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N
u

m
b

er S
ystem

s

 

•

 

G
eneral form

 of a num
ber in 

 

b
ase

 

 

 

b

 

 is

 

w
here 

 are the 

 

p
o

sitio
n

al co
effi

cien
ts

 

•

 

M
odern com

puters use binary arithm
etic, i.e., base 2
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C
o

nversio
n

s

 

•

 

To convert from
 decim

al to binary, divide by 2 repeatedly, read 
rem

ainders up.

 

•

 

E
asier to convert to octal, then to binary
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A
d

d
itio

n

 

•

 

A
ddition in base 

 

b

 

w
here 

, 
, and 

 w
here 

 

•

 

A
ddition in base 2:

 

 
 
0
0
1
0
1
1
0
1

+
 
1
0
0
1
1
0
0
1

 
 
—
—
—
—
—
—
—
—

 
 
1
1
0
0
0
1
1
0

 

•

 

the sum
 m

ight have 

 

o
n

e

 

 m
ore digit than the largest operand
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M
u

ltip
licatio

n

 

•

 

M
ultiplication in base 2: 

 

0
0
1
0
1
1
0
1
 
*
 
1
0
1
1
1
0
0
1

 

1
 
0
0
1
0
1
1
0
1

 

0

 

 
 
0
0
0
0
0
0
0
0

 

1
 

 

 
 
0
0
1
0
1
1
0
1

 

1

 

 
 
 
 
0
0
1
0
1
1
0
1

 

1

 

 
 
 
 
 
0
0
1
0
1
1
0
1

 

0

 

 
 
 
 
 
 
0
0
0
0
0
0
0
0

 

0

 

 
 
 
 
 
 
 
0
0
0
0
0
0
0
0

 

1

 

 
 
 
 
 
 
 
 
0
0
1
0
1
1
0
1

 

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

 

 
 

 

0
1
0
0
0
0
0
1
0
0
0
0
1
0
1

 

•

 

T
he product has about as m

any digits as the tw
o operands com

bined, 
i.e.
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M
ach

in
e A

rith
m

etic

 

•

 

C
om

puters usually have a fixed num
ber of binary digits (“bits”), e.g., 32 

bits

 

•

 

F
or exam

ple, using 6 bits, num
bered 0 to 5 from

 the right

 

largest num
ber

sm
allest num

ber

 

•

 

W
hat is 50 +

 20?

 

 
 
1
1
0
0
1
0

+
 
0
1
0
1
0
0

 
 
—
—
—
—
—
—

 
1
0
0
0
1
1
0

 

•

 

T
he highest bit doesn’t fit, so w

e get 

 

•

 

S
pilling over the lefthand side is 

 

overfl
ow
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S
ig

n
 M

ag
n

itu
d

e an
d

 O
n

e’s C
o

m
p

lem
en

t

 

•

 

S
ig

n
-m

ag
n

itu
d

e

 

 notation:

 

bit 
 is the sign; 0 for 

 

+

 

, 1 for 

 

-

 

bits 
 through 0 hold an unsigned num

ber

largest num
ber

sm
allest num

ber

 

•

 

A
ddition and subtraction are com

plicated w
hen signs differ

 

•

 

S
ign-m

agnitude is rarely used

 

•

 

O
n

e’s-co
m

p
lem

en
t

 

 notation: 

 

-k = (2

 

n

 

-1) - k = 11111...(n bits) - k

 

bit 
 is the sign; bits 

 through 0 hold an unsigned num
ber

bits 
 through 0 hold 

 

co
m

p
lem

en
t

 

 of negative num
bers

largest num
ber

sm
allest num

ber

 

•

 

A
ddition and subtraction are easy, but there are 

 

2

 

 representations for 0
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Tw
o

’s C
o

m
p

lem
en

t

 

•

 

Tw
o

’s-co
m

p
lem

en
t

 

 notation: 

 

-k = 2

 

n

 

 - k = 

 

(2

 

n

 

-1) - k

 

 + 1

 

bit 
 is the sign; bits 

 through 0 hold an unsigned num
ber

bits 
 through 0 hold the 

 

co
m

p
lem

en
t

 

 of a negative num
ber 

 

p
lu

s 1

 

largest num
ber

sm
allest num

ber
; note 

 

asym
m

etry

 

•

 

To negate a 2’s com
pl. num

ber: first com
plem

ent all the bits, then add 1 

 

start w
ith

co
m

p
lem

en
t

in
crem

en
t

 

+
6

0
0
0
1
1
0

1
1
1
0
0
1

1
1
1
0
1
0

-
6

-
6

1
1
1
0
1
0

0
0
0
1
0
1

0
0
0
1
1
0

+
6

+
0

0
0
0
0
0
0

1
1
1
1
1
1

0
0
0
0
0
0

-
0

+
1

0
0
0
0
0
1

1
1
1
1
1
0

1
1
1
1
1
1

-
1

+
3
1

0
1
1
1
1
1

1
0
0
0
0
0

1
0
0
0
0
1

-
3
1

-
3
1

1
0
0
0
0
1

0
1
1
1
1
0

0
1
1
1
1
1

+
3
1

-
3
2

1
0
0
0
0
0

0
1
1
1
1
1

1
0
0
0
0
0

-
3
2
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Tw
o

’s C
o

m
p

lem
en

t, C
o

n
t’d

 

•

 

A
dding 2’s-com

plem
ent num

bers: ignore signs, add unsigned bit strings

 

 
 
+
2
0

 
 
0
1
0
1
0
0

 
 
-
2
0

 
 
1
0
1
1
0
0

+
 
-
 
7

+
 
1
1
1
0
0
1

+
 
+
 
7

+
 
0
0
0
1
1
1

 
 
—
—
—

 
 
—
—
—
—
—
—

 
 
—
—
—

 
 
—
—
—
—
—
—

 
 
+
1
3

 
 
0
0
1
1
0
1

 
 
-
1
3

 
 
1
1
0
0
1
1

 
 
+
2
0

 
 
0
1
0
1
0
0

 
 
-
2
0

 
 
1
0
1
1
0
0

+
 
+
 
7

+
 
0
0
0
1
1
1

+
 
-
 
7

+
 
1
1
1
0
0
1

 
 
—
—
—

 
 
—
—
—
—
—
—

 
 
—
—
—

 
 
—
—
—
—
—
—

 
 
+
2
7

 
 
0
1
1
0
1
1

 
 
-
2
7

 
 
1
0
0
1
0
1

 

•

 

S
igned overflow

 occurs if

 

the carry 

 

in
to

 

 the sign bit differs from
 the carry 

 

o
u

t

 

 of the sign bit

 

 
 
+
2
0

 
 
0
1
0
1
0
0

 
 
-
2
0

 
 
1
0
1
1
0
0

+
 
+
1
7

+
 
0
1
0
0
0
1

+
 
-
1
7

+
 
1
0
1
1
1
1

 
 
—
—
—

 
 
—
—
—
—
—
—

 
 
—
—
—

 
 
—
—
—
—
—
—

 
 
-
2
7

 
 
1
0
0
1
0
1

 
 
+
2
7

 
 
0
1
1
0
1
1

 

•

 

S
am

e hardw
are for 

 

b
o

th

 

 unsigned and signed, but flags 

 

tw
o

 

 conditions

 

overfl
ow

 

signed overflow

 

carry

 

unsigned overflow
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S
ig

n
 E

xten
sio

n

 

•

 

To convert from
 a sm

all signed integer to a larger one, copy the sign bit

 

 
 
 
 
 
 
+
5

 
 
 
 
 
 
-
5

 

4 bits

 

 
 
 
 
0
1
0
1

 
 
 
 
1
0
1
1

 

8 bits

 

0
0
0
0
0
1
0
1

1
1
1
1
1
0
1
1

 

•

 

To convert a large signed integer to a sm
aller one: check trunced bits

 

 
 
 
 
 
 
+
5

 
 
 
 
 
 
-
5

 

8 b
its

00000101
11111011

4 b
its

    0101
    1011

O
K

!

 

 
 
 
 
 
+
2
0

 
 
 
 
 
-
2
0

 

8 bits

 

0
0
0
1
0
1
0
0

1
1
1
0
1
1
0
0

 

4 bits

 

 
 
 
 
0
1
0
0

 
 
 
 
1
1
0
0

 

B
ad!

 

•

 

H
ardw

are does extension, but 

 

m
ay n

o
t

 

 check for truncation; nor does C

 

s
h
o
r
t
 
s
m
a
l
l
 
=
 
-
5
0
;
 
l
o
n
g
 
b
i
g
 
=
 
s
m
a
l
l
;

p
r
i
n
t
f
(
"
%
d
 
%
d
\
n
,
 
s
m
a
l
l
,
 
b
i
g
)
;

 

-
5
0
 
-
5
0

 

l
o
n
g
 
b
i
g
 
=
 
4
0
0
0
0
;
 
s
h
o
r
t
 
s
m
a
l
l
 
=
 
b
i
g
;

p
r
i
n
t
f
(
"
%
d
 
%
d
\
n
"
,
 
s
m
a
l
l
,
 
b
i
g
)
;

 

-
2
5
5
3
6
 
4
0
0
0
0

 

c
h
a
r
 
c
 
=
 
2
5
5
;

p
r
i
n
t
f
(
"
%
d
\
n
"
,
 
c
)
;

 

-
1
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F
lo

atin
g

 P
o

in
t N

u
m

b
ers

 

•

 

F
loating point num

bers are like scientific notation

 

•

 

S
ignificand restricted to range, e.g., 

, and fixed num
ber of digits 

 

•

 

F
loating point is approx. representation for infinitely m

any real num
bers

 

m

 

is an 

 

n

 

-bit 

 

sig
n

ifi
can

d

 

 or 

 

fractio
n

 

is the 

 

b
ase

 

 (usually 2)

 

k

 

is the 

 

exp
o

n
en

t

 

e.g. for base 2
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F
lo

atin
g

 P
o

in
t N

u
m

b
ers, co

n
t’d

 

•

 

N
o

rm
alized

 

 floating point num
bers m

ake the representation unique

 

m
ost significant digit is nonzero, e.g., 

for floating point num
bers,

 or 

i.e., w
hen 

, m
ost significant bit of 

 

m

 

 is 1

 

•

 

E
xam

ple: 

 

•

 

W
hat about 0.0? U

se reserved values of k, e.g.,

 for 0.0, 
 for

k

-1
0

1
2

m

1.00
.5

1.
2.

4.

1.01
.625

1.25
2.5

5.

1.10
.75

1.5
3.

6.

1.11
.875

1.75
3.5

7.

.125
.25

.5
1.
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IE
E

E
 F

lo
atin

g
 P

o
in

t

•
IE

E
E

 form
at uses a h

idd
en

 b
it to increase precision by 1 bit

all n
o

rm
alized

 floating point num
bers have the form

 
,

so assu
m

e the leading 1 and om
it it

•
S

ingle precision (f
l
o
a
t) form

at

, 
, 

•
V

alues 1
.
1
7
5
4
9
4
3
5
0
8
2
2
2
8
7
5
e
-
3
8
 to

 
3
.
4
0
2
8
2
3
4
6
6
3
8
5
2
8
8
6
0
0
0
0
e
+
3
8 

k =
 

f
f. p

. n
u

m
b

er

N
aN

 (sig
n

alin
g

/q
u

iet)

(d
en

o
rm

alized
)
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IE
E

E
 F

lo
atin

g
 P

o
in

t, co
n

t’d

•
D

ouble precision (d
o
u
b
l
e) form

at

, 
, 

•
V

alues: 2
.
2
2
5
0
7
3
8
5
8
5
0
7
2
0
1
4
e
-
3
0
8
 to

 
1
.
7
9
7
6
9
3
1
3
4
8
6
2
3
1
5
7
e
+
3
0
8

•
B

iased exponents in the m
ost-significant bits are useful because

integer com
pare instructions can be used to com

pare floating point values
a bit string of 0’s represents the value 0.0

k =
 

f
f. p

. n
u

m
b

er

N
aN

 (sig
n

alin
g

/q
u

iet)

(d
en

o
rm

alized
)


