
pacityboundb. This, however, giventhetwo sortedlists of
dominatingsetscanbedonein time O

�
qin � qout� insteadof

O
�
qin � qout � by scanningthetwo sortedlists asdescribedby

Horowitz andSahniin [10]. They usethis techniqueto re-



ducetheworstcaserunningtimeof theNemhauser/Ullmann
algorithmfrom O

�
2n � to O

�
2n� 2 � . We usetheir ideato deal

with the dependenciesin our average-caseanalysis. Us-
ing this technique,the expectednumberof dominatingsets
generatedby our algorithm can be estimatedby E � qin � �
E � qout � � E � . We have shown E � qin � � O

�
NpolylogN) in the

proof of Theorem3.1. Thefollowing analysismainly deals
with boundingE � qout � � E � .
THEOREM 4.1. Algorithm FastCore 2 always computes
an optimal solution. Its expected running time is
O
�
NpolylogN � .

Proof. We begin theproofby specifyingsomedetailsof the
algorithm that are missing in the descriptionabove. The
algorithmusesa �x ed corestripewith d � 5c0

�
logN � 3 � N,

wherec0 is the constantgiven in Lemma2.1. Let us adopt
thenotationfrom theprevioussectionfor theregionsde�ned
by thecorestripeasdepictedin Figure2. LetC andD denote
theregionsaboveandbelow thecorestripe,respectively. For
the purposeof a simpleanalysis,we addthe region H (see
Figure2c)to thecorestripe.Theanalysisof therunningtime
of algorithmFastCore1 for the itemsinsidethe coreis not
affectedby this changeaswe upper-boundedXG by XF and
F � G � H. IncludingH into thecorestripeensuresthatall
itemsin C � D follow a distributionwith densityat mostN.

Let T, TA� B� H , and TC � D denotethe running time of
algorithm FastCore2, algorithm FastCore1 appliedto the
itemsin A � B � H, andthe Nemhauser/Ullmannalgorithm
appliedto the itemsin C � D, respectively. Furthermore,let
E be the event that the corestripewaschosensuf�ciently
large, i.e., the integrality gapis at mostd. We accountthe
time for combiningthetwo lists to thetime neededfor their
computation.This way,

E �T � � E � TA� B� H � � Pr � � E � � E � TC� D � � E �
The analysisof algorithm FastCore1 yields E �TA� B� H � �
O
�
NpolylogN � . In thefollowing, wewill show

E � TC� D � � E � � NpolylogN
Pr � � E � �

whichyieldsthetheorem.
First, let us verify that every item in C � D follows a

distribution with densityat mostN. For a momentassume
thattheDantzigray is �x ed.Supposeanadversaryspeci�es
the weight wi of an item i in region C (or analogouslyin
region D). Thentheitem canbemovedup anddown on the
line segmentLi � 
 p � � 0 � 1� : � p � wi � � C � withoutaffecting
the event � E . The length of this line segment is at least
1
N as we addedthe region H to the core. Consequently,
independentof the outcomeof � E , the pro�t of eachitem
followsa uniform distribution with densityat mostN. Thus
for all k �
� ,

E � TC � D � � E � XC � D � k� � O
�
k5N � 


Let us switch to a more compactnotationandde�ne X �
XC � D. It remainsto show

E 
 X5 � � E � � O



polylogN
Pr � � E � � 


Observe that Lemma 2.1 with d � 5c0
�
logN � 3 � N yields

Pr � � E � � 2 � 5logN � N � 5. Hence,it suf�ces to show that
E � X5 � � E � � O

�
max
 N5 � Pr � � E � � 1 � � .

The ideais that the randomvariableX is very sharply
concentratedaroundits meanE �X � 
 N sothatconditioning
on � E doesnotsigni�cantly changetheexpectedvalueof X.
For every t � 1,

E 
 X5 � � E � � ¥

∑
i � 1

Pr 
 X5 � i � � E �
� t � ¥

∑
i � t

Pr 
 X5 � i � � E � � t � ¥

∑
i � t

Pr � X5 � i �
Pr � � E � 


As X follows a Poissondistribution with meanat mostN,
Pr � X5 �

�
2aN � 5 � � exp

� � 1
2aN � , for every a � 1. Hence,

for i �
�
2N � 5, Pr � X5 � i � � exp ��� 1

4 i1� 5 � . Now setting
t � �

2N � 5 gives

E 
 X5 � � E � � �
2N � 5 � Pr � � E � � 1

¥

∑
i � t

exp
�
� 1

4 i1� 5 �
� �

2N � 5 � Pr � � E � � 1O
�
1� 


Thiscompletestheproofof Theorem4.1. �
5 Correlated instances

Several experimentalstudies [7, 8, 14, 15] do not only
investigateuniformly randominstancesbut alsosomeother,
harder classesof random inputs, e.g., so-called“weakly
correlated” instances. We de�ne d-correlated instances,
0 
 d � 1, a parameterizedversion of Weakly correlated
instances(the latter correspondto d-correlatedinstances
with d � 10%)asfollows. All weightsarerandomlydrawn
from � 0 � 1� . Pro�ts are set to a random perturbationof
the correspondingweight value, i.e., for all i � � n� , pi : �
wi � r i , wherer i is a randomvariableuniformly distributed
in � � d� 2 � d� 2� . This can be seenas choosingn points
independentlyat randomfrom the quadranglede�ned by
the points

�
0 � d� 2� � � 0 ��� d� 2� � � 1 � 1 � d� 2� � � 1 � 1 � d� 2� (see

Figure3). For our analysis,we againassumethat thevalue
of n is chosenaccordingto the Poissondistribution with
parameterN, andb � bN, for someconstantb � � 0 � 1

2 � .

5.1 Integrality gap for d-correlated instances

In this sectionwe prove an upperboundon the integrality
gapGfor d-correlatedinstances.

LEMMA 5.1. There is a constantc0 such that for every

1 � a � log4 N, Pr 
 G � c0a d
N log2 N

d � � 2 � a .



Q

d

d

G

BAF

1

Q

δ/2

weight

pr
of

it

0

1+δ/2

1−δ/2

−δ/2

Figure3: For d-correlatedinstancesitemsareuniformly sampledfrom regionQ. Theright �gure (magni�ed rectanglefrom
theleft �gure) showsanexamplefor corestripesA andB with heightd. Itemsin regionG � F haveinsuf�cient randomness.

Proof. (sketch). We adaptthe proof from Lueker [11] for
uniform instances.Pleasereferto [11] for details.In partic-
ularwecomparethesolutionof anapproximationalgorithm
with the optimal fractionalsolution. The differenceof the
objective valuesis an upperboundon the integrality gap.
Theapproximationworksasfollows. De�ne k : � log4

�
N � d�

and e � O
�
k4 � k � . Assumethat items are orderedaccord-

ing to non-decreasingpro�t-to-weight ratio. Startingwith
the empty knapsackwe insert items in this order until the
remainingknapsackcapacityis aboutvk, wherev is theex-
pectedweightof thenext item (theaverageweightof points
in a region sweptby the densityray whenslightly rotating
it further). Let cap be the remainingcapacityof the knap-
sack.We thenrepeatedlyconsidersuccessive setsS1 � S2 ��
�
�

of about2k itemstrying to �nd a subsetS � Si with weight
in � cap � 2e� cap� . Theprobabilitythatwe �nd suchasubset
is at least1

2 for everySi. This canbeshown with thehelpof
thefollowing lemma,whichessentiallyshowsthatsubsetsof
randomnumberslay exponentiallydense.

LEMMA 5.2. (Lueker [11]) Let f bea piecewisecontinuous
densityfunctionwith domain � � a � a� . Supposef is bounded
and hasmean0 and variance1. Let xk be a real sequence
with xk � o

� � k� . Supposewedraw 2k variablesX1 ��
�
�
 � X2k
according to f . Then,for large enoughk, the probability
that there existssomek-item subsetS ��� 2k� with å i � SXi �
� xk � e� xk � e� is at least 1

2, providede � 7k4 � k.

Thepro�t-gap betweentheapproximateandtheoptimal
fractionalsolutionhastwo contributions: residualcapacity
andcumulatedlossof packed items. Whentheapproxima-
tion algorithm�nd a suitablesubsetS, theresidualcapacity
of the knapsackis at most2e causinga loss in pro�t of at
mostr2e � O

� rd
N � log N

d � , wherer � pk � wk is the slopeof
theDantzigray. With high probability thesloper is upper-
boundedby a constanttermdependingonb. Thecumulated
losscanbeestimatedby cap

�
r � r l � � k

�
r0 � r l � wherel de-

notesthe numberof iterationsperformedby the algorithm
and r0 and r l are the slopesof the density ray beforethe
�rst and after the last iteration, respectively. In eachiter-
ationthedensityray advancesO

�
dk � N � with high probabil-

ity. Theaccumulatedlossof itemsin S � Sl is O
�
ldk2 � N � . In

eachiterationthesuccessprobability is at least 1
2, therefore

Pr � l � a � � 2 � a , for all a �
� . �
5.2 Running time

WeadaptalgorithmFastCore2 to thenew situationby using
asmallercorestripe,thatis,wesetd � cd

d
N log3 N

d insteadof
d � cdN � 1 log3N. Thisway, we obtainthefollowing result.

THEOREM 5.1. Theexpectedrunningtimeof FastCore 2 on
d-correlatedinstancesis O

� N
d polylog N

d � .
Proof. (sketch).Let Q betheregion from wherewe sample
theitems(seeFigure3). Theareaof Q hassized. Compared
to theuniformmodel,theconcentrationof itemsis largerby
factor1� d. Choosingcoreheightd � cd

d
N log3 N

d we expect
about2cd log3 N

d coreitemsin contrastto 2cd log3 N for the
uniformcase.Let A andB denotethecoreregionsaboveand
below theDantzigray, respectively. Considerthecasewhen
theslopeof theDantzigray is largerthan1 (theothercaseis
similar). De�ne regionsF andG with G � F (seeFigure3).

F � 
 � x � y� � Q : y � x � � d � d� N � d � � �
G � 
 � w� p� � A � � w� rw� � F ��� 
 � w� p� � B � � w� rw � d � � F � 

For items in

�
A � B� � G the maximum density of the

pro�t distribution is N � d. Therefore, for any j � � ,
E � q � A� B�	� G � X� A� B�	� G � j � � c1

�
N � d� j4 � 1. Items in G

havelargerdensities,soweagainpessimisticallyassumethat
eachof theseitemsdoublesthenumberof dominatingsets.
Wehavechosenthesizeof F sothatonaveragethereis only
oneitem in F. This way our analysis,which accountsalso
for itemsin G, applieshereaswell. �



DomF
DomF LossF

1 � d Dom LossF 2-lists combo
2 0.34 0.07 – 0.02
4 1.01 0.16 – 0.04
8 2.88 0.32 0.01 0.07

16 7.47 0.77 0.01 0.13
32 17.83 2.54 0.02 0.27
64 41.28 6.83 0.02 0.54

128 109.31 16.92 0.04 1.23
256 – 36.13 0.06 3.05
512 – 86.51 0.11 8.42

1024 – 202.01 0.18 21.47

Table 1: Averagerunning time (in seconds)for d-correlated
instancesof size n � 10000without preprocessing.Each entry
gives the averageover 1000 test instances. Columns2±4 give
the numbersfor three variantsof our algorithm implementinga
speci®edsubsetof features:DomF= dominating-set®lter; LossF=
Loss-®lter;combo= knapsacksolverby Pisinger. We®xedb � 0 � 4
for all experiments.

6 A few notes on experimental results

We implementeda corealgorithmthat combinesthe ideas
presentedin this and other theoreticalstudies. Our im-
plementationuses the core concept from Goldberg and
Marchetti-Spaccamelaconsideringonly items in a stripe
aroundtheDantzigray. In contrastto our theoreticalanaly-
sis,ourexperimentalstudyusesadynamicallygrowingcore.
This way thealgorithmautomatically�nds theoptimalcore
size. The reasonwhy we immediatelyswitch to a dynam-
ically growing coreis that any algorithmwith a staticcore
cannotseriouslycompetewith this dynamicapproach. In
the theoreticalanalysiswe only assumeda static,�x edsize
corebecausea dynamicallygrowing core introducesaddi-
tionaldependenciesthatwe cannotanalyze.

Our experimentalstudy shows, if we combineall the
conceptspresentedin the precedingsections,then we ob-
tain an implementationthat canoutperformthebestknown
previous implementations.In particular, we apply the loss
�lter from Goldberg and Marchetti-Spaccamelaas well as
thedominance�lter basedon theNemhauser/Ullmannalgo-
rithm. In addition,weusetwo lists,whichare�nally merged
usingthe linear time algorithmof Horowitz andSahni.Our
implementationbeatsthe bestprevious implementationby
Pisinger(combocodewith 64-bitsintegerarithmetic[7]) on
d-correlatedinstancesby several ordersof magnitudes,but
only if we add all the featureslisted above. In fact, for
uniformly randominstancesthe runningtime is dominated
by the time to �nd theoptimal fractionalsolutionandthere
arenosigni�cant differencesbetweendifferentimplementa-
tions.Theexperimentalresultsfor d-correlatedinstancesare

muchmoreinteresting.Table1 presents�rst measurements
obtainedonaSunFireTM15K.As ourtheoreticalresultssug-
gest,the runningtime increasesslightly super-linear in 1� d
for most of the implementations.The implementationus-
ing all thefeaturesshowsevenaslightly sub-linearbehavior.
We want to point out that theseexperimentalresultareonly
preliminary, andwe plan to continuewith a morethorough
study.
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