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Abstract

We considerthe problem of testing 3-colorability in the bounded-degreemodel. A
3-colorability tester is an algorithm A that is given oracle accessto the adjacency list
represeration of a graph G of maximum degreed with n vertices; A is required to, say,
acceptwith probability at least 2=3 if G is 3-colorable,and to acceptwith probability
at most 1=3 if G is -far from 3-colorable (meaning that at leastan fraction of edges
must be removed from G to make it 3-colorable); there is no requiremert on A in the
remaining cases.If A accepts3-colorablegraphswith probability one,then it is saidto
have one-sidederror.

For su cien tly small , the testing problem is NP-complete, so it is unlikely that
polynomial-time, or even sub-exponertial time testersexist. In this paper we are inter-
estedin unconditional lower bounds on query complexity. The strongest known lower
bound is due to Goldreich andd?on who show that, for small enough , every tester
must have query complexity (

In this paper we show uncondmonally that, for small enough , every tester for 3-
colorability must have query complexity ( n). This is the rst linear lower bound for
testing a natural graph property in the bounded-degreemodel.

For one-sidederror testers, we also shav an ( n) lower bound for testersthat dis-
tinguish 3-colorable graphs from graphs that are (1=3 )-far from 3-colorable, for
arbitrarily small . In contrast, a polynomial time algorithm by Frieze and Jerrum
distinguishes 3-colorable graphs from graphsthat are 1=5-far from 3-colorable.

As a by-product of our techniques, we obtain tight unconditional lower bounds on
the approximation ratios achievable by sub-linear time algorithms for Max E3SAT and
Max E3LIN-2.
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1 Intro duction

A property testing algorithm A for a graph property P is an algorithm that, given an
approximation parameter and oracle accessto the represenation of a graph G, accepts
with probability 2=3 if G has property P and rejects with probability 2=3 if G is -far
from ewery graph having property P. There is no requiremert on A if G satis es neither
condition. GraphsG andH are -closeif arepresenation of H canbe obtained by modifying
an -fraction of the represenation of G.

The complexity of graph property testing problemsis highly dependen on the represen-
tation. In the adjacency matrix represerttation, introducedin the original paper on graph
property testing [?], two graphs are -closeif they dier in at most about n?=2 edges.
This model is interesting for studying properties of densegraphs. To study sparsegraph
properties, Goldreich and Ron [?] consideredthe model where a bounded-degreegraph is
represerted by its adjacency list. In this model, the vertex degreesare bounded by a con-
stant d independent on the number of vertices n. Two graphs are -closeif they dier by
at most dn=2 edges.

The di erence in complexity betweenthe two models can be striking. For example, for

= 1=100, bipartiteness canF;Jetested in constart time in the adjacency matrix represen-
tation [?] but it requires ( ~ n) queriesin the adjacencylist represenation [?], even for
d= 3.

Indeed, a wide variety of graph properties are known to be testable in time constart
in the number of vertices (dependert only on ) in the adjacency matrix represenation,
while much fewer algorithms running evenin sub-lineartime (leave alone constart time) are
known for the adjacency list represertation. This is particularly unfortunate considering
that bounded degree graphs are more likely to occur in settings where sub-linear time
testing algorithm are useE)uI. Even fewer lower bounds are known for the adjacency list
model. Apart from the ( ~ n) lower bound on the query complexity of bipartiteness (which
extendstrivially to 3-colorability and other problems), there is an ( n1™) lower bound for
testing acyclicity in directed graphs [?]. We are not aware of any other nontrivial query
complexity bound in this model.?

In this paper, we prove a tight ( n) lower bound on the query complexity of testing
3-colorability in bounded-degreagraphs.

The problem of 3-colorability is interesting not only as a natural extensionof bipartite-
ness(whose query complexity was resohed in [?, ?], but also as a canonical problem from
which we obtain lower bounds for other problems using appropriate reductions.

Related results

Goldreich, Goldwasserand Ron [?] present atester for 3-colorability in the adjacencymatrix
represenation that makes O(1= 4) queriesand runs in 2°=?) time. (Alon and Kriv elevic

1For example, all graph properties recognized by nite-state automata [?] and all properties expressed
by a certain fragment of rst-order logic 57] can be tested in time dependert only on .

2Bender and Ron [?] also prove an (= n) lower bound for the problem of testing strong connectivity in
directed graphs, assuming that the adjacency list represertation only contains outgoing edges;on the other
hand, a constant-time algorithm exists for the represertation where both outgoing and incoming edgesare
contained in each adjacency list.



[?] have improved the number of queriesto O(1= 2) and the running time to 2°1=)))

In the bounded-degreaemodel, a testing algorithm must tell apart 3-colorable bounded-
degreegraphs from bounded-degreegraphs where every 3-coloring violates an -fraction of
the edges. For su cien tly small , this problem is NP-hard for generalgraphs [?]. Using
the reduction from Section 5 (that we introduce for a dierent purpose), this problem
can be shavn to be NP-hard when restricted to bounded-degreegraphs. This provides
strong evidenceagainst the existenceof polynomial-time algorithms (and consequetly, sub-
linear time algorithms) for this problem. Using our reduction, together with the Polishuck-
Spielman version of the PCP theorem [?], it can be shavn that the testing problem has
query complexity ( nt c) for someconstart c, assuming3SAT on n variables has circuit
complexity 2n' ™ This is an extremely strong assumption (although a refutation of it
would constitute a major breakthrough).

Goldreich and Ron [?] prove an unconditional ( P n) lower bound on query complexity
for su cien tly small . On the positive side, Frieze and Jerrum [?] give a polynomial time
algorithm that distinguishes between 3-colorable graphs and graphs that are 1=5-far from
3-colorable.

Lower bound for one-sided error testers

Our goal is to prove that no property tester with one-sidederror, given a degreed graph
with n vertices, can look at fewer than n entries of the adjacency list represemnation of
the graph, yet reject with constart probability graphsthat are -far from 3-colorable. A
simple obsenation is that a one-sidederror tester must acceptwhene\er its \view" of the
graph is 3-colorable. In other words, it is su cien t to construct a graph G that is -far from
3-colorable,yet every one of its induced subgraphson n edgesis 3-colorable.

In Section3 we give a probabilistic construction of such graphs, basedon a technique due
to Erdps[?]. For every > 0, there are constarts d = O(1= 2) and > 0 such that some
d-regular graph on n verticesis (1=3  )-far from 3-colorable, yet every subgraphinduced
by n edgess 3-colorable,for arbitrarily small . The consequencés the following result.

Theorem 1 For every > 0 there are constantsd and > 0 suchthat if A is a one-sidal
error tester for degree-d graphs that distinguishes 3-colorable graphs from graphs that are
(1=3 )-far from being 3-colorable, then the query complexity of A is at least n, where n
is the number of vertices.

Notice that no graph is more than 1/3-far from being 3-colorable, so our result appliesto
the full spectrum of gapsfor which the testing problem is well de ned.

Furthermore, for small enough , the testing problem is solvable deterministically in
polynomial time with the Frieze-Jerrumalgorithm [?]. This givesa separationof the testing
ability of polynomial time versus(one-sidederror) sub-linear time algorithms for a natural
problem.

We considerthe problem of constructing graphsthat are simultaneously far from being
3-colorable, and free of small non-3-colorable subgraphs as an independertly interesting
conmbinatorial question. In section 5 we give an explicit construction of d-regular graphs
that are -far from 3-colorable, yet any subgraph induced by a -fraction of edgesis 3-
colorable, whered, > 0, > O are absolute constarts. To this end, we rst construct



an instance of KCSP (a set of constraints over binary variables, with k variables per con-
straint) that is %far from being satis able, yet every Cfraction of constraints is satis able
(with k, © Oconstarts, and ead variable occurring in exactly two constraints). We then
apply a reduction from kCSP to 3SAT and from 3SAT to 3-coloring, and argue that the
reduction presenesdistance from satis abilit y (respectively, colorability) and the satis a-
bility (respectively, 3-colorability) of small enough subsetsof the instance. The reduction
from KCSP to 3SAT is the standard approximation-preserving reduction betweenthe two
problems[?], while the reduction from 3SAT to 3-coloring is a new one (the new reduction
is neededto produce a constart-degree graph).

Lower bound for two-sided error testers

To prove a lower bound for two-sided error testers, by Yao's principle, it is enough to
produce two distributions Gsoq and G 5 over bounded-degreegraphs, suc that graphsin
G are always 3-colorable,graphsin G 5 are typically far from being 3-colorable,and the
two distributions are indistinguishable for testers of sub-linear query complexity.

Towards this goal, we rst create two distributions of instancesof E3LIN-2, Dgy and
Dt ar, such that instancesin Dgy; are always satis able and instancesin D¢, are typically
far from satis able.® yet the two distributions look the sameto sub-linear time algorithms
with oracle accessto their input. We then reduce E3LIN-2 to 3SAT and then 3SAT to
3-coloring and argue that the transformation presenes satis abilit y/3-colorabilit y, as well
as farnessfrom satis abilit y/3-colorabilit y. Moreover, an oracle for a reducedinstance can
be implemenrted in constart time given the original instance.

In order to de ne Dgg and Ds 4, We rst show that for every c there is a sud that
there is a 3LIN-2 instance | with n variables and cn equationssud that any subsetof n
equations are linearly independert. We do so using a probabilistic argumert. Then we
de ne Dgyt to bethe distribution of instancesobtained by rst picking an assignmen to the
variables, and then setting the right-hand side of | to be consistert with the assignmen
In Dt 5 We set the right-hand side of | uniformly at random. For algorithms that look at
lessthan a fraction of equations, the two distributions are identical, howewver instances
in Dgat are always satis able and instancesin Dg, are about (1=2 O(1= c))-far from
satis able, except with negligibly small probability. In summary, we have a proof of the
following theorem.

Theorem 2 Constants ; ; d exist suchthat if A is a two-sided error tester for degree-d
graphsthat distinguishes3-colorable graphsfrom graphsthat are -far from being 3-colorable,
then the query complexity of A is at least n, wher n is the number of vertices.

Other applications

Given a graph optimization problem, one can derive a property testing problem by rst
turning the optimization problem into a decision problem. For example, in the property
testing version of Max CUT, oneis given a fraction and a parameter and wants to

SE3LIN-2 is the problem of deciding the satis abilit y of a system of linear equations modulo 2, with three
variables per equation.



distinguish graphs whoseoptimal cut cuts at leasta fraction of edgesfrom graphs that
are -far from having the above property.

A more natural (and often equivalent) way of studying sublinear time algorithms for
graph optimization problemsis to consideralgorithms that producein output an approxi-
mation of the cost of an optimal solution. For example, Goldreich, Goldwasserand Ron [?]
give an algorithm running in 2P°Y(1=) time that returns an estimate of the cost of the max
cut of a given graph within an additive error n 2, which is a good approximation for dense
graphs. Similar results are known for other problemsin densegraphs[?].

Chazelle, Rubinfeld and Trevisan [?] showv how to approximate within a multiplicativ e
error 1+ the cost of the minimum spanning tree in a given bounded-degreegraph; the
algorithm runs in time O(dw 2) whered is the maximum degreeand the edgeweights are

What about problemsthat can be approximated to within someconstart in polynomial
time but that do not have a PTAS, suc as Max SAT and Max CUT? Can one adieve
reasonablygood approximation factorsin sublineartime? Can unconditional inapproxima-
bility results be proved?

In Section 7 we shonv unconditional inapproximability results for sublinear time ap-
proximation algorithms that match the inapproximabilit y results proved by Hastad [?] for
polynomial time algorithms assumingP 6 NP.

Speci cally, we prove that no sub-lineartime approximation algorithm can approximate
Max E3SAT better than 7/8, Max E3LIN-2 better than 1/2, Vertex Cover better than 7/6,
Max CUT better than 16/17, or Max 2SAT better than 21/22.

2 Preliminaries and De nitions

Let X be a collection of combinatorial objects with distance function d : X I [0;1], such
that diamg(X) = 1. An instance X 2 X is -far from property P X if forany P 2 P,
d(X;P)> . An -tester for property P is a randomizedalgorithm that, given oracleaccess
to an object X 2 X:

If X 2 P, acceptsX with probability at least 2/3,
If X is -far from P, rejects X with probability at least 2/3.

A tester is one-sidal if the accepting probability above is 1. We are interested in testers
for the following problems: 3-colorability in bounded degreegraphs, (3; c)SAT (3CNF sat-
is abilit y where ead literal occursin at most c clauses),and E(3; c)LIN-2 (satis abilit y of
E3LIN-2 systemswhere eat variable occursin at most ¢ equations).

We represen n-vertex graphswith degreebound d by an adjacencylist fg : [n] [d] !
[n][ f?9g, wherefg[v;i] = w if vertex w the i-th neighbor of vertex v, or ? if v hasfewer
than i neighbors. A graph G is -far from 3-colorableif no graph that is obtained by deleting
dn=2 edgesof G is 3-colorable.

Similarly, we represen (3; c)CNF formulas (resp. E(3; €)LIN-2 systems)' asa menmber-
ship list M-, which provides for ead literal (resp. variable) v and index 0 i < cthe i-th
clause(resp. equation) in which v appears,or ? if v appearsin fewer than i clauses(resp.



equations). A formula (resp. system)' is -far from satis able if no subformula (resp.
subsystem)of ' obtained by removing  cn=3 clauses(resp. equations) is satis able.

3 Probabilistic constructions

In this section we provide probabilistic constructions of combinatorial objects (graphs and
3-hypergraphs)that will be usedto obtain problem instancesfor 3-colorability and E3LIN-2
that aredicult to test.

Graphs and Hyp ergraphs with no Small Dense Subgraph

It will be somewhat more corveniert to work with multigraphs instead of graphs. We
considera distribution G on n-vertex multigraphs G (where n is even) obtained as follows:

of G is the multiset union of the C;, sothat the multiplicit y of an edgeequalsthe number
of matchings C; in which it appears. If (u;v) 2 C;j, we sa that v is the i-th neighbor of u
in G.

We denote by Gjs the restriction of multigraph G on vertex setS  V(G). Let Xg
be the number of edgesin Gjs. Then E[Xs] = d ’2’ n—ll Fix a partition fSy;S,; Ssg of
V(G). We are interested in bounding the probability that this partition is 1=3-closeto a

valid coloring of G. Let X = X, + Xs, + Xsg,.
Lemma 3 For every partition fSq;S;; Ssg of V(G) and every constant > 0,
PriX < (1=6  )dn] exp( (  o(1))2dn):

Pro of Consider the random processl1;:::;l4n=2 On G, which reveals the edgesof G
one by one. For a xed partition fS;;Sy; Szg, the random variable X determinesa Doob
martingale with respectto this process.A simple computation showvsthat for 1< j dn=2,

JEIXjl oo ] EXjlgicsly 1) L
By convexity, E[X] %”ﬂ—f (this value is attained when jS;j = |Syj = jS3j = n=3).
Azuma's inequality yields

1n 3
Pr X < = O dn ex @dn):
6n 1 3 )
; ; - 0 1
The conclusionfollows, with = + R [ ]

Denote by G the graph obtained by identifying every multiedge of G with an ordinary
edge.

Lemma 4 For any constant > 0 there exists a constant d such that with prokability
1 o(1) any 3-coloring of the vertices of G has at least (1=6 )dn violating edges.



Pro of  First we shav that the conclusionholds for G. The number of tri-partitions of
V(G) is 3". By combining a union bound with the bound from Lemma 3, it follows that
any such partition has (1=6 )dn violating edgesif d > In3= 2.

For any pair of vertices (u;v), let M., indicate the ewvert that (u;v) is an edgeof G
with multiplicit y two or more. Then Pr[My, = 1] = O(d=n?). By Markov's inequality,
the probability that there are dlogn or more pairs (u;v) with My, = 1is o(1). Sinceno
edgeof G has multiplicit y more than d, it follows that jE(G)j JE(G)] d?logn = o(n).
Therefore the conclusionof the lemma carries over to G. [ |

Lemma 5 For every K > 1 there existsa > 0 such that with prokability 1 o(1) all
graphs Gjs with jSj n haveat most K jSj edges.

Pro of Supposesomeset S of cardinality s contains Ks edges(uy;Vvi);:::;(Uks;Vks).
Denote by Xk Yik the vertices matched to u; and v;, respectively, in the matching Cy.
Then

Pri9k : Xix = Vi Yik = UijXpqi Ypg:1 p i L1 g d dHn 2s);

since for any xed q, the variables X .4 and Yy, determine the neighbors of at most 2s
vertices in matching Cy. It follows that

d Ks d Ks
- < - - .
n 2s 1 2)n

N vave while tha catf (i, v, Yo
S

Pri8i; 1 i d:9k:Xikx =8b"Yik = a]

For xed s, the setS canbe chosenin
be chosenin (2) ways. Therefore for someconstart sg,

K's
Xn n S d Ks
Pr[9S; jSj < (JE(Gjs)j KijSj 2 _
r[9S;so  jSj < n:jJE(Gjs)j jSil e Ks @ 2)n
X" nes gex K d Ks
<= 5o S Ks (1 2#)n
d ed X sk’
= = — — = 0o(1):
2 2k(1 2) n
It is easyto seethat the cortribution of setsS of sizelessthan sg is also o(1). |

We de ne an analogousdistribution H on 3-hypergraphs (hypergraphs with multiple
hyperedgeswhere eat hyperedgehas cardinality 3) with n vertices, where n is a multiple
of 3. To obtain agraph H H, we choosed independert uniformly random partitions of
the vertex set V(H) into 3-hyperedges(i.e., 3-elemen subsets). With probability 1  o(1),
all hyperedgesof H have multiplicit y one. An argumert similar to the proof of Lemma 5
shows the following property:

Lemma 6 For every K > 1=2 there existsa > 0 suchthat with prokability 1 o(1) all
3-hypergraphs Hjs with jSj n haveat most K jSj edges.



Hard Instances

We shawv the existence of graphs that are almost 1=3-far from 3-colorable, yet for some

> 0 all their subgraphsof size n are 3-colorable. Choosea multigraph G according to
the distribution G of section 3, and let G denote the graph obtained from G by ignoring
multiplicities. We show that the graph G hasthe desiredproperty.

Theorem 7 For every > 0 there existsa > 0 suchthat with prokability 1 o(1), the
graphGis (1=3 )-far from 3-colorable, yet all sulgraphsGjs with jSj < n are 3-colorable.

Pro of By Lemma4 (with parameter = 2), every tri-partition of V(G) hasat least (1=3
)dn=2 violating edges,so G is 1=3-far from 3-colorable.

Supposethat there exists a set S of sizes < n sud that Gjs is not 3-colorable. We
may assumethat S is a minimal setwith this property. Supposethat Gjs cortains a vertex
v of degreetwo or less(with respectto Gjs). By the minimality of S, there is a 3-coloring
of the graph Gjs¢ 4. Howewer, this coloring extendsto a 3-coloring of Gjs, by picking a
color for v that doesnot match any of its neighbors. It follows that any vertex in Gjs must
have degreeat least 3. Therefore, Gjs must contain at least 3s=2 edges.By Lemma 5 with
K = 3=2, this is not possible. |

Using the 3-hypergraph construction, we prove the existenceof certain matrices that
will be usedasthe left hand side of E3LIN-2 instances.

Theorem 8 For everyc> 0 there existsa > 0 suchthat for everyn there existsa matrix
A 2 £0;1g" °" with n columns and cn rows, such that each row has exactly three non-zem
entries, each column has exactly 3c non-zerw entries, and every collection of n rowsis
linearly independent.

Pro of By Lemmas®, there existsa 3c-regular 3-hypergraphH on n verticessuc that any
Hjs with jSj 3 n hasstrictly fewer than 2jSj=3 edges.Let A be the incidence matrix of
H: The columnsof A correspond to vertices of H, the rows of A correspond to hyperedges
of H, and Aye = 1if and only if v 2 e. Supposethat there is a set R of n rows of A (or
hyperedgesof H) that arelinearly dependert. We may assumethat R is a minimal setwith
this property. Let S V(H) denotethe set of verticesincident to hyperedgesn R, sothat
iSj 3 n. By minimality of R, ewvery elemen of S must appearin at least two rows of R.
Therefore, R contains at least 2jSj=3 hyperedges.Contradiction. |

4 Reductions

In this section, we de ne a notion of reducibility between constraint satisfaction problems
which presenesup to modi cation of constarts the property that a family of problemshasa
sub-linear testing algorithm, and exhibit such a reduction from (3; k)-SAT to 3-colorability
in bounded degreegraphs.

For our purposes,the following notion of reduction will be appropriate:

De nition 9 (Gap-preserving local reduction) Let A, B be decision problems. We
saythat a mapping' () is a gap-preservinglocal reduction from A to B if there exist universal
constants c1; ¢, > 0 suchthat the following properties hold:

7



If x is a YES-instance of A, then' (x) is a YES-instance of B.

If x is -far from being a YES-instance of A then' (x) is =c;-far from being a YES-
instance of B.

The answerto an oracle query to ' (x) can be computed by making c, oracle queries
fo Xx.

Sincewe will be dealing frequertly with partially satis able constraint satisfaction prob-
lems, we intro duce the following notation:

Denition 10 (( ;1 )-satis abilit y) A constraint satisfaction problemon m clausesis
( ;1 )-satis able if any subsetof at most m constraints is satis able, but no assignment
satis es more than (1  )m constraints.

We note three easylemmas, which will allow usto move betweenvarious CSP formula-
tions:

Lemma 11 Let H be an arbitrary xed set of boolean predicates on a nite number of
variables. There exists a gap-peserving local reduction from CSPs de ned on H which
carries an instance f with n variablesand m clausesinto a 3-CNF formula with O(n + m)
variablesand O(m) clauses.

Pro of It isabasicfact that an arbitrary booleanpredicate ona nite number of variables
can be expressedas a 3-CNF formula, possibly with introduction of a constart number of
auxiliary variables. It is easyto ched that applying this transformation to ead clause of
f givesa reduction which hasthe claimed properties. |

Lemma 12 Gap-preservinglocal reductions are closed under composition.

Pro of Clearly, if ; ' ?are gap-preservinglocal reductions with distortion constarts c;; ¢,
and c; ¢ respectively, then' ' Cis a gap-preservinglocal reduction with distortion con-
stants ¢;¢7; 8. |

Lemma 13 If ' : A! B is agap-pieservinglocal reduction with distortion constantscs;c,
andf isa(;1 )-satisable CSP,then’ (f) is a (E;l a)—satis able CSP.

Proof Letfa bea(;1 )-satisable instanceof A, andfg = ' (fa). That the prob-
lemfg is a—far from satis able is immediate from the de nition of a gap-preservinglocal
reduction. Now, let m be the number of clausesin problem fg and consider any subset

CY:::;C. In particular, the clausesCY;:::;CJ must be satis able. |

8
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Figure 1. Gadgetsfor Theorem 14

We now exhibit a gap-preservinglocal reduction ' () from (3;k)-SAT to 3-coloring in
boundeddegreegraphs. We commert that a reduction with essetally the sameproperties
was given by Petrank in [?]. Howewer, Petrank's construction does not yield a bounded
degreegraph, which is essetial in our context. Also, our construction is somewhatsimpler
to describe and analyze.

Construction: Let f bethe (3;k)-CNF formula on n variablesand m clausesto be mapped.
First, we introduce a large set of nodeswhich are independen of the clausesof f which we

to the \dumm y" color (this color is usedasin the standard 3-coloring reduction), T; to the
\true" color, and F; to the \false" color. To assurethat nodesin a given color class are
the same color, we introduce equality gadgets(Figure XYZ.a) betweennodesD; and D;
for all (i;j) 2 Eokn Where Gokn (Vokn; E2kn) is a (2kn; d)-expanderasin Lemma 2 (similarly
for the classesT and F). To assurethat nodesin distinct color classeshave distinct colors,

nodesfor a particular variable and sign should be coloredidentically, sowe intro duce equal-
ity constraints betweenx! and x‘i0 forall 1 i;j kwith i 6 j (similarly for x! and x! ).
We x someone-to-onecorrespondencebetweenthe literal nodesand the color classnodes
for eadh color class(we can do so sincewe have 2kn nodesin ead color class). Sinceliteral

nodes should be colored only with \true" or \false", every literal node is connectedto its

corresponding node D;. Since only one of x;;X; can be true, we introduce edges(x’i ;x‘i)
for all i;j. Finally, for ead clausein f, we introduce a clausegadget (Figure XYZ.b) on
the literals appearing in the clause. We can do so in such a way that ead literal node is
usedin at most one clause gadget since we have k literal nodesfor ead literal, and eadh
variable appearsin at most k clauses. Similarly, we can have ead T node usedin at most
oneclausegadget, sincethe gadgetsconsumeat most kn < 2kn T nodes. The clausegadget
allows any coloring of the literal nodeswith \true" or \false" other than the coloring which

correspondsto an assignmen where all literals are false (and the clausegoesunsatis ed).

Theorem 14 The mapping ' is a gap-preserving local reduction from (3;k)-SAT to 3-
coloring in bounded degree graphs. In particular, if f isa ( ;1 )-satisable (3;k)-CNF

9



formula, then the graph ' (f) has degree boundal by some universal constant b and the
3-ooloring CSP of * (f) is ;1 g -satis able.

Pro of It is clear by obsenation that the mapping' always producesgraphs bounded by
some constart degreeb, and that there exists a constart ¢ such that ' converts a (3;k)-
CNF formula on n variablesto a graph on at most cn nodes. Furthermore, one can answer
a query for an edgeof ' (f) making at most one query into f, namely, for the clausein
which the queried edgeis a part (if any). Write n°for the number of nodesin ' (f), and
m®< bn® ben for the number of edges.

Supposethat the original (3;k)-CNF formula is ( ;1  )-satis able. Clearly any sub-
graphof' (f ) inducedby n edgesds 3-colorable{ sud a subgraphcontains nodes\in volved"
with at most n clausegadgets,where a node is involved with a clausegadgetif it is con-
tained in the clausegadget, or is a color classnode corresponding to a literal node contained
in the clausegadget. By de nition, there exists a boolean assignmen satisfying these n
clausesof f. The coloring which setsall color classesto their intended colors and colors
the literal nodes\true” or \false" asin this assignmen satis es these n > Rm°3—co|oring
constraints.

Note that if we delete t edgesfrom the expandergraph G; with % then there must
remain a connectedcomponert of sizeat least (1 )t, for disconnectinga set S of nodes
with |Sj %t requires at least j ( S)j edge deletions which, by the expansion property,
is at least |Sj. Applying this to the equality gadgets between color class nodes, we see
that deletion of (2kn) edgesleaves eat color classwith at least (1 )(2kn) color class
nodesin a connectedcomponert with equality constraints intact. Therefore, it leaves at
least(1 3 )(2kn) triples fD;; Ti;Figi2s sud that the D; must be coloredthe sameasD;
for i;j 2 S (similarly for T; and F;). The disconnectedtriples S are involved in at most
2 3 (2kn) clausegadgets. Furthermore, deleting (2kn) edgesmodi es constraints about
nodesinvolved with at most 2 (2kn) clausesof f . Summing up, deletion of (2kn) edges
leaves the 3-coloring construction for at leastm (2 3 (2kn) + 2 (2kn)) = m 16 kn
clausesof f intact. If f is( ;1 )-satis able, then no coloring of the remaining graph can
be valid if

m 16kn> (1 )m

or, equivalertly, < . Changing notation so that
%= (2kn)

(i.e. we have deleted a fraction ©of the edgesof ' (f) in the above discussion)and noting
that m®> n, we get that

IO 0
> = >
16k 2kn 2k
or %< 5.
Combining the conclusionsof the previous two paragraphs, we seethat the graph 3-
coloring problem ' (f) is ;1 g -satis able. |
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5 Explicit Constructions

In this section, we give an explicit construction of an in nite family of ( ;1  )-satis able

CSPson n variablesand m = O(n) clausesover a xed booleanpredicate. By applying the
gap-preservinglocal reductions preserted in Section 4, we adhieve an explicit construction

of anin nite family of (3; k)-CNF formulas on n variablesand O(n) clauseswith analogous
properties, and of bounded degreegraphs G on n vertices and m edgessud that every
subgraph induced by m edgesis 3-colorable, but any 3-coloring of G has at least m

monochromatic edges. (In the proof of Theorem 7 we used the probabilistic method to

prove only the existen® of such graphs.)

For a xed d, we will consider2d-ary constraints of the form

h:fo;1g° f0;1g%! f0;1g

whereh(xq;:::;Xq;Y1;:::;Yq) IS satis ed exactly when
xd xd

Xi= Y+l
i=1 i=1

where we identify the booleanf 0; 1g inputs with the integers0 and 1 in the obvious way.

Let G(V; E) be an undirected multigraph. We write ( v) for the neighbor set of vertex
v2YV, (v;i) for the i-th neighbor of v (where we index ( v) in an arbitary way), and ( S)
for the neighbor set of a vertex-subsetS V.

De nition 15 ((n; d)-Expander) A multigraph G is an (n; d)-expander if it is d-regular
and if, for everysubsetS V with |Sj %jVj, 1(S)j iS].

Explicit constructions of (n; d)-expandersare known [?, ?], and we assumethat we are
given an in nite family of (n; d)-expandersfor someuniversal constart d.

De ne the constraint satisfaction problem f, on dn variables and n clausesover h
as follows: Let G(V;E) be an (n; d)-expander. Begin by corverting G into a directed
multigraph GYV; E9 by replacing eah undirected edge(i; j) 2 E with two directed edges
(i:j):(; 1) 2 EC Each edge(i;j) 2 EVis identied with a boolean variable Xij in fn. One
constraint h is introducedfor ead v 2 V, with the predicate variables mappedto the edges
incident to v: A

fn= h(Xv; (viays 7555 Xy (wad) s X (vinyvs o5
Theorem 16 There exist constants ; > 0 suchthat the CSP formulasf, are ( ;1 )-

satis able.

Pro of Webeginby nding sud that no subsetof morethan (1  )n constraints can
be satis ed. Supposethere is an assignmen satisfying somesubsetS of constraints with
iSj > (1L )n. Then the following network ow problem is solvable: Contract the vertices
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corresponding to S into a single sink vertex t, create a sourcevertex s with unit capacity
edgesfrom s to every vertex in S, and interpret the remaining edgesof G asunit capacity
edges(seeFigure 1.b). The assignmeh can then be interpreted as an (s;t)- o w of weight
greaterthan (1  )n on this network. Howewer, the cut (t; Gnt) hasweight at mostd n, so
this is impossibleif we choose < gir.

On the other hand, for % any subsetS of constraints with jSj = n canbe satis ed.
To seethis, we de ne the following network ow problem: Contract the vertices of G
corresponding to the (1 )n constraints in S to a sink vertex t, create a sourcevertex s
with unit capacity edgesfrom s to every nodein S, and interpret the remaining edgesof G as
unit capacity edgeg(seeFigure 1.b). We claim that thereisa o w of weight at least n in this
system. By the max- o w/min-cut theorem, it is enoughto show that there is no (s;t)-cut
with weight lessthan n (the cut (s;Gns) hasweight n). Let C be an arbitrary (s;t)-cut,
and denote by Cg; C; the vertices of S in the partitions containing s and t respectively.
Each node in C; incurs a cut cost of weight one due to the unit constraint edgeswe added
from s. By the expansionproperty, j ( Cs)j jCsj, and ead of the edgesconnecting Cs to
( Cs) alsoincurs a cut cost of weight one. Summing up, jCj jCsj+ jCij = n, sothere
must exist an ow of weight n in this system. Furthermore, the integrality property of
ows implies that we can assumethe ow solution is (0; 1)-valued. Assigning this ow to
the edgevariables givesa satisfying assignmen to the constraints in S. |

Corollary 17 Let' 3 cnfE be the gap-preservinglocal reduction of Lemmall, and' 3 cq
that of Theorem 14. The (explictly constructed) setf' 3 co(' 3 cnE(fn))gn is an in nite

family of bounded-degree graphs G, on m,, edgessuchthat, for universal constants ; > 0,
every sutgraph induced by mp, edgesis 3-colorable, but every 3-ocoloring of G, has at least
m , moncchromatic edges.

Pro of We needonly note that the 3-CNF formulasf' 3 cne(fn)on arein fact (3; k)-CNF
formulas. This is becausethe variable x;; corresponding to edge(i; j) appearsonly in the
constraints around verticesi and j. In particular, if | is the number of clausesin a 3-CNF
represertation of the predicate h, then x;; can appear in at most 2| clauses. The claim
then follows from Lemmas 12 and 13.

|

6 Lower Bounds

We now prove Theorems1 and 2.

Lower Bound for One-Sided Error Algorithms

To prove Theorem 1, we obsene that any testing algorithm with one-sidederror must
acceptwhenewer the subgraphit has queried is 3-colorable. In particular, when preseried
with the graph from Theorem 7, any algorithm with query complexity at most n will
acceptwith probability one. Howewer, this graph is (1=3 )-far from being 3-colorable,
sothe algorithm cannot be a (1=3 )-tester for 3-colorability.

12



Lower Bounds for Tw o-Sided Error Algorithms

Our distinguishing instancesfor two-sided error algorithm are basedon the matrix A from
Theorem 8. We consider the following two distributions on instancesof E3LIN-2 with n
variables, cn equations, and ead variable appearing in exactly 3c equations:

1. Distribution Dy 4 consistsof instancesAx = b, whereb 2 f0;1g°" is chosenuniformly
at random.

2. Distribution Dgyt consistsof instancesAx = Az, wherez 2 f0;1g" is chosenuniformly
at random.

By construction, every instancein Dgg is satis able. On the other hand, instancesin Ds 4
are far from satis able:

Lemma 18 For every > 0, thereis a c suchthat, with probability 1 o(1), an instance
sampla from D¢ 4 is (1=2 )-far from satis able.

Pro of For a xed assignmen x, the vector Ax b is uniformly distributed in f0; 1g°".
By a Cherno bound, with probability 1 exp( ?cn), Ax b has Hamming weigh at
least (1=2 )en. A union bound over all 2" possibleassignmers for x yields the desired
result, aslong asc> In2= 2. |

Lemma 19 For every > 0there are constantsc and > 0 suchthat every algorithm that

distinguishes satis able instances of E3LIN-2 with n variables and at most ¢ occurrences

from instances that are (1=2 )-far from satis able must have query complexity at least
n.

Pro of Consider an instance Ax = b of cn E3LIN-2 equations. Obtain a subinstance
A%%= Kby choosingany subsetof n equations. By Theorem 8, the rows of ACare linearly
independert. Therefore, for a uniformly random z°2 f0;1g", A%Cis uniformly distributed
in f0;1g ". It follows that the instancesA%%= b’ and A%%= A%C are generatedwith the
sameprobability, or Prp,  [A%%= ] = Prp_, [A%?= H.

Let D be any algorithm of query complexity lessthan n. If D can decide whether a
given instance Ax = bis satis able with any constart probability, then D hasan advantage
at distinguishing instances picked from Dgy (that are always satis able) from instances
picked from D¢ 4 (that are (1=2 )-far from satis able with high probability). Howewer,
the queriesof D only reveal a subinstanceA%°= K of at most n equations, and the two
distributions are statistically indistinguishable on sud a subinstance. |

The canonical reduction from E3LIN-2 to E3SAT is a gap-preservinglocal reduction
with ¢c; = ¢ = 4. This obsenation immediately yields the following lower bound for
E3SAT:

Lemma 20 For every > O there are constants c and > 0 such that every algorithm

that distinguishessatis able instances of E3SAT with n variablesand at most ¢ occurrences

from instances that are (1=8 )-far from satis able must have query complexity at least
n.

The proof of Theorem 2 now follows from the hardnessresult of Lemma 20 and from
the reduction from 3SAT to 3-coloring described in Section 4.
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7 Appro ximation Algorithms
The following theorem follows directly from Lemmas19 and 20.

Theorem 21 For every > 0, every (1=2+ )-approximate algorithm for Max E3LIN-2,
every (7=8+ )-approximate algorithm for Max E3SAT hasquery complexity ( n+ m), wher
n is the number of variablesand m is the number of equations/clauses. The theorem applies
to the special casewhere every variable occurs in O(1) eguations/clausesand m = O(n).

Indeed, Lemma 19 is the unconditional version for sub-linear time algorithms of the
hardnessof approximation proved in [?] for Max E3LIN-2. Hastad [?] then useslocally
computable reductions to show that the hardnessof Max E3LIN-2 implies hardness of
approximation results for other problems. Since the reductions usedin [?] presene the
existenceof sub-linear time algorithms (for proper instance represenation), we also have
unconditional inapproximabilit y results for other problems, with respect to sublinear time
algorithms.

The standard FGLSS reduction from Max E3LIN-2 to Vertex Cover is sud that if every
variable occursin O(1) equationsin the E3LIN-2 instance, then the graph produced by the
reduction has constart degree. Therefore, the following result also follows from Lemma 19
(see[?] for a calculation of the inapproximabilit y factor).

Theorem 22 For every > 0, there are constantsd; suchthat every(7=6+ )-approximate
algorithm for Minimum Vertex Cover in graphs of degree has query complexity at least
n.

Similarly, we have alinear query complexity lower bound for every (21=22+ )-approximate
algorithm for Max 2SAT, ewven for the restricted casewhere every variable occursin O(1)
clauses.

RegardingMax CUT, the reduction usedin [?] doesnot create a bounded-degreeyraph,
even if in the original E3LIN-2 instance every variable occurred in a bounded number
of equations. Howewer the randomization reduction in [?] can be usedto show that every
(16=17+ )-approximate algorithm for Max CUT in bounded-degreegraphshaslinear query
complexity.

8 Conclusions

We proved a linear query complexity lower bound for the problem of testing 3-colorability
in bounded-degreegraphs, and also linear lower bounds for other property testing and
approximation problems.

Our results are the rst linear lower bounds for property testing in the bounded-degree
model for natural graph properties.

It is still open whether it is possibleto distinguish 3-colorable graphs from graphs that
are, say, 1=4-far from being 3-colorablewith o(n) queriesin the bounded-degreemodel; we
have shown it is impossiblefor one-sidederror algorithms, but the questionis still open for
two-sided error algorithms.
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We obsened that seweral unconditional inapproximability results follow as corollaries
of our main construction. The results for Vertex Cover, Max CUT and Max 2SAT are
not tight, and it would be interesting to strengthen our bounds. We mertion that one can
modify the bipartiteness lower bound argumert in [?] to prove that distinguis%ng bipartite
graphs from graph that are (1=2 )-far from being bipartite requires ( ~ n) queﬁies,
which in turn implies that Max CUT cannot be approximated within (1=2+ ) with o(" n)
gueries,and, by reductions, that Max E2SAT (and, for a stronger reason,Max SAT) cannot
be apprgximated within (3=4+ ) and Vertex Cover cannot be approximated within (3=2 )
with o(" n) queries. It remains an open guestion to prove suc stronger lower bounds for
algorithms that make o(n) queries.
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