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8QGLUHFWHG�*UDSKV

6RPH�RI�WKHVH�OHFWXUH�VOLGHV�DUH�DGDSWHG�IURP�PDWHULDO�LQ�
��$OJRULWKPV�LQ�&���UG (GLWLRQ��3DUW�����5��6HGJZLFN�
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8QGLUHFWHG�*UDSKV

*5$3+� 6HW�RI�2%-(&76�ZLWK�SDLUZLVH�&211(&7,216�
■ ,QWHUHVWLQJ�DQG�EURDGO\�XVHIXO�DEVWUDFWLRQ�

:K\�VWXG\�JUDSK�DOJRULWKPV"
■ &KDOOHQJLQJ�EUDQFK�RI�FRPSXWHU�VFLHQFH�DQG�GLVFUHWH�PDWK�
■ +XQGUHGV�RI�JUDSK�DOJRULWKPV�NQRZQ�
■ 7KRXVDQGV�RI�SUDFWLFDO�DSSOLFDWLRQV�

�

*UDSKV

FRPPXQLFDWLRQ

*UDSK

WHOHSKRQHV��FRPSXWHUV

9HUWLFHV (GJHV

ILEHU�RSWLF�FDEOHV

FLUFXLWV JDWHV��UHJLVWHUV��SURFHVVRUV ZLUHV

PHFKDQLFDO MRLQWV URGV��EHDPV��VSULQJV

K\GUDXOLF UHVHUYRLUV��SXPSLQJ�VWDWLRQV SLSHOLQHV

ILQDQFLDO VWRFNV��FXUUHQF\ WUDQVDFWLRQV

WUDQVSRUWDWLRQ VWUHHW�LQWHUVHFWLRQV��DLUSRUWV KLJKZD\V��DLUZD\�URXWHV

VFKHGXOLQJ WDVNV SUHFHGHQFH�FRQVWUDLQWV

VRIWZDUH�V\VWHPV IXQFWLRQV IXQFWLRQ�FDOOV

LQWHUQHW ZHE�SDJHV K\SHUOLQNV

JDPHV ERDUG�SRVLWLRQV OHJDO�PRYHV

VRFLDO�UHODWLRQVKLS SHRSOH��DFWRUV IULHQGVKLSV��PRYLH�FDVWV

�

*UDSK�-DUJRQ

7HUPLQRORJ\�
■ 9HUWH[���v�
■ (GJH���e = v-w�
■ *UDSK���G�
■ V YHUWLFHV���E HGJHV�
■ 3DUDOOHO�HGJH��VHOI�ORRS�
■ 'LUHFWHG��XQGLUHFWHG�
■ 6SDUVH��GHQVH�
■ 3DWK��F\FOH�
■ &\FOLF�SDWK��WRXU�
■ 7UHH��IRUHVW�
■ &RQQHFWHG��FRQQHFWHG�FRPSRQHQW�
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$�)HZ�*UDSK�3UREOHPV

3$7+� ,V�WKHUH�D�SDWK�EHWZHHQ�V�WR�W"
6+257(67�3$7+� :KDW�LV�WKH�VKRUWHVW�SDWK�EHWZHHQ�WZR�YHUWLFHV"
/21*(67�3$7+� :KDW�LV�WKH�ORQJHVW�SDWK�EHWZHHQ�WZR�YHUWLFHV"

&<&/(� ,V�WKHUH�D�F\FOH�LQ�WKH�JUDSK"
(8/(5�7285� ,V�WKHUH�D�F\FOLF�SDWK�WKDW�XVHV�HDFK�HGJH�H[DFWO\�RQFH"
+$0,/721�7285� ,V�WKHUH�D�F\FOH�WKDW�XVHV�HDFK�YHUWH[�H[DFWO\�RQFH"�

&211(&7,9,7<� ,V�WKHUH�D�ZD\�WR�FRQQHFW�DOO�RI�WKH�YHUWLFHV"
067� :KDW�LV�WKH�EHVW�ZD\�WR�FRQQHFW�DOO�RI�WKH�YHUWLFHV"
%,�&211(&7,9,7<� ,V�WKHUH�D�YHUWH[�ZKRVH�UHPRYDO�GLVFRQQHFWV�JUDSK"

3/$1$5,7<� &DQ�\RX�GUDZ�WKH�JUDSK�LQ�WKH�SODQH�ZLWK�QR�FURVVLQJ�HGJHV"
,620253+,60� 'R�WZR�DGMDFHQF\�PDWULFHV�UHSUHVHQW�WKH�VDPH�JUDSK"

�

7\SLFDO�FOLHQW�SURJUDP�
■ &DOO�GRAPHinit() RU�GRAPHrand() WR�FUHDWH�LQVWDQFH�
■ 8VHV�Graph KDQGOH�DV�DUJXPHQW�WR�$'7�IXQFWLRQV�
■ &DOOV�Graph $'7�IXQFWLRQ�WR�GR�JUDSK�SURFHVVLQJ�

#include <stdio.h>
#include "graph.h"

int main(int argc, char *argv[]) {
int V = atoi(argv[1]);
int E = atoi(argv[2]);
Graph G = GRAPHrand(V, E);
GRAPHshow(G);
printf("%d component(s)\n", GRAPHcc(G));
return 0;

}

FOLHQW�F

*UDSK�$'7�LQ�&

�

6WDQGDUG�PHWKRG�WR�VHSDUDWH�FOLHQWV�IURP�LPSOHPHQWDWLRQ�
■ 2SDTXH�SRLQWHU�WR�Graph $'7�
■ 3OXV�VLPSOH�typedef IRU�Edge�

typedef struct graph *Graph;
typedef struct { int v, w; } Edge;
Edge EDGEinit(int v, int w);

Graph GRAPHinit(int V);
Graph GRAPHrand(int V, int E);
void GRAPHdestroy(Graph G);
void GRAPHshow(Graph G);
void  GRAPHinsertE(Graph G, Edge e);
void  GRAPHremoveE(Graph G, Edge e);
int GRAPHcc(Graph G);
int   GRAPHisplanar(Graph G);
. . .

JUDSK�K

*UDSK�$'7�LQ�&

�

*UDSK�5HSUHVHQWDWLRQ

9HUWH[�QDPHV����$�%�&�'�(�)�*�+�,�-�.�/�0�
■ &�SURJUDP�XVHV�LQWHJHUV�EHWZHHQ�0 DQG�V-1�
■ &RQYHUW�YLD�DVVRFLDWLYH�LQGH[LQJ�V\PERO�WDEOH�

7ZR�GUDZLQJ�UHSUHVHQW�VDPH�JUDSK�

6HW�RI�HGJHV�UHSUHVHQWDWLRQ�
■ ^�$�%��$�*��$�&��/�0��-�0��-�/��-�.��(�'��)�'��+�,��)�(��$�)��*�(�`�
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$GMDFHQF\�0DWUL[�5HSUHVHQWDWLRQ

$GMDFHQF\�PDWUL[�UHSUHVHQWDWLRQ�
■ 7ZR�GLPHQVLRQDO�V × V DUUD\�
■ (GJH�v-w LQ�JUDSK���adj[v][w] = adj[w][v] = 1�

A B C D E F G H I J K L M
0 A 0 1 1 0 0 1 1 0 0 0 0 0 0
1 B 1 0 0 0 0 1 1 0 0 0 0 0 0
2 C 1 0 0 0 0 0 0 0 0 0 0 0 0
3 D 0 0 0 0 1 1 0 0 0 0 0 0 0
4 E 0 0 0 1 0 1 1 0 0 0 0 0 0
5 F 1 1 0 1 1 0 0 0 0 0 0 0 0
6 G 1 1 0 0 1 0 0 0 0 0 0 0 0
7 H 0 0 0 0 0 0 0 0 1 0 0 0 0
8 I 0 0 0 0 0 0 0 1 0 0 0 0 0
9 J 0 0 0 0 0 0 0 0 0 0 1 1 1

10 K 0 0 0 0 0 0 0 0 0 1 0 0 0
11 L 0 0 0 0 0 0 0 0 0 1 0 0 1
12 M 0 0 0 0 0 0 0 0 0 1 0 1 0

$GMDFHQF\�0DWUL[
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#include "graph.h"

struct graph {
int V;         // # vertices
int E;         // # edges
int **adj;     // V × V adjacency matrix

};

Graph GRAPHinit(int V) {
Graph G = malloc(sizeof *G);
G->V = V; G->E = 0;
G->adj = MATRIXinit(V, V, 0);
return G;

}

void GRAPHinsertE(Graph G, Edge e) {
int v = e.v, w = e.w;
if (G->adj[v][w] == 0) G->E++;
G->adj[v][w] = G->adj[w][v] = 1; 

}

JUDSK�F

*UDSK�$'7�,PSOHPHQWDWLRQ���$GMDFHQF\�0DWUL[�

QR�SDUDOOHO�HGJHV
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$GMDFHQF\�/LVW�5HSUHVHQWDWLRQ

9HUWH[�LQGH[HG�DUUD\�RI�OLVWV�
■ 6SDFH�SURSRUWLRQDO�WR�QXPEHU�RI�HGJHV�
■ 7ZR�UHSUHVHQWDWLRQV�RI�HDFK�XQGLUHFWHG�HGJH�
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#include "graph.h"

typedef struct node *link;
struct node {

int w;      // current vertex in adjacency list
link next;  // next node in adjacency list

}; 

struct graph {
int V;      // # vertices
int E;      // # edges
link *adj;  // array of V adjacency lists

};             

link NEWnode(int w, link next) {
link x = malloc(sizeof *x);
x->w = w;
x->next = next;     
return x;                         

}

JUDSK�F

*UDSK�$'7�,PSOHPHQWDWLRQ���$GMDFHQF\�/LVW
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// initialize a new graph with V vertices
Graph GRAPHinit(int V) {

int v;
Graph G = malloc(sizeof *G);
G->V = V;
G->E = 0;
G->adj = malloc(V * sizeof(link));
for (v = 0; v < V; v++) G->adj[v] = NULL;
return G;

}

// insert an edge e = v-w into Graph G
void GRAPHinsertE(Graph G, Edge e) {

int v = e.v, w = e.w;
G->adj[v] = NEWnode(w, G->adj[v]);
G->adj[w] = NEWnode(v, G->adj[w]); 
G->E++;

}

JUDSK�F

$GMDFHQF\�/LVW�*UDSK�$'7�,PSOHPHQWDWLRQ
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*UDSK�5HSUHVHQWDWLRQV

*UDSKV�DUH�DEVWUDFW�PDWKHPDWLFDO�REMHFWV�
■ $'7�LPSOHPHQWDWLRQ�UHTXLUHV�VSHFLILF�UHSUHVHQWDWLRQ�
■ (IILFLHQF\�GHSHQGV�RQ�PDWFKLQJ�DOJRULWKPV�WR�UHSUHVHQWDWLRQV�

0RVW�UHDO�ZRUOG�JUDSKV�DUH�VSDUVH� ⇒ DGMDFHQF\�OLVW�

5HSUHVHQWDWLRQ 6SDFH

$GMDFHQF\�PDWUL[ 2�9 ���

$GMDFHQF\�OLVW 2�(���9�

(GJH�EHWZHHQ
Y�DQG�Z"
2���

2�(�

(QXPHUDWH
DOO�HGJHV
2�9 ���

2�(���9�

(GJH�IURP�Y
WR�DQ\ZKHUH"

2�9�

2���
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*RDO� 9LVLW�HYHU\�QRGH�DQG�HGJH�LQ�*UDSK�
$�VROXWLRQ� 'HSWK�ILUVW�VHDUFK�

■ 7R�YLVLW�D�QRGH�v�
² PDUN�LW�DV�YLVLWHG
² UHFXUVLYHO\�YLVLW�DOO�XQPDUNHG�QRGHV�w DGMDFHQW�WR�v

■ 7R�WUDYHUVH�D�*UDSK�G�
² LQLWLDOL]H�DOO�QRGHV�DV�XQPDUNHG
² YLVLW�HDFK�XQPDUNHG�QRGH

(QDEOHV�GLUHFW�VROXWLRQ�RI�VLPSOH�JUDSK�SUREOHPV�
■ &RQQHFWHG�FRPSRQHQWV�
■ &\FOHV�

%DVLV�IRU�VROYLQJ�PRUH�GLIILFXOW�JUDSK�SUREOHPV�
■ %LFRQQHFWLYLW\�
■ 3ODQDULW\�

*UDSK�6HDUFK

��

#define UNMARKED -1

// traverse component of graph
int GRAPHcc(Graph G) {

int v, id = 0;

// initialize all nodes as unmarked
for (v = 0; v < G->V; v++) G->cc[v] = UNMARKED;

// visit each unmarked node
for (v = 0; v < G->V; v++)
if (G->cc[v] == UNMARKED) dfs(G, v, id++);

return id;
}

// are v and w in the same connected component?
int GRAPHconnect(int v, int w) {

return G->cc[v] == G->cc[w];
}

JUDSK�F���FRQQHFWHG�FRPSRQHQWV�

'HSWK�)LUVW�6HDUFK���&RQQHFWHG�&RPSRQHQWV

FRQQHFWHG�FRPSRQHQW�RI�Y
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void dfs(Graph G, int v, int id) {
int w;
G->cc[v] = id; 
for (w = 0; w < G->V; w++)

if (G->adj[v][w] == 1 && G->cc[w] == UNMARKED) 
dfs(G, w, id); 

}

'HSWK�)LUVW�6HDUFK���$GMDFHQF\�0DWUL[

'HSWK�)LUVW�6HDUFK���&RQQHFWHG�&RPSRQHQWV

void dfs(Graph G, int v, int id) {
link t;
int w;
G->cc[v] = id;

// iterate over all nodes w adjacent to v
for (t = G->adj[v]; t != NULL; t = t->next) {

w = t->w;
if (G->cc[w] == UNMARKED) dfs(G, w, id);

}
}

'HSWK�)LUVW�6HDUFK���$GMDFHQF\�/LVW

LGLRP
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&RQQHFWHG�&RPSRQHQWV

3$7+6� ,V�WKHUH�D�SDWK�IURP�V�WR�W"

8)�DGYDQWDJH�
■ '\QDPLF���FDQ�LQWHUPL[�TXHU\�DQG�HGJH�LQVHUWLRQ�

')6�DGYDQWDJH�
■ &DQ�JHW�SDWK�LWVHOI�LQ�VDPH�UXQQLQJ�WLPH�

² PDLQWDLQ�SDUHQW�OLQN�UHSUHVHQWDWLRQ�RI�WUHH
² FKDQJH�')6�DUJXPHQW�WR�SDVV�('*(�WDNHQ�WR�YLVLW�YHUWH[

■ ([WHQGV�WR�PRUH�JHQHUDO�SUREOHPV�

0HWKRG 3UHSURFHVV

8QLRQ�)LQG 2�(�ORJ�9�

')6 2�(���9�

4XHU\

2�ORJ�9�

2���

6SDFH

2�9�

2�9�
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*UDSKV�DQG�0D]HV

0D]H�JUDSKV�
■ 9HUWLFHV� �LQWHUVHFWLRQV
■ (GJHV� �KDOOZD\V�

')6�
■ 0DUN�(175<�DQG�(;,7�KDOOV�DW�HDFK�YHUWH[�
■ /HDYH�E\�(175<�ZKHQ�QR�XQPDUNHG�KDOOV�

��

%UHDGWK�)LUVW�6HDUFK

'HSWK�ILUVW�VHDUFK�
■ 9LVLW�DOO�QRGHV�DQG�HGJHV�UHFXUVLYHO\�
■ 3XW�XQYLVLWHG�QRGHV�RQ�D�67$&.�

%UHDGWK�ILUVW�VHDUFK�
■ 3XW�XQYLVLWHG�QRGHV�RQ�D�48(8(�

6+257(67�3$7+� :KDW�LV�IHZHVW�QXPEHU�RI�HGJHV�WR�JHW�IURP�V�WR�W"

6ROXWLRQ� %)6�
■ ,QLWLDOL]H��dist[v] = ∞, dist[s] = 0�
■ :KHQ�FRQVLGHULQJ�HGJH�v-w�

² LI�dist[w] LV�PDUNHG��WKHQ�LJQRUH
² LI�w QRW�PDUNHG��VHW�dist[w] = dist[v] + 1
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bfs(Graph G, int s) {
link t;
int v, w;
for (v = 0; v < G->V; v++) G->dist[v] = INFINITY;

G->dist[s] = 0;
QUEUEput(s);
while (!QUEUEempty()) {

v = QUEUEget();
for (t = G->adj[v]; t != NULL; t = t->next) {

w = t->w;
if (G->dist[w] == INFINITY) {

G->dist[w] = G->dist[v] + 1;
QUEUEput(w);

}
}

}
}

%UHDGWK�)LUVW�6HDUFK���$GMDFHQF\�/LVW

%UHDGWK�)LUVW�6HDUFK
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5HODWHG�*UDSK�6HDUFK�3UREOHPV

3$7+6� ,V�WKHUH�D�SDWK�IURP�V�WR�W"
■ 6ROXWLRQ���')6��%)6��DQ\�JUDSK�VHDUFK�

6+257(67�3$7+� )LQG�VKRUWHVW�SDWK��IHZHVW�HGJHV��IURP�V�WR�W�
■ 6ROXWLRQ���%)6�

&<&/(� ,V�WKHUH�D�F\FOH�LQ�WKH�JUDSK"
■ 6ROXWLRQ���')6���6HH�WH[WERRN�

(8/(5�7285�� ,V�WKHUH�D�F\FOLF�SDWK�WKDW�XVHV�HDFK�HGJH�H[DFWO\�RQFH"
■ <HV�LI�FRQQHFWHG�DQG�GHJUHHV�RI�DOO�YHUWLFHV�DUH�HYHQ�

+$0,/721�7285� ,V�WKHUH�D�F\FOH�WKDW�XVHV�HDFK�YHUWH[�H[DFWO\�RQFH"�
■ 6ROXWLRQ���"""���13�FRPSOHWH�
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%ULGJHV�RI .|QLJVEHUJ�

�������LQ .|QLJVEHUJ LQ�3UXVVLD��WKHUH�LV�DQ�LVODQG�$��FDOOHG�WKH .QHLSKRI��
WKH�ULYHU�ZKLFK�VXUURXQGV�LW�LV�GLYLGHG�LQWR�WZR�EUDQFKHV�����DQG�WKHVH�
EUDQFKHV�DUH�FURVVHG�E\�VHYHQ�EULGJHV���&RQFHUQLQJ�WKHVH�EULGJHV��LW�
ZDV�DVNHG�ZKHWKHU�DQ\RQH�FRXOG�DUUDQJH�D�URXWH�LQ�VXFK�D�ZD\�WKDW�KH�
FRXOG�FURVV�HDFK�EULGJH�RQFH�DQG�RQO\�RQFH�������

■ /HRQKDUG (XOHU��7KH�6HYHQ�%ULGJHV�RI�.|QLJVEHUJ�������

(8/(5�7285�� ,V�WKHUH�D�F\FOLF�SDWK�WKDW�XVHV�HDFK�HGJH�H[DFWO\�RQFH"
■ <HV�LI�FRQQHFWHG�DQG�GHJUHHV�RI�DOO�YHUWLFHV�DUH�HYHQ�

��

(XOHU�7RXU

+RZ�WR�ILQG�DQ�(XOHU�WRXU��DVVXPLQJ�JUDSK�LV�(XOHULDQ��
■ 6WDUW�DW�VRPH�YHUWH[�Y�DQG�UHSHDWHGO\�IROORZ�XQXVHG�HGJH�XQWLO�\RX�
UHWXUQ�WR�Y�
² DOZD\V�SRVVLEOH�VLQFH�DOO�YHUWLFHV�KDYH�HYHQ�GHJUHH

■ )LQG�DGGLWLRQDO�F\FOLF�SDWKV�XVLQJ�UHPDLQLQJ�HGJHV�DQG�VSOLFH�EDFN�
LQWR�RULJLQDO�F\FOLF�SDWK�
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(XOHU�7RXU

+RZ�WR�ILQG�DQ�(XOHU�WRXU��DVVXPLQJ�JUDSK�LV (XOHULDQ��
■ 6WDUW�DW�VRPH�YHUWH[�Y�DQG�UHSHDWHGO\�IROORZ�XQXVHG�HGJH�XQWLO�\RX�
UHWXUQ�WR�Y�
² DOZD\V�SRVVLEOH�VLQFH�DOO�YHUWLFHV�KDYH�HYHQ�GHJUHH

■ )LQG�DGGLWLRQDO�F\FOLF�SDWKV�XVLQJ�UHPDLQLQJ�HGJHV�DQG�VSOLFH�EDFN�
LQWR�RULJLQDO�F\FOLF�SDWK�

+RZ�WR�HIILFLHQWO\�NHHS�WUDFN�RI�XQXVHG�HGJHV"
■ 'HOHWH�HGJHV�DIWHU�\RX�XVH�WKHP�

+RZ�WR�HIILFLHQWO\�ILQG�DQG�VSOLFH�DGGLWLRQDO�F\FOLF�SDWKV"
■ 3XVK�HDFK�YLVLWHG�YHUWH[�RQWR�D�VWDFN�

��

int euler(Graph G, int v) {
link t;
int w;
for(t = G->adj[v]; t != NULL, v = w) {

STACKpush(v);
w = t->w;
GRAPHremove(G, EDGE(v, w));

}
return v;

}

void GRAPHshowEuler(Graph G, int v) {
STACKinit(G->E);
STACKpush(v);
while ((euler(G, v) == v) && !STACKisempty())

v = STACKpop();
printf("%d ", v);

}
if (!STACKisempty()) printf("Not Eulerian.\n");

}

(XOHU�7RXU

(XOHU�7RXU���,PSOHPHQWDWLRQ

F\FOLF�SDWK�EDFN�WR�LQLWLDO�YHUWH[

GHOHWH�ERWK�FRSLHV�RI�HGJH


