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Abstract obtain an FPRAS for the equilibria problem in the model
We study algorithmic questions concerning a basic micreeco Withimperfectinformation although the problem with per-
nomic congestion game in which there is a single provider tha ~fect information is inapproximable under the worst case
offers a service to a set of potential customers. Each cus- Measures. In particular, the worst case complexity of the
tomer has a particular demand of service and the behavior of considered stochastic equilibria problems increases with
the customers is determined by utility functions that ara-no  the precision of the available knowledge.
increasing in the congestion. Customers decide whetheirio j )
or leave the service based on the experienced congestion andntroduction
the offered prices. Following standard game theory, werassVe investigate computational aspects of a classical ecamom
each customer behaves in the most rational way. If the poicegame in a market in which a single provider offers a service
service are xed, then such a customer behavior leads toe, ptw a set of potential customers. We consider a sel sh pravide
not necessarily unique Nash equilibrium among the custemeavhose goal is to maximize its revenue. Each customer is as-
In order to evaluate marketing strategies, the serviceipgeov sumed to have a particular demand of service and the quality
is interested in estimating its revenue under the best amstwof service decreases with tloengestioni.e., the sum of the
customer equilibria. We study the complexity of this praobleserved demands. We consider a model in which the customers
under different models of information available to the pdav. do not cooperate with each other and the customer behavior is
] ] ] ) _determined byutility functions The utility functions are as-
We rst consider the classical model in which the providefymed to be non-increasing in the congestion and they specif
has perfect knowledge of the behavior of all custome(§nether a customer joins or leaves the service based on-the of
We present a complete characterization of¢benplexity fered prices and the experienced congestion. If all prices a
of computing optimal pricing strategi@sd ofcomputing yeq then such a customers behavior leads to an equilibrium
best and worst eqwh_bnaBaspally, we_show that most Ofamong the customers, commonly known aesh equilibrium
these problems are inapproximable in the worst case Bykrefore, from the perspective of the provider it is impatt
admit an “average-case FPAS.” Our average case analysignderstand the behavior of the customers in Nash equilib-
covers general distributions for customer demands a9 | general, the provider may be interested in many ptessi
utility thresholds. We generalize our analysis to robustenarios. For example, if she is optimistic then she might a
equilibria in which players change their strategies onlyt setting up prices such that the revenue undebtst cus-
when this promises a signi cant utility improvement.  {ymer equilibriais maximized. A more pessimistic provider

We extend our analysis to a more realistic model in Whi@gqld be "?t_e“_’s_te‘jt';‘ maxgmtzmg thbe p;o t :ndﬁD;St eqlul; .
the provider hasncomplete information Following the fona or minimizing thegap between best and worst equiiibna
[ninimize economic risk.

game theoretic framework of Bayesian games introducgg del In thi ider the followi
by Harsanyi, we assume that the provider is aware of prof?—e model. In this paper we consider the following game

ability distributions describing the behavior of the cué— at corresponds to the scenario described above. Suppose a

- . L ovider wants to sell an on-line service to a sehgfotential
tomers and aims at estimating its expected revenue und&? @

best and worst equilibria. Somewhat counterintuitive, V&éjstpmers. Every C_UStomE_"S assumed to havedemand Of.
servicew;. For the time being let us assume that the provider

_ committed to a particulgorice vector Let p; denote theorice
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customei mapping a load value to the maximum price that thdilchtaich [21, 22]. In a so-calledinweighted crowding
customer is willing to pay for a serryice under this load. listh(congestion) gameevery player has a player-speci ¢ payoff
way, thepayoff of a customer is u; ( P W Xj) pi incase he function that depends on the strategy he plays and on the
joins the service (i.ex; = 1), and is zero otherwise. number of players that choose the same strategywaighted

We assume a classical game theoretic setting in whiclerawding (congestion) gameach playeii has a weightw;,
customer is willing to join the service if the payoff is nonand the payoff function of a player depends on the sum of
negative, and he refuses the service otherwise. If the paybé weights of all players choosing the same strategy. b thi
is zero then the customer is ambivalent. An allocation t#rminology, our game is a weighted congestion game with
customers in which it is impossible for any single customplayer-speci ¢ payoff functions in which each player haotw
to improve his payoff is called austomer Nash equilibrium strategies. Milchtaich [21] shows that such games alwagstad
In this paper we investigate two critical properties of onsér pure Nash equilibria, i.e., there exists a vecto2 f 0;1g"
Nash equilibria: which customers join the service and what(usually many such vectors) that ful lls the maximality atia

the pro t obtained by the provider. threshold constraints de ned above.
Let us observe that the region of allocations in an equililb-:1 Summary of new results The main theme of this paper
rium is described by the following constraints: is to understand the complexity of determining three imguutrt

properties of the game described above: what is the best
pricing scheme for the provider, which customers will jdire t
xi=1 ) pouiC jwx) service in customer best/worst Nash equilibria, and whttes
xi 210,19 provider's pro tin best/worst Nash equilibria.

More Speci Ca”y, the equ”ibria de ned by these ConBaSiC model. We begin with the classical model in which
straints are calleghure equilibria If we relax the integrality the provider has perfect knowledge about the behavior of all
and assume; 2 [0; 1] then we obtain so-callemixed equilib- customers. We provide a complete characterization of the
ria. In this study, we will focus on pure equilibria. complexity of computing best and worst equilibria, and of

Assuming that the prices are xed, we can simplify theomputing optimal pricing strategies in this model.

description of pure customer equilibria as follows. Singe . — .
are non-increasing functions, we can de (uility) thresholds we give ar:;Pf\tf to cor_r:jpute rev?rnue m."]‘)é'_m_'j'”? pr_mei
b = u, X(pi),i 2 [n], and obtain assuming that the provider can offer an individual price to

every customer independent of the customers demand.

P
xi=0 ) poui(Ei+ wx)

P
(1.2) Xi =0 ) Wi+ WX b . .. . . -
P ! Individual pricing is often considered unrealistic. Eco-

12) xi=1 ) pwix b nomic literature usually assumes that prices are functions
(1.3) x; 210;1g: of the demands. Under this assumption, we show the ex-

. . . . istence of gpseudopolynomial time algorithm
Condition (1.1) is called anaximality constrainand (1.2) — a P poly g

fpreshold constraintObserve, that the problem of maximizing  \we show that the pseudopolynomial time algorithm can-
i Pixi subject to the constraints above (thest equilibria not be transformed into an FPAS. In fact, we prove that
problem) generalizes the maximum knapsack problem. The eyen under uniform pricing functions (i.e., prices are équa
only difference is that in the knapsack problem all utility g demands) the problemiisapproximabl@. Even for at
thresholddy are identical. Of course, in the typical knapsack (ate pricing (i.e., xed price, same fBr all customers) the

formulation the maximality constraintis not speci ed eigly best possible approximation ratio {s" n).
as it is ful lled implicitly by pro t maximization. However

if customers have different thresholds then thegmaximality In addition, we study moreobust equilibriaconcepts that
constraint is crucial. The problem of minimizing ; pix; avoid thrashing effects. We show that even under these robus
subject to (1.1)-(1.3), is called tlweorst equilibriaproblem. equilibria, most of the considered problems remain inappro
Congestion gamesAssuming xed prices, our game is calledmable. Only some special, somewhat restrictive cases, e.g
a congestion gamen the literature. This class of game# all customers have the same utility threshold, admit efrat

has been introduced by Rosenthal [27] and since then studipgroximation algorithms.

extensively (see, e.g., [14, 21, 22, 23, 31]). In Roserghaliverage case analysis.Despite the pseudopolynomial algo-
model players choose a subset of available facilities, aott erithm, most of the problems are inapproximable under thestvor
facility has an associated utility function. A payoff to @ase measures. In economic literature one typically doés no
player from a facility is a function depending on the numbeonsider the worst case scenarios (which almost never appea
of all players that choose this facility. Rosenthal showe th

there always exists a pure strategy Nash equilibrium in

- . FPAS or FPTAS stands forfally polynomial time approximation scheme
model. A model that is closer to our has been studied PQIRAS means fully polynomial time randomized approximation scheme

3Throughout this paper, the terfinapproximable” means that for any
Iif function u; is not strictly decreasing, we extend the de nitionqu1 in  polynomial time computable function(n), the considered problem cannot
the natural, obvious way. be approximated within a factor of(n) in polynomial time, unles® = NP.



in real life applications) but rather makes some stochastic of the available knowledge.
sumptions about the input. Therefore, we turn our attertion] >  previous and related work Previous work in (eco-

average case analysend our goal is to consider input distriy)omic) game theory that considered the same or similar to our
butions that are as general as possible. o models has already been discussed in the introduction under
The pseudopolynomial algorithms for the equilibria probgongestion games.” From the computational viewpointéher
Iems_are based on a reduction to the mterval_knapsack_ _prgg— results on the complexity of computing equilibria in sgpa
lem, i.e., the standard 0{1 knapsack problem Wlth an a_dmt|o|e| link game [6, 7], in normal form games and Bayesian games
lower bound on the weight of knapsack packing. This prof (see also the references therein). These papers mostlg p
lem cannot be approximated in its general form as setting {hgt computing equilibria with some properties is hard. €om
interval length to some small number allows to decideNe  jaxity of equilibria in a market exchange game was studied i
harq subset-sum problem based on approximate squt|ons[jfc’>r5]_ For example, Feldmann et al. [7] have given an FPAS
the interval knapsack problem. We can prove, however, thgtcomputing the best equilibria in a simple parallel lirdnge.
there is aradaptive approximation scheméose running time  \ye now brie y discuss some previous work on algorithmic
depends linearly on the reciprocal of the length of the irger 55pacts of games with incomplete information. A classical
This adaptive algorithm is the basis for our average casy-angodel of auction design is given a seller who wants to sell
sis of the equilibria problem. _ a single (or multiple) item(s) to potential customers. Each
In our average case analysis, we consider a very geng{@liomer has a private valuation of the item. The seller only
model, where thedemands and utility thresholds may havgnows a probability distribution over possible values oé th
arbitrary, contln_uou_s probability dlstrlbunoﬁsmth bounded ,5yations and her goal is to design a strategy (auction) of
mean and densityDifferent demands and different thresholdgnich customer gets the item and for what price in order
can have different distributions. Our main contributiomeney maximize her expected revenue. This simple model does
is the design and analysis of an approximation scheme Whase consider congestion issues. Ronen [25] has givén a
expected running time depends on the maximum density afighroximate auction in this model. These results also ot i
the maximum expectation over all probability distribusofo  gayesian context. No deterministic polynomial time auctio
give a simple example of the performance of this schemegfim 4 natural class of auctions can do better thad=a
all demands are uniformly sampled frdi® 1] and all utility approximation, see Ronen and Saberi [26].
thresholds are sampled frd@ n], then we obtain andverage- Several studies, e.g., [1, 2, 10], deal with average case

case FPAS Observe, that under such a distribution, the rat;’&halysis for the knapsack problem. In contrast to our work
between the smallest and largest input numbers is only pelyfhese studies assume that pro ts are independent of thehigeig
mial. This, however, by no means implies that the pseudepqlye | demands in our terminolo8y and they study exact algo-
nomial time algorithm can be used to obtain an approximgigyms. n our analysis, pro ts are functions of weights.this
solution. The crucial property to obtain the average-c&83 case, one cannot hope to get exact algorithms, which istblat
is that the_re are no small mterval_s_ m_the interval knapgaok- o breaking so-called knapsack crypto-systems whose basdn
lem to which we reduce the equilibria problems. is based on the hardness of random subset-sum instances (i.e
Models with incomplete information. Finally, following eco- knapsack with pro ts equal to weights) [15].

nomic literature, we turn our attention to a more realistaxiel In the stochastic knapsack problem there are givitlams

in which the provider hasncomplete information about theyith random weights with associated pro ts and the knapsack
customer behavior Following the game theoretic framework., acity. The objective is to nd a knapsack packing that
of Harsanyi [12, 13], we assume that the provider is a‘(""J‘rerﬁg)ximizes the expected prot or maximizes the prot under
p_robablhty (_1|str|_but|9ns describing the customer bebaand 5, additionally given over ow probability. Kleinberg et.al
alm.s_at. estimating |ts_expec.ted revenue un(_jer best and Wﬁrg} have given 20 (1)-approximation algorithm for general
equilibria. On a rst view, this Bayesian variant of the equingependent distributions. Goel and Indyk [9] improve on
libria problem might seem even harder than the problem uUngigk result by giving approximation schemes for particular
perfect information. However, we can prove the existence @triputions, e.g., exponential or Bernoulli. Transiatiour

an FPRAS(fully polynomial time randomized approximationggyt into this setting, we do not compute a particular lsaajs

schem_e) under_some mild assur_nptigns about the imperfec?’gcking but the expected pro t of optimal knapsack packings
formation. (Notice that the running time bound does notrre

: JUH ®ther differences are that we assume that pro ts depend on
to the random input anymore but to the coin ips made by thgaights (demands), and we consider harder problems which

algorithm.) In principle, our analysis covers general @itib i contrast to the standard knapsack cannot be approximated
ity distributions with bounded domain. If the distribut®are yitnin any factor if the weights are adversarial.
‘well dispersing” then we achieve polynomial running time.  \jqre detailed references especially to the related work in

The more “concentrated” the distributions are, the larger teconomics and game theory were either discussed before in th
running time becomes. Thus, somewhat surprisingly, the-cofroduction or will appear further in the text.
plexity of the equilibria problems increases with the psem

5In our considerations related to knapsacks we will rather the term
A

Il our results can easily be generalized to discrete digtions as well.  weight instead of demand.



Outline. Sections 2 through 7 describe our results in mofeiEOREM 3.1. There is a pseudopolynomial time algorithm
detail, and Section 8 contains the most interesting proofs. for computing the best (worst) customer equilibria for any
given price vector.

2 An FPAS for individual pricin . . . Lo _

) . pricing .. This algorithm is based on a similarity of the equilibria
We rst consider the simplest (but also the least realistig}ohjem and the knapsack problem. In fact, we reduce the equi
model in which the provider can offer an individual pricya problem to a variant of the knapsack problem that wk ca
to every customer. Pr.|ces need not dgpend on the dem val knapsackand we then show that the pseudopolyno-
of the customer, that is, the provider is allowed to Use J{)y| time algorithm for knapsack also works for the interval
arbitrary price vectopy;:::;pn. Under such assumptionsyansack problem. This theorem is proved in Section 8.2.
the maximality constraint in the description of the custome 'thea theorem has immediate consequences for the calcu-
equilibria can be avoided by assigning very high prices [Qiqn of optimal pricing schemefor best or worst customer
those customers that are unwanted. As a consequence, foptheibria. For example, consider block pricing with a ciams
optimal individual price vector there is only one equildend |, mber of pricing plans. There is only a pseudopolynomial

the provider does not have to distinguish between the best gjmper of ways to choose a constant number of different piece
worst equilibria. We assume that the utility functiang ) are \ise jinear functions. Thus, all block pricing schemes can b

B l i . . . .
known andui () as well asu; “()) can be evaluated in constanthecked in pseudopolynomial time to determine the best one.
time. In such a model we can provide a strong algorithmic

result whose proof is omitted in this extended abstract. 4 Inapproximability of equilibria and of pricing

THEOREM2.1. Under individual pricing there is a price vec-Having a pseudopolynomial time algorithm for a problem, it
tor that maximizes the provider's pro tand uniquely detémes |s_often possible to transform_ it into an FPAS. Unfqr_tur_mtel
the behavior of each customer. Furthermore, there is an FPits does not work for computing best and worst equilibria W

for approximating such an optimal price vector and for appro Show that these problems are essentially inapproximaiie, e
imating the optimal equilibrium. under uniform pricing, which basically means that prices ar

equal to demands. The proof of Theorem 4.1 can be found in

Individual pricing, however, is usually considered to be u®ection 8.1.
realistic for an on-line service provider. Most studies ao-€
nomics deal withpricing schemeswhere prices are monoton
functions of the demand, see, e.g., [11, 18, 24, 28, 29, 30].

THEOREM4.1. The best and worst customer equilibria prob-
Sems are inapproximable under uniform pricing.

This negative result implies that not only the best (worst)
3 Pseudopolynomial algorithms for more realistic pricing equilibria problem for an arbitrary uniform pricing funati is

Economic literature focuses mostly on the following classéapproximable but so is the problem of computing best (yors
of pricing schemesuniform pricing a function of the form equilibria problem when theptimal uniform pricing function
p(w) = aw, witha > 0andw being the demand of a customeriS given. To see this, suppose the input of the uniform pgicin
linear pricing: p(w) = aw + bwith a > 0;b > 0; block Problem are integerk;;:::;b, and demand®/y;:::;wn. A
pricing: pis a positive, piece-wise linear function; aadrate: uniform pricing is a pricing functiorpi = aw; for some
some constant function. In the context of an on-line servige> 0. Let the utility functions be of the formi(x) = w;
provider, block pricing seems to be the most relevant pgiciff X b and 0 otherwise. Then, the optimal uniform pricing
scheme. In practice, customers are offered a small callecfi scheme i = w; foralli 2 [n]. An approximation of the
so-calledpricing plans(i.e., linear price functions) from whichrevenue that can be obtained by these prices under bestfwors
each customer can choose the best offer w.r.t. his demand. equilibria, however, gives also an approximation of theieadf
Previous work in economics (see, e.g., [11, 17, 18, 20, 2ae underlying best (worst) equilibria itself and, hencenot
28, 29, 30]) focuses mostly on explicit analytical desdoips of Possible.
equilibria. With this knowledge, pricing schemes are theme
puted basically by enumerating all possible pricing sche
from a given class of pricing schemes. However, the comp
tion of the equilibria values of our congestion gamalB-hard
and hence does not have such a closed form representation.Still, this inapproximability result leaves a hope that one
Consequently, the provider needs more advanced algodthmight manage to compute the optimal pricing function withou
solutions in order to compute the value of worst and best-egoéing able to approximate the revenue it yields. In fact, in
libria. In fact, we can prove that there is a pseudo-polyramihe above example the computation of the best pricing scheme
time algorithm for computing best and worst customer eqitiself was trivial. The following theorem, whose proof is
libria under arbitrary price vectors. Recall that priceens- omitted, shows that not only computing the optimal reverute b
late into thresholds, that is, the input consists of thedthodds also computing the prices that lead to this revenue is dif by
by;:::; b, demandswg; i wy, and pricesps; i pn. Al itself. We restrict our attention to the simplest possilieipg
these values are assumed to be positive integers. scheme: at rates and the best equilibria problem.

COROLLARY 4.1. The best and worst customer equilibria
oblems are inapproximable even when the optimal uniform
Picing function is given.



THEOREM4.2. Fora atrate a > 0, letP(a) be the protof 6 Adaptive algorithms and average case analysis

the best equilibria under this at fate. Leipt = maxa P(a). e continue our analysis of the interval knapsack problem.
A atratea> OwithP(a) opt= n cannotbe calculatedinp jts general form the interval knapsack problem cannot be

polynomial time, unlesB = NP. approximated because any algorithm that for arbitrarilam
) - o interval length approximates pro ts in polynomial time ¢du
5 (Im)Approximability of robust equilibria be used to decide subset-sum instances. If the speci exvaite

All inapproximability results above rely on a very carefuica is large, however, then there is no direct relation to thehess
adversarial choice of the utility thresholds s.t. even ghdli of subset-sum. In fact, we can give an approximation allgorit
change of thresholds leads to thrashing effects. Thisgdlise for interval knapsack whose running time adapts to the kengt
guestions of how the complexity of the problem will changef the interval. The proof of the next theorem is in Sectidh 8.
if we consider more “robust” equilibria. It is very reasofab

to assume that customers move to a different strategy onlyf HEOREM6.1. For any 2 [0;1], there is an(1  )-
this promises a signi cant improvement in the congestionisT approximation algorithm for the interval knapsack problem
leads to -robust equilibriade ned as follows. For some> 0, With interval bgundariesL and R having running time

p n°R i Pi = min (o).
Xi =0 ) wi+ o wyx (1 )b O ®y 09 wu- o wherePmn =mini(p)
Xi = ) i Wi Xj (1+ )b This result is a key to our average case analysis of the
x; 210; 1g: equilibrium problem for general probability distributien\We

consider the scenario in which demands and thresholds have

. Whatare the effects of such a relaxation on the approxiigqe nendent continuous probability distributions witmsiey
bility of the equilibria problems? It turns out that the pleins functionf; andg and distribution function§; andG; (i 2

basically remaln.lnapproxmable even under .robus.t equalib n]), respectively. Prices are assumed to be a function of the
Only some special, somewhat arti cial cases in which all-cu

h h hreshold b imabl emands. We assume that the pricing function is non-negativ
tomers have the same threshold become approximable nOWnon-decreasing and concave. This is a very natural assoimpti

THEOREMS5.1. For any0 < 1, best and worst-robust since_ rational customers can always achigve concave gricin
equilibria are inapproximable (even under uniform pricjng ~ functions by splitting their demands. For this reason, dzl

all pricing schemes considered in the economic literatsee (
THEOREMS5.2. If by = by = = by then the worst - Section 3) are concave. Furthermore, we assume that the
robust equilibria problem admits an FPAS if> 0 and is pricing function can be evaluated in constant time.
inapproximable if = 0 (assuming arbitrary choices of prices  The running time of any ef cient average case algorithm
and demands). for the equilibrium problem must depend on the input prob-
ability distributions. Otherwise, one could bypass thepina

The proof of Theorem 5.1 (omitted here) can be se Poximability results presented in the previous sectionet-

as a “robust” variant of the proof of Theorem 4.1. The . i i istributi i -
. . . d t t to distribut th h
proof of Theorem 5.2 relies on an analysis of #mn-max cho Ing worst case Instances into distributions with veghh

K bl e th bl f packi K Wi ensity. In fact, the running of our algorithm increaseshwit
qapsaclpro em, 1., the problem of packing a knapsack Wite, y4yimyum density of the underlying probability distribu
minimum pro t such that the weight is maximal, i.e., no |tergL

. P ons. Let denote the maximum density over all distribu-
can be added to the knapsack without exceeding its capagiy,c e = max; sup. offi(x);gi(x)g. Let be the
1 - 1 >0t IR | .

We give a complete characterization of the complexity of t%axirq_gm expectatign over all these distributions, that is;
problem that might be of independent interest. Before itwgs. ™1 R ’ .
only known that the min max knapsack problemNB-hard i o XTi()dx; o xgi(x)dxg. The proofof the next re

. . It be found in Section 8.4.
[19]. Despite the similarity of the min-max knapsack prcuhlesu can be foundin section
to the standard knapsack problem, we prove thatrtf® T,zorem6.2. Assume that the pricing function is a non-
max knapsack problem is inapproximalalthough the latter egative, non-decreasing, and concave function of demands
problem admits an FPAS. More precisely our results are they -nd are as de ned above. For any2 [0; 1], there is an
following. (1 )-approximation algorithm for the best (worst) equilibria

. . . " l.
THEOREMS5.3. Consider the min-max knapsack problem. ~Problem with expected running time p@ly =; ).

(@) If weights and pro ts are arbitrary then the problem is  The term-L- can be seen as a measure of the amount of
inapproximable. If weights and pro ts are equal then theandomness available. (Observe that one can always seale th
problem admits an FPAS. distributions so that = 1; this scaling does not change the

value of .) If all input variables have identical uniform

distribution then = % which is the smallest possible

_ I . . . value. Next, suppose an adversary speci es possibly differ
V_V' oW Xi 1 B(1 )gadmits an FPAS with UNNING zaussian distributions (conditioned on positive values) f
time polyn; =; =). the utility thresholds and demands. Then(by de nition)

(b) The —rolgust min—rpax knapsack problem ( 0) de ned
bymif,n‘ ]-ijjj ]-Wij B(l+ )A(XiZO))



corresponds to the maximum expectation of any of these saltibe rst assumption means that the domain of the probability

and = (1), with denoting the minimum standarddistributions of the demands and utility thresholds arerioteal.

deviation over all these distributions. Thus the runnimgeti This property holds for uniform distributions. For othestuii-

is poly(n; 1; -). Hence, the more dispersed the distributiodmitions, one might need to cut the tails at some position &her

are, the smaller the running time is. the probability becomes negligibly small. The second agsum
We notice that these results are not directly related to tien is mild and seems natural as well. It says that the market

average case analysis of the knapsack problemin [1, 2, ©0]. for the offered service is non-empty with probability atsjeéL

details, see our discussion in Section 1.2. Now, to obtain an estimation of a random variable, we sam-
ple from the distribution and use the adaptive algorithrmfro
7 Algorithms for imperfect information Theorem 6.2 to calculate the value of the best (worst) duyiali

Let us brie y summarize the results discussed so far. On of\BPlying assumptions (1) and (2) in a Hoeffding bound, yseld

hand, our analyses show complete inapproximability for theat, for every; > 0, one needsonlp - 2 log %

worst case instances. On the other hand, we have a very gerg,%{@,mes togetd )-approximation of the expected revenue
average case analysis that yields ef cient algorithms &tous ith probability at least. . Now, the key argument is that
input distributions. In this section, we show that the latésult sampling generates average case but not worst case instance
is the key to obtain ef cient algorithms for estimating elifuia  Thjs way, we obtain an ef cient randomized approximation al
with imperfect information _ gorithm with running time polgn; 1; ; log(%)).

_We follow the framework of Harsanyi .[12’ 1.3]’ who de- In this scenario, the termd- should not be interpreted as an
scribed an elegant model to study games in which the playﬁlr(ﬁcator of how much randomization is available, but rathe

Pave |tr_1completef ;Qfo_rcjmatl()]cn. Trrll_ehsr(:-callbkarsanén g?ﬂS'Nshould be interpreted as a measure for the degree of precisio
ormationy one ot the ideas for which ne was awarded th€ Ngg e jnformation available to the provider. If is constant

!oel Prize together W.ith Nash and Selt_en, converts games VYHQn the provider essentially knows nothing. Full knowlkedg
incomplete information into games with complete but 'mpe&)rresponds to = 1. Ifthe degree of precision is bounded

fect in.f_olrmation. .Harsan-yi considers players who haveedift by a polynomial, e.qg., if all variables have possibly difet
ent utilities as being of dlfferenypes He proposed that SUChun'form distributions, each of which covering a polynomial
games be modeled by having Nature move rstand choos_e ®f%tion of the domairf0; M ], then we obtain an FPRAS (fully

player type according to a probability distribution. Ples/ii- olynomial time randomized approximation scheme).
tially know only their own type and the distributions for thg

other players, but not the outcome of the random choicesTWEOREM7.1. Suppose assumptions (1) and (2) are satis ed
Nature. The players aim at maximizing the expected payoff.and is bounded polynomially. Then there is an FPRAS for
The Harsanyi framework in our setting means that thetiee best (worst) equilibria problem with imperfect infortioa.

is only one player that needs to compute its strategy based , , )
Observe, that by standard techniques we can achieve datermi

on imperfect information. Indeed, in realistic scenaribisi - - Py =l '
reasonable to assume that the provider does not know exa&fl§ Polynomial time instead of time bounds that only hofd o

how the customers will behave under a given price vector. §§Pectation. Then, only the approximation guarantee dépen

contrast, customers can be assumed to converge to a NpsHe random coin ips made by the algorithm.

equilibrium by best response strategies without knowirgeot )

players utilities (this follows from [21, 22]). If pricesarxed, © Algorithms and proofs

then the customer behavior is determined by demands &aitl Inapproximability We prove here Theorem 4.1. As-

utility thresholds; these parameters de ne the Harsanyesy sume uniform pricing wittp; = aw;. We show, that for every

The online provider does not know the types of the custometwice ofa 2 R. there exist demands; and utility func-

but she knows probability distributions on these types.rtteo tionsu; such that the value of the maximum (minimum) pro t

to maximize her expected pro t, she is interested in estingat customer equilibria cannot be approximated. Instead tityuti

the expected revenue under best and worst equilibria. functionsu; we directly specify thresholds. Theu;'s can
Somewhat counter-intuitively, we prove that, if the infotthen be chosen accordingly to satisfy= u; *(aw;).

mation available to the provider is not too “precise,” theet  We use a reduction from aiP-hard subset-sum problem

formation have smaller worst case complexity than theiedetB 2 N, decide whetheBl  f 1;:::;ngwith , ¢ =
ministic counterparts. Let the demands and utility thrédhioB. W.l.o.g., we assume that al's are even (otherwise we
have independent continuous probability distributiongwlis- multiply all ¢i's andB by 2.)

tribution functionsF; andG; (i 2 [n]), respectively. Prices areMaximization: Consider the following max prot customer
de ned by a non-negative, non-decreasing, concave funciio equilibria problem with prot equal to demand. There are

. ' _ ' _ “large” customer. and a “giant” custome6. The demands
(1) there existd! such that (M) = 1 andG;(M) = 1, and and thresholds are given in Table 1. The pararqgtam;ig can
(2) Pr[9 :w; Bb] % be chosen to satisfg < | C gwithC =, , ,G.



We use customés as an indicator for deciding the subset-sukmapsack problems.

problem. If there exists a solutidnto the subset-sum problem . _
thenx (as given in Table 1) is a feasible solution to the berOOf' Let us recall the formulation Igf the equilibria prob-

. ; i i n . .
equilibria problem with loady + B. If there is no solution lem: our goal is to maximize (minimize) ;_, pix; under con

I, then no feasible equilibriunx can contain custome®. #raints (1.1), (1.2), and (1.3). A solutionwith load W =
w; X; is feasible iff the following two conditions hold for

First notice, that there is no feasible solution contairtiogh i=1 M ) S D

customersL and G, because their cumulative demand @il i n. (i) Maximality cqndlt!on:|f W <bi wthen
strictly larger than the threshold @&. Now assume someXi = 1,and (||_)Thr_eshold conditiondf W > b' thenx :O
solutionx containsG but notL. Since the demand of the  1N€ MaX|maI|ty and Threshold c_o_nd|t|0n§ _pgrtl'qon the
regular customers cannot sum up to exa&hand moreover non-negative numbers for each customito 3 dlsplnt inter-
all w's are evenx has load atmogj + B 2, which violates VaiS:[0:Bwi)i[b wi;h]and(b;1 ]. Any feasible solu-
the maximality condition of customer. Hence any feasible ion X With loadW must satisfy eithex; = 1, orx; 2 f 0;1g,
equilibrium exclude$ and has load at mogt+ |. Sincegand °"*i = O’_ depending on the interval/ falls Into. we over-
therefore als¢g + B)=(C + 1) can be chosen arbitrarily Iarge,lay these intervals for alh customers to partitiof0; 1 ] into

any approximation algorithm for the best equilibria prableUP to2n + 1 so-called elementary intervals (each additional
can be used to decide the subset-sum problem customer can divide at most 2 existing elementary inteyvals

customer| demands| thresholds | X Note that elementary intervals can consist of just one num-
L:::;n |wi=¢ |b=g+B X, =1iffi2l ber and they can be opened or closed on both sides indepen-
G We=0g |bg=g+B Xg =1 dently. Each elementary interMapartitions the customers into
L w, =1 h =bs+1 1|x =0 three sets: IN = fijl [O;b wi)g; FRER = fijl
(b wi;hlg; OUT, = fijl (b1 ]o.
Table 1: Best equilibria instance and solution If the load of a solution in equilibrium falls into the

elementary intervdl then no customer in OUThas joined the
Minimization: We construct a worst equilibria instance witlervice, all customers in INmust have joined the service, and

threshold€y = B. There is only one special customer witlpartition the solution space for the equilibria problemading
demandy and threshol@® + g 1. If there exists a solutionto to the load of potential solutions. For each elementaryrvale
the subset-sum problem, then there is a solutidm the worst | we solve the following interval knapsack problem:

equilibria problem with loadB. If there is no such solution X X X

|, then any solutionx containing only regular customers hagnax(min) pixi st ( Wi Xi + wi) 2 1
load at mostB 2, violating the maximality constraint of i2FRER i2 FREE i2IN,
customerG. Thus any feasible solution must contain the x; 2f0;1g:

special customer and has load at leasBinceg and alsog=B h imal soluti h fibri blem is th .
can be chosen arbitrarily large, any approximation alparit The optimal solution to the equilibria problem is the maximu

for the worst equilibria problem can be used to decide tH@inimum) over all2n + 1 solutions of the corresponding
subset-sum problem. interval knapsack problems. For elementary intervals &hat

open we can use the corresponding closed interval, because a
8.2 Reduction to the interval knapsack problemIn this an open end the resriction of a variable having vauer 1

section we present a reduction from the customer equilﬁﬂds ?nd tgle \;arlarl?le bec_ﬂ;n_es fregl. Therehfore the SdOIl:]“OH
ria problems to the interval knapsack problem. It wifftdys feasible for the equilibria problem. The rst and the

serve as the basis to solve the equilibria problem in pseulﬂ?—t of the elementary intervals are trivial intervals,csi.mhey
polynomial time and to approximate it. We de ne the imelgorrespond to the complete and empty knapsack, which can be
val knapsack problem to be the standard 0/1 knapsack prob‘gﬁ]ied separately.

with LY additional Iowg,r bound for the weight of knapsacks: ) ) )
n 8.3 Adaptive algorithms for the interval knapsack prob-

maxf ., pixijL oW Rix; 2 f0;1gg. (A | ; _ _
=1 PiXi) = Vi ' 9g. ( lem In this section, we present an algorithm for the interval

knapsack is feasible if its weight ?:1 w;X; falls into the in- K bl hat ad he | h of th iod |
terval[L; R].) The minimization version asks for the minimurﬁ(n"j‘p“:"'jIC pro .em_t at.a apts toF € engt. oft € Speciedin
terval. Its running time increases linearly with the reoial of

pro t knapsack. Notice, that the interval knapsack probiem ) X
inherently inapproximable, because for= R it requires to the interval. In particular, we prove Theorem 6.1.

decide the subset-sum problem. On the othes hand, the prob-We begin with the algorithmic ideas. We use a two
lem can be solved in pseudopolynomial ti@én in:1 w;) by phase approach. In each pha_se, we solve a relaxed mterval
a straightforward adaptation of the well known dynamic préaPsack problem. The solution to the rst problem might

gramming approach for the standard knapsack problem. THJSS solutions close to the right bounddty and the solution
the following lemma directly implies Theorem 3.1. to the second problem might miss solutions close to the left

boundaryl . The union of both solutions will cover all feasible
LEMMA 8.1. A solution to the best (worst) customer equilibrigolutions. The two relaxed problems are solved followirg th
problem can be obtained by solving at m@st 1 interval standard dynamic programming algorithm with one additiona



nice trick: we expand the dynamic programming table by ooptimal protin [L;M ], i.e.,S yields prot Opt..,, . Then,
dimension used to represent an additional vector of agl ciwe conclude thamaxfpj (p) = 1g = p(S), for some seB
pro ts corresponding to rounded weights. The original wegy with weightin[L; R]andp(S) p(S ).

allow us to strictly enforce one of the two constraints wiiile The size of the dynamic programming table is
rounded weights (= additional pro ts) enable us to take cafgR=FedP=Ge = O .°R P needs to be chosen

. ®1

also for the other constraint. . .
. L . suf ciently large so that all solutions are covered. Wdg.Q.
In more detail, we divide the interval = [L; R] equally ylar 4o

1 . . .
: . . . 7 assume 5. Then choosin 2 Opt.,, Iissufcient.
into two partsl; andl,. Rounding the weights virtually shlftsF 2 @ Piy

th if th ted solutiGhsatis esp(S) P=4
knapsack packings along the weight dimension. In phas hﬁg ermore, if the computed solutighsatis esp(S)

2 ) . L np(S) (@ ) Opt.y , which follows analogously to
we round up, shifting packings fro to the. r|ght,_ while N the calculation for the approximation factor of the staaddar
phase 2 we round down. When calculating with suf cie

Ki front will be shifted b R rPénapsack problem. The problem that remains to be solved is
accuracy, packings from wi not_ e shifted beyondR, g 4 determine the right choice fér. We do this in form of
and packings from; will not be shifted beyond.. Thus,

. _ a binary search. We start by settiRg=2 ; p;. If we do not
the required accuracy depends on the r&iR  L). Let nd any feasible solution then we immediately stop and netur

M = (L + R)=2. Let Opl denote the value of an Optimabpq_.M = 0. Otherwise, we nd a solutiors whose pro t

solution to the interval knépsack problem with interj/iB ]. X . . 1
An approximate solution to interval knapsack can be found @&esr)l is maximal among all computed solutionsp(§S) 2P

solving the following two relaxed subproblems:

Compute solutiors; with w(S;) 2 [L;R] andp(Sy) p(S) @ ) p(S 1 p(S) 1 P ;

2 4
(L ) Opty -
. . ) so thatS isthe(1  )-approximation that we are looking for.
Clomput((a)solutmrSg with w(Sz) 2 [L;R] andp(S,) If p(S) < %P then we increase the accuracy by decreasing
( ) OPly - the value ofP by a factor of2 until we nd a solutionS with

Clearly,maxf p(S1); p(S2)g (1 ) Opt g . We focus onthe w(S) 2 [3P;P]. The maximum number of iterations that we
rst subproblem, the other one can be solved analogously. k@ed to execute ® log P'_p . Thus the overall running
w; := dwj=Fe F andp; := dpij=Ge G, foralli 2 [n], denote nir_| P

0g

rounded weights and pro ts, respectively, where the vahfestiMe SO w—, - This proves Theorem 6.1.

P min
F and Gpwill be set momenigrily. For an§  [n], de ne For the average case analysis in the next section, we need
W(S)=  ,sWiandp(S) =, P LetT(i;w;p) denote this result in a slightly different form. LetVmax and Wnin

the largest weight among all knapsack packiSgs [i] with denote the maximum and minimum weight, respectively. If

w(S) = w andp(S) = p. The following formula gives a pro ts are de ned by a non-decreasing, non-negative, ceaca

recursive de nition for all non-trivial values oF ( ). function thenfze— e This yields the following.

T@+1;w;p)=maxfT(;w;p);T(;w w1 ;p pi+1)9: COROLLARY 8.1. Suppose prots in the interval knapsack
problem are de ned by a non-negative, non-decreasing, con-

Rounding weights to multiples ¢F introduces an absolute ercave function of weights. Then the algorithm above solves th

ror strictly less thamF. SettingF := (R L)=(2n) en- interval knapsack problem in tin@ n®R log MW max

suresnF (R L)=2. Therefore,w(S) 2 [L;M]) (R°L) Win

w(S) 2 [L;R]. The other scaling factor is de ned b =

P=(4n), whereP is chosen suf ciently large. Following a

dynamic programming approach, we compute THg& w; p)

8.4 Average-case analysis of the equilibria problemie
now prove Theorem 6.2. Let 2 [0;1] be xed. We rst
use a reduction to the interval knapsack problems desciibed
Section 8.2. Each interval knapsack problem will be solved

sional table. Now. de ne fsi1;:::;s2n0denote the set of boundary points of the intervals,
8 ' withs; ::: sp,. For analytical purposes, we consider the
< 1 ifthere exists an evaluation poift; w; p) intervals for all paird L;Rg S, 1 = f(L;R) : fL;Rg
(p) = st w2 [L;R] and T(n;w;p) 2 [L;R]; S;L<Rg
" 0 otherwise. Consider any; R with (L;R) 2 |I. Note that each;R

is of the formb orly  w; wherew; andhb are non-negative
Observe that infeasible subsets (iw(S) 2 [L;R]) have no random variables with density functiohsandg; respectively,
in uence on (p). SetsS with w(S) > R are mapped to anwith  being an upper bound on all the expectations and
evaluation point with second coordinatdS) > R. SetsS — an upper bound on the values of all functidnsg. We
with w(S) < L might be mapped to evaluation points witmeed to modify the algorithm as follows. If for sonmgthe
second coordinate ifi.; M ] but they are explicitly Itered out sampled valud. = b w; is negative, then our algorithm
by checkingT (n;w;p) 2 [L;R]. LetS denote a set with takes into account only all intervals of the foi{®; R) for all



R 2 S\ R.:. We assume thus that detloes not contain anyProof. The expectation can pbe upper-boundgd in the
interval (L; R) with L < 0, but(0;R) instead. Moreover, if following way: E[Z] = E min M&(XY).on

we are given an intervgb  w;;b) 2 1, then the algorithm X ¥l

solves only the interval knapsack problem in interv@lsb;) E max min XX— Z”h ;0 +max min ﬁ;_Z” ;0
and(b  w;;R) whereL = maxfL%2 S: L < b; !

Wil 5o it suf ces to boundE max min X 2" ;0

andR = minfR®2 S : R%> b;g. Thatis, the algorithm does x v
not consider intervally ~ w;; by) itself. Thus, our algorithm Let h(x;y) = max min Xx—y;Z” ;0 . Observe that
considers only intervall;R) 2 | of the formL = b Xi, h(x;y) = h(x=y;1) andh(x;0) = 0, and ifx = 0,y > 0,
R=1b x;,wherei 6 j andx; 2fO;wig,x; 2f0;w;g. thenh(x;y) =1. Alsoif z > 1, thenh(z;1) =0
Letus xaninterval(L;R) 2 I. LetT(L;R) be arandom  Opserve, that the random variabksy have discontinu-
variable denoting the running time of our algorithm for thgy at value0, andE [X ] andE [Y] . Also, observe that
interval knapsack problem on intenvidl; R). Let™ = 2 ™. jn the range of value; 1 ] we can usd; andf, as density
If wi < for somei 2 f1;:::;ng, then we use a brutefynctions forX andy.
force exact algorithm with runnmg tim® (2"). Note, that Lety > 0be xed, ands = 2”2n 1. Suppose rst that
this part contnbuteﬁ a® () to the expected running time,pr [x = 0] =0 . We can write:
sincePrlw; 1=, g(x)dx = 2". Inthe same way the z, z,
algorithm also checks R=(R L) 2", SN . _ . .
If R:(R L) 2n’ andwi “fori = 1:::: ‘n, then we E[h(xay)] - 0 h(X,Y)fl(X)dX - 0 h(x—y, 1)f1(X)dX

call the adaptive algorithm from Section 8.3. The runnimgeti _ _
of this algorithm isO (Rn3IE) log an\\I/m_ax by Corollary By changmg the variable ta = x—pé sincedz=dx = 1=y,
min we_obtain that: E[h(X:y)] = vy o h(z;1)f1(zy)dz
8.1, wheréWnax = max;fw;gandWpx, = min;fw;g. R, 1 .
Our algorithm only considers intervals;R) 2 | of the ¥ h(zil)dz = y , max min ;2" ;0 dz =
fomL=h xi,R=10b Xx;,wherei 6 j andx; 2f0O;wig, vy 1max(min(ﬁ;2”);0)dz =
Xj 2 f0;w;jg. Thus, for the analysis of the expected runmng Osmax(min(ﬁ; 21):0)dz +

time of the partO (R” FI_*) we can assume that possible +y Sl max(min(l ; ZR) -0)dz =
values ofx; = w; that may appear ih; R are worst case xed Rs 10 _ s 1
numbers. This can only decrease the expectatiohsRfand o Max 1 70 dz+ y 2%z =y gpzdz+
so is still an upper bound on these expectations, and this dQGQ” =Yy[ Inl 2+ y =>M@")+1)y
not affect the upper bound. This means that we can treat the + 1) y:

two partsO % andO log == in the running Suppose now thadr [X =0]= p > 0. Then

time independently. The expected running time over alrirate E[h(X:y)] = E [h(O: 1 ETh(X:v)iX > 0] =
knapsack problems is by linearity of expectation bounded by hCGyII=p B[O+ ( P By ix > 0]

2 3 Z,

X +(1 h(x; y)f (x)dx;

E4 T(L;R)S 0O n? Tng[T(R;L)]z P+ p) o+ (YT (x)
(LR)2! wheref is a density function of random variab¥g X > 0. Let

n® R NWax ) us observe, that for any> 0 we havef (x) fl(x) . We can

O — maxE L E log in ' therefore write that:
h i 7
R l

Lemhmas 8.2, 8.3i below prove upper boundstong= Elh(X:y)] p+ hocy)dx  1+(n+1) y:

0+

and onE log ”\‘,’\‘/’ﬁ . After applying these lemmas we can

obtain the following upper bound on the expected runningtinFinally, we Obseﬁe that(x; 0) = 0, so we haﬁée thate [Z] =
ns Eh(XY)] = R, Eh(X;y)lf2(y)dy Ry L@+ (n+
O — ((n+1) +1) (og( n +1)+3log(n)) : 1)y)fa(y)dy = 4, fa(y)dy+(n+1) . yfz(y)dy
1+(n+1) E[Y] 1+(n+1) :

LEMMA 8.2. Lethy; by be two given continuous random vari-
ables with density functions,;(x), f2(y), respectively, and LEMMA 8.3. Let X1;X2;:::;Xn be n given non-negative,
let wy; wy 0 be two xed worst-case numbers. Let= continuous random variables with density functidngx);
supffi(x) : x 2 R;i = 1;29, = maxfE[b];E[]g, fa(x);:::;fn(X) respectively. Let = supffi(x) : x

n 2. De ne new random variableX = maxflp wj;0g O;i = 1 """ ;ng, =max;(E[X;]),n 2,and” = 2 ",
andY = maxfb, wy;0gandZ = min % 2n . Dene h(Xl;::"Xn) log W if Xq3000 :

.....

Then, the expectation of random variatecan be bounded@ndh(xi;:::;x,) = 0 otherwise. LeZ = h(Xy1;:::;Xn),
as:E[Z] 2(n+1) +2. then we haveE [Z] log( n +1)+2log(n).



Proof. Using the linearity of expectation we can write: [8] M.R. Garey and D. S. Johnso@omputers and Intractability: A
Guide to the Theory of NP-completeneBseeman, 1979.

E[Z]= E log— - [9] A. Goel and P. Indyk. Stochastic load balancing and eelat
min(Xq;:::; Xp)= problems.40th FOC$1999.
_____ [10] A. Goldberg and A. Marchetti-Spaccamela. On nding thect
E log max(X1;:::;Xn) +E log— : solution to a zero-one knapsack probletith STOC359-368,
min(X1;:::;Xn) 1984,

Sincelog is a concave function, we can apply the well-knowi#1] M. Harris and A. Raviv. A theory of monopoly pricing sehes

Jensen's inequality to the rst term: with demand uncertainty. The American Economic Review
71(3): 347-365, 1981.
max(X1;:::;Xp) max(Xq;:::;Xn) . [12] J. C. Harsanyi. Games with incomplete information pldyoy
E I logE : Bayesian players, I, Il, lll.Management Sciencé4: 159-182,

320-332, 468-502, 1968.
By using the jinearity of expectation wg (l):)btainithe fol13] J. C. Harsanyi. Games with randomly disturbed paydiifser-

lowing: logE m&X(X1inX ») log + | X; = national Journal of Game Thearg: 1-23, 1973.
[14] R. Holzman, N. Law-Yone. Strong equilibrium in congest
log 1 | E[Xi] log n = log(n): Now we apply games.Games and Economic Behavj@1: 85-101, 1997.
Jensen's inequality to the second term: [15] R. Impagliazzo and M. Naor. Ef cient cryptographic sches
provably as secure as subset sumCryptology 9(4): 199-216,
- 1996.
E log min; (X;) logE min; (X;) log E miax Xi [16] J.Kleinberg, Y. Rabani, arf. Tardos. Allocating bandwidth for
" # ] bursty connections29th STOC664-673, 1997.
X _ X . [17] A. S. Kyle. Informed speculation with imperfect comitien.
logE Xi log . E Xi The Review of Economic Studi&$(3): 317-355, 1989.

' ! [18] H E. Leland and A. Meyer. Monopoly pricing structuresthwi
and so it suf ces to bound: imperfect discriminationThe Bell J. Economicg (2): 449-462,
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E — = —fi(x)dx = —fi(x)dx + —fi(x)dx [19] D. Manlove. Minimaximal and maximinimal optimization
Xi CoX CX X problems: a partial order-based approach. PhD thesis, Uni-
z Z, versity of Glasgow, Dept. of Computing Science, June 1998.
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