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What is this o(m,n) ??
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What is this o(m,n) ??

Why does this a(m,n)
appear in the analysis of
path compression ??

SAARLAND g
IIIIIIIIII



What is this o(m,n) ??
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A two-parameter variation of the inverse Ackermann function can be
defined as follows:

a(m,n)

=min{i > 1: A(%, |/m/n|) = log, n}.

This function arises in more precise analyses of the algorithms
mentioned above, and gives a more refined time bound. In the
disjoint-set data structure, m represents the number of operations while n
represents the number of elements; in the minimum spanning tree
algorithm, 7 represents the number of edges while r represents the
number of vertices. Several slightly different definitions of a{m, n) exist;

R
for example, log- n is sometimes replaced by n, and the floor function is
sometimes replaced by a ceiling.
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Definition and properties

The Ackermann function is defined recursively for non-negative integers

m and 7 as follows:

n+1 ifm=0
Alm,n)=(¢ Aim-1,1) ifm>0andn=0
Alm—-1,Alm,n—1)) ifm >0 and n > 0.

The Ackermann function can be calculated by a simple function based

directly on the definition:
1| | _"|J
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This definition of o(m,n)
is not particularly enlightening.
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Why does this o(m,n)
appear in the analysis of
path compression ??
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aintain parfitionotr S={1Z2,--,n

under operations
Union( 2, 4)
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aintain parfitionotr S={1Z2,--,n

under operations
Union( 2, 4)

7 @,
®

®

Find(3)= 6 (representative element),,
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Implementation

* forest F of rooted trees with node set S

* one tree for each group in current partition
* root of tree is representative of the group
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Implementation

* forest F of rooted trees with node set S

* one tree for each group in current partition
* root of tree is representative of the group

NO

]

1

2 4 6 _ 4

T 1\ 1\ Union( 2,4 ) /T

1 8 3 > 8
!

N —>w—>o
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Implementation

* forest F of rooted trees with node set S

* one tree for each group in current partition
* root of tree is representative of the group

NO

F1t T e, A
f )

1

N —>w—>o

Find( x ) follow path from x to root

e
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Heuristic 1: “linking by rank”

» each node x carries integer rk(x)
» initially rk(x) = 0
- as soon as x is NOT a root, rk(x) stays unchanged

» for Union( x , y ) make node with smaller rank
child of the other
in case of tie, increment one of the
X4 Y7 ranks

Y7 x
A A\ — A/A
X4 Ya 25
A A\ — KA
AT Wl
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Heuristic 2: Path compression

when performin a Find( x ) operation make
all nodes in the "findpath” children of the root

w

S

Find( 4) %TN

VL S S AN
23

7 9 29

N -

>0 >0 —>

—
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nN
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~
\O

P>

nN
w
—
O1
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sequence of Union and Find operation

Explicit cost model:

cost( op ) = # times some node gets a new parent

Time for Union(x ,y) = O(1) = O(cost( Union(x,y)))
Time for Find( x) = O( # of nodes on findpath )
= O(2+cost(Find(x)) )
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For analysis assume all Unions are performed
first, but Find-paths are only followed (and
compressed) to correct node.
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For analysis assume all Unions are performed
first, but Find-paths are only followed (and
compressed) to correct node.
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B compress( x,y )
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General path compression in forest F
@) @)
M .5. N ?
O p — > O T
/(iv | compress( X,y ) b &
i VAN

j
0
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General path compression in forest F

f&x ’ f% ’
I : > ©
T: compress( X,y )

/

O—>X

cost( compress( x,y )) = # of nodes that get a
hew parent
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Problem formulation

F forest on node set X
C sequence of compress operations on F

|C| = # of true compress operations in C

cost(C) = 2( cost of individual operations )

How large can cost( C ) be at most,
in terms of |X| and |C| ?
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Idea:

For the analysis try “divide and conguer.”
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Idea:

For the analysis try “divide and conguer.”

Question:

ow do you ‘divide”?
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Dissection of a forest F with node set X :

partition of X into "top part” X,
and "bottom part” X,

so that top part X, is "upwards closed”,

i.e. xeX, = every ancestor of x is in X, also
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Dissection of a forest F with node set X :

partition of X into "top part” X,
and "bottom part” X,

so that top part X, is "upwards closed”,

i.e. xeX. = every ancestor of x is in X, also
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Dissection of a forest F with node set X :

partition of X into "top part” X,
and "bottom part” X,

so that top part X, is "upwards closed”,

i.e. xeX. = every ancestor of x is in X, also

AN

[ A\Z\

Note: X., X, dissection for F
F' obtained from F by - =
sequence of path compressions |

A, X, 18
dissection for F'
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Main Lemma:
C ... sequence of operations on F with node set X
X., X, dissection for F inducing subforests 7., F,
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Main Lemma:
C ... sequence of operations on F with node set X
X., X, dissection for F inducing subforests 7., F,

= J compression sequences
C, for 7, and C. for F.
with

Col + 1G4 <€

and

cost(C) < cost(C, )+ cost(C.)+ |X,|+|C.]
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Proof: 1) How to get C, and C. from C:
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Proof: 1) How to get C, and C. from C:

compression paths from C

Y Y
A A .
case 1: . . into C,
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Proof: 1) How to get C, and C. from C:

compression paths from C

Y Y
. A A .
case 1: ° into C.
X X
Y Y
A .
case 2: H into C,
; .
X
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Proof: 1) How to get C, and C. from C:

compression paths from C

Y Y
A A :
case I into C,
X X
X |
case 2: into C,
X X
Y )4 .
A » into C,
case 3. X X
A
X |
intfo C,
X SAARLAND i%ﬁ
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“rootpath compress”

/ X

A — A A A A
. / compress( x, oo )

nvenstry M
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“rootpath compress”

/ /

K —— A hAA
. / compress( x, oo )

cost( compress( x, ) ) = # of nodes that get a
hew parent

0
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Proof: C.l+ ¢ < IC]

compression paths from C

Y Y
.A A .
case l: ~ into C,
X X
X Y
A o
case 2: H into C,
X X
4 Y .
0 ' into C,
case 3. X X
-
X .
A m¥a C,
mund Sei x ™~
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cost(C) < cost(C, )+ cost(C, )+ |X,|+ |C]
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cost(C) < cost(C, )+ cost(C, )+ |X,|+ |C]

cost( C) &
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cost(C) < cost(C, )+ cost(C, )+ |X,|+ |C]

cost( C) &

green node gets new green parent: | accounted by cost(C,)
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cost(C) < cost(C, )+ cost(C, )+ |X,|+ |C]

cost( C) &

green node gets new green parent: | accounted by cost(C,)

brown node gets new brown parent: | accounted by cost(C,)
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cost(C) < cost(C, )+ cost(C, )+ |X,|+ |C]

cost( C) &

green node gets new green parent: | accounted by cost(C,)

brown node gets new brown parent: | accounted by cost(C,)

brown node gets new green parent: | accounted by | X, |
for the first time
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cost(C) < cost(C, )+ cost(C, )+ |X,|+ |C]

cost( C) &

green node gets new green parent: | accounted by cost(C,)

brown node gets new brown parent: | accounted by cost(C,)

brown node gets new green parent: | accounted by | X, |
for the first time - #roots( F )
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cost(C) < cost(C,) + cost(C.) + | X,| - #roots(F,) + |C. ]|

cost( C) &

green node gets new green parent: | accounted by cost(C,)

brown node gets new brown parent: | accounted by cost(C,)

brown node gets new green parent: | accounted by | X, |
for the first time - #roots( F )
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cost(C) < cost(C,) + cost(C.) + | X,| - #roots(F,) + |C. ]|

cost( C) &

green node gets new green parent: | accounted by cost(C,)

brown node gets new brown parent: | accounted by cost(C,)

brown node gets new green parent: | accounted by | X, |
for the first time - #roots( F )

brown node gets new green parent: | accounted by |C,|
again
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Main Lemma':
C ... sequence of operations on F with node set X
X., X, dissection for F inducing subforests 7., F,

= J compression sequences
C, for 7, and C. for F.
with

Col + 1G4 <€

and

cost(C ) < cost(C, )+ cost(C,)
+ | X, | - #roots(F,) + |C,]
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f(m,n) ... maximum cost of any compression
sequence C with |C|=m in an arbitrary
forest with n nodes.

Claim:  f(m,n) < (m+n)-log,n
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Claim:  f(m,n) < (m+n)-log,n
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Claim:  f(m,n) < (m+n)-log,n

Proof:
|X|=n
forest F

C compression sequence |C|=m

SARDEAE il
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Claim:  f(m,n) < (m+n)-log,n

Proof:

- F.
forest F Xz T [ X;|=1X,|=n/2

C compression sequence |C|=m
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Claim:  f(m,n) < (m+n)-log,n

Proof: -
[X]=n * X, =] X, |=n/2

fb%

C compression sequence |C|=m

forest F

Main Lemma = 3C,C, |C|+|C.| < |C]
m+ m < m

cost(C) < cost(C,) + cost(C.) +|X,|+]|C.|
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Claim:  f(m,n) < (m+n)-log,n

Proof:

- F.
forest F Xz T [ X;|=1X,|=n/2

C compression sequence |C|=m

Main Lemma = 3C,C, |C|+|C.| < |C]
m+ m < m

cost(C) < cost(C,) + cost(C.) +|X,|+]|C.|

Induction: < (my+n/2)log n/2 + (my+n/2)log n/2 + n/2 + m.

1 1 ITY G
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Claim:  f(m,n) < (m+n)-log,n

Proof:

- F.
forest F Xz T [ X;1=1Xp|=n/2

fb%

C compression sequence |C|=m

Main Lemma = 3C,, C, |C |+|C.| < |C|
m+ m < m

cost(C) < cost(C,) + cost(C.) +|X,|+]|C.|

Induction: < (my*n/2)log n/2 + (my+n/2)logn/2 + n/2 + m.

< (mp+my+n/2+n/2)logn/2 + n+ m

E&ARLAND ;a—ﬂ.-,
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Claim:  f(m,n) < (m+n)-log,n

Proof:

- F.
forest F Xz T [ X;|=1X,|=n/2

fb%

C compression sequence |C|=m

Main Lemma = 3C,C, |C|+|C.| < |C]
m+ m < m

cost(C) < cost(C,) + cost(C.) +|X,|+]|C.|

Induction: < (my+n/2)log n/2 + (my+n/2)log n/2 + n/2 + m.

< (mp+my+n/2+n/2)logn/2 + n+ m

< (m+n)-logon/2 + (m+n) = (Mm+n)-logon NNENS i
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Corollary:
Any sequence of m Union, Find operations
in a universe of n elements that uses
arbitrary linking and path compression
takes time at most

O( (m+n)-log n)
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Corollary:
Any sequence of m Union, Find operations
in a universe of n elements that uses
arbitrary linking and path compression
takes time at most

O( (m+n)-log n)

By choosing a dissection that is "unbalanced”
in relation Yo m/n one can prove a better
bound of

O( (m+n)-log ‘m/n]+1 h)
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Corollary:
Any sequence of m Union, Find operations
in a universe of n elements that uses
arbitrary linking and path compression
takes time at most

O( (m+n)-log n)

By choosing a dissection that is "unbalanced”
in relation Yo m/n one can prove a better
bound of

O( (m+n)-log ‘m/n]+1 h)

SAARLAND pfEg

Proof: exercise
UNIVERSITY 4

© Raimund Seldel I E——
COMPUTER SCIENCT



SAARLAND

. . UNIVERSITY

© Ralmund Seldel I N S
COMPUTFEFR SCIENCE




f N>R Brief digression
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f N>R

Brief digression

f*(n) = -

(

0

1+ F(f(n))

ifn<l
if n>1

© Raimund Seidel
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f:N>R Brief digression

(

0 ifn<l1

f*(n):< |
\1+f*(f(n)) ifn>1

f*(n)=min{ k | f(f( - f(n)--) <1}

4

k times

SAARLAND i|>ll
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f: N>R

Brief digression

(

f*(n) = -

0

‘1+f*(f(n)) ifn>1

ifn<l

f*(n)=min{ k | f(f( - f(n)--) <1}

D4

k times

Properties: f a "nice"” compaction, i.e. f(n)<n-1
= f" a "nice" compaction and
f* “much smaller” than f
© Raimund Seidel
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© Raimund Seidel

f(n)

n-2
n-c
n/2

n/c

log n

Brief digression

f*(n)
h-1
n/2
n/c

og,n

og.n

og log n

og'n
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Def: F forest, x node in F
r(x) = height of subtree rooted at x
( r(leaf)=0 )

Fis a rank forest, if

for every node x
for every i with 0<i<r(x),
there is a child y; of x with r(y;)=i .
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Def: F forest, x node in F
r(x) = height of subtree rooted at x
( r(leaf)=0 )

Fis a rank forest, if

for every node x
for every i with 0<i<r(x),
there is a child y; of x with r(y;)=i .

Note: Union by rank produces rank forests |
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Def: F forest, x node in F
r(x) = height of subtree rooted at x
( r(leaf)=0 )

Fis a rank forest, if

for every node x
for every i with 0<i<r(x),
there is a child y; of x with r(y;)=i .

Note: Union by rank produces rank forests |

Lemma: r(x)=r = x has at least r children.
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Def: F forest, x node in F
r(x) = height of subtree rooted at x
( r(leaf)=0 )

Fis a rank forest, if

for every node x
for every i with 0<i<r(x),
there is a child y; of x with r(y;)=i .

Note: Union by rank produces rank forests |

Lemma: r(x)=r = x has at least r children
and at least 2" descendants.

© Raimund Seidel



Inheritance Lemma:

F rank forest with maximum rank r and node set X

seN: X .= { xeX | r(x)>s } Fos
X ={xeX | r(x)<s} F<s

induced forests

SARSHANE Ml
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Inheritance Lemma:

F rank forest with maximum rank r and node set X

seN: X, = {xeX | r(x)>s} Fos
Xoo={xeX | r(x)<s} F<s

induced forests

i) X_.,X_. isadissection for F

ii) 7_, is a rank forest with maximum
rank <s

iii) 7_. is a rank forest with maximum
rank < r-s-1

SABHAE
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Inheritance Lemma:

F rank forest with maximum rank r and node set X

seN: X .= { xeX | r(x)>s } Fos
X ={xeX | r(x)<s} F<s

induced forests

i) X_.,X_. isadissection for F

ii) .. is a rank forest with maximum _1{ /- \
rank < s - =
s{/_%

iii) 7., is a rank forest with maximum
rank < r-s-1

A\

SATHD o
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Inheritance Lemma:

F rank forest with maximum rank r and node set X

seN: X .= { xeX | r(x)>s } Fos
X ={xeX | r(x)<s} F<s

induced forests

i) X_.,X_. isadissection for F

ii) 7., is a rank forest with maximum { /- \
rank < s e =
si/l_ %\

iii) 7., is a rank forest with maximum
rank < r-s-1

SAARLAND gffq

Proofs: exercise
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f(m,n,r) = maximum cost of any compression
sequence C, with |C|=m, in rank
forest F with n nodes and
maximum rank r.
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f(m,n,r) = maximum cost of any compression
sequence C, with |C|=m, in rank
forest F with n nodes and
maximum rank r.

Trivial bounds:
f(m,n,r) < (r-1)n

f(m,n,r) < (r-1)m
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f(m,n,r) = maximum cost of any compression
sequence C, with |C|=m, in rank
forest F with n nodes and
maximum rank r.

Trivial bounds:
f(m,n,r) < (r-1)n
f(m,n,r) < (r-1)m

f(m,n,r) <m+ (r-2)n
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(

. /F\ }r'—s-1<r | X,el =y |IC,| = m,

/A \}s IX.l=n,=n-n,  |C)| =m,

cost(C) < cost(C.) + cost(C,) + |X,| - #rts(F,)+ |C.]
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(

. /F\ }r'—s-1<r | X,el =y |IC,| = m,

/A \}s IX.l=n,=n-n,  |C)| =m,

cost(C) < cost(C.) + cost(C,) + |X,| - #rts(F,)+ |C.]

S f(mf,nT,P-S-l) +
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(

. /F\ }r'—s-1<r | X,el =y |IC,| = m,

/A \}s IX.l=n,=n-n,  |C)| =m,

cost(C) < cost(C.) + cost(C,) + |X,| - #rts(F,)+ |C.]

< f(m;n,r-s-1) + f(my,n,s) +
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(

. /F\ }r'—s-1<r | X,el =y |IC,| = m,

/A \}s IX.l=n,=n-n,  |C)| =m,

cost(C) < cost(C.) + cost(C,) + |X,| - #rts(F,)+ |C.]

< f(mf,nf,r"‘s-].) + f(mb,nb,S) + N-n; -
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(

. /F\ }r'—s-1<r | X,el =y |IC,| = m,

/A \}s IX.l=n,=n-n,  |C)| =m,

cost(C) < cost(C.) + cost(C,) + |X,| - #rts(F,)+ |C.]

< f(mf,n-‘-,r"s-l) + f(mb,nb,S) + N-n; - (S+1)on1_+
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f

r 4 /7 \ }P_S_1<r‘ [Xssl = 1y |Cil = my

\/ ‘;Eb \ }S |X§s| =Ny = N-ny |Cb| = mg

cost(C) < cost(C,) + cost(C,) + |X,| - #rts(F,)+ |C.

< f(mT,nT,r‘S'l) + f(mb,nb,S) + n—n‘l‘- (S+1)-n1_+

Each node in 7. has at least s+1 children in 7, ,
and they must all be different roots of 7, .

SATHD o
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f

r 4 /7 \ }P_S_1<r‘ [Xssl = 1y |Cil = my

\/ ‘;Eb \ }S |X§s| =Ny = N-ny |Cb| = mg

cost(C) < cost(C,) + cost(C,) + |X,| - #rts(F,)+ |C.

S f(m-l-,n-‘-,r'-s-l) + f(mb,nb,S) + n-nf‘ (S+1)n1-+m-|-

Each node in 7. has at least s+1 children in 7, ,
and they must all be different roots of 7, .

SATHD o
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f

. / F O\ }r—s—1<r' | X5 = 0y |C;| = m,

\/ ‘;Eb \ }S |X§s| =Ny = N-ny |Cb| = mg

cost(C) < cost(C,) + cost(C,) + |X,| - #rts(F,)+ |C.

S f(m-l-,n-r,r'-s-l) + f(mb,nb,S) + n-nf‘ (S+1)n1-+m-|-

Each node in 7. has at least s+1 children in 7, ,
and they must all be different roots of 7, .

f(mn,r) < f(myn,r-s-1) + f(m,,n,,s) + n-(s+2)n, + m,

SAARLAND ’ﬁf"“%ﬁ
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f(mnr) < f(m,n,r-s-1) + f(m,,n,,s) + n-(s+2)-n, +m.

n1-+nb - n

O<s<r
mT"‘mbSm o

SABHAE
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f(mnr) < f(m,n,r-s-1) + f(m,,n,,s) + n=-(s+2)n, +m.

n1-+nb - n
mT"‘mbSm

Assume: f(M,N,R) < k-M + N-g(R)

O<s<r

SABHAE
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f(m,nr) < f(m;,nyr-s-1) + f(my,n,,s) + n-(s+2)n, + m;

n-|-+nb - n
mT"‘mbSm

Assume: f(M,N,R) < k-M + N-g(R)

O<s<r

f(m,nr) < km, + n-g(r-s-1) + f(my,n,,s) + n - (s+2)-n, + m;,

< km; + ni-g(r) + f(my,ng,s)+n-sn,+m;

SARSHANE Ml
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f(m,nr) < f(m;,nyr-s-1) + f(my,n,,s) + n-(s+2)n, + m;

n-|-+nb - n
mT"‘mbSm

Assume: f(M,N,R) < k-M + N-g(R)

O<s<r

f(m,nr) < km, + n-g(r-s-1) + f(my,n,,s) + n - (s+2)-n, + m;,

< km; + ni-g(r) + f(my,ng,s)+n-sn,+m;

choose s = g(r)

SARSHANE Ml
© Raimund Seldel —— sia
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f(m,nr) < f(m;,nyr-s-1) + f(my,n,,s) + n-(s+2)n, + m;

n-|-+nb - n
mf"‘mbém

Assume: f(M,N,R) < k-M + N-g(R)

O<s<r

f(m,nr) < km, + n-g(r-s-1) + f(my,n,,s) + n - (s+2)-n, + m;,

< km; + ni-g(r) + f(my,ng,s)+n-sn,+m;

choose s = g(r)
f(m,n,r) < (k+1)-m, + f(my,n,,s) + n

< (k+1)-m; + f(m,,n,s) + n

SAARLAND giqg
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s=9(r)

f(m,n,r) < (k+1)m, + f(m,,h,s) + n
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s =g(r)

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)
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s=g(r) m

~ Y

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)

SARSHANE Ml
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s =g(r) m

~ Y

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)

f(m,nr) - (k+1)m < f(m,,n,s) - (k+1)m, + n

SAARLAND ’ﬁf"“%ﬁ
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s =g(r) m

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)

f(m,nr) - (k+1)m < f(m,,n,s) - (k+1)m, + n

d(m,n,r) < o(mgy,n,g(r)) +n

© Raimund Seidel
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m

s =g(r) , ‘
-(k+1)-(my+m,)

f(m,n,r) < (k+1)m, + f(m,,n,s)+n
f(m,n,r) - (k#l)}m < f(m,,n,s) - (k+l)m, +n

o(my.n,g(r)) +n
(o(mpy.n.g(g(r))) + n) +n

IA

d(m,n,r)

IA

© Raimund Seidel
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s=g(r)

m

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)

f(m,nr) - (k+1)m < f(m,,n,s) - (k+1)m, + n

d(m,n,r)

© Raimund Seidel

<

IA

IA

o(mg,n.g(r)) +n
(0(my.n,9(g(r))) + n) +n
((0(mys.1.9(g(g(r)))) + n) + n) +n
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s=g(r)

m

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)

f(m,nr) - (k+1)m < f(m,,n,s) - (k+1)m, + n

d(m,n,r)

o(m,n,r)

© Raimund Seidel

<

<

IA

IA

o(my.n,g(r)) +n
(o(mpy.n.g(g(r))) + n) +n

((0(mys.1.9(g(g(r)))) + n) + n) +n

h-g(r)
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s=g(r) m

f(mnr) < (kel)m, + f(mons)+n | -(k+1)-(mg+m,)

f(m,nr) - (k+1)m < f(m,,n,s) - (k+1)m, + n

o(mnr) < o(mg,ng(r)) +n

< (0(mypng(g(r))) + n) +n

< ((o(mupnnglglg(r)))) + n) + n) +n
o(m,n,r) < n-gi(r)
flmnr) < (kel) m+n-g'(r) SANBLAND g
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Shifting Lemma:

If f(m,nr) < km+ng(r)
thenalso f(m,n,r) < (k+1)m + n.g°(r)

© Raimund Seidel
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Shifting Lemma:

If f(m,n,r)<km+ng(r)
thenalso f(m,n,r) < (k+1)-m +n.g°(r)

Shifting Corollary:

If f(m,n,r)<km+ng(r) i

—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

SAARLAND piifie
UUUUUUUUUU L

© Raimund Seldel I E——
COMPUTER SCIENCT



If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

SAARLAND ﬁ%ﬁ
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) < n-(r-1)

SAARLAND ﬁ%ﬁ
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) < n-(r-1)
= 0Om + n(r-1)
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) < n-(r-1)
= 0Om + n(r-1)

g(r) = r-1
g(r)=r-1

SAARLAND piifie
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) < m+ n(r-2)

SAARLAND ﬁ%ﬁ
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) < m+ n(r-2)
= 1.m + n(r-2)

SAARLAND ﬁ%ﬂ
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) < m+ n(r-2)
= I.m +n(r-2)
g(r) = r-2

SAARLAND ﬁ%ﬂ
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,nr) < m+ n(r-2)
= I.m+ n(r-2)
g(r) = r-2
g (r)=r/2
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,nr) < m+ n(r-2)
= I.m+ n(r-2)
g(r) = r-2
g (r)=r/2 f(m,n,r) < 2m+n(r/2)

SAARLAND piifie
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,nr) < m+ n(r-2)
= I.m+ n(r-2)
g(r) = r-2
g (r)=r/2 f(m,n,r) < 2m+n(r/2)
g (r)=logr

SAARLAND piifie
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

Trivial bound: f(m,n,r) <m+ n-(r-2)

= 1.m+ n(r-2)
g(r) = r-2
g’ (r)=r/2 fmnr) <2m+n(r/2)
g (r)=logr f(m,nr) < 3m+nlogr
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0
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If f(m,n,r)<km+ng(r) i
—A—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

We know bound: f(m,n,r) < 3-m+n-logr

SAARLAND ﬁ%ﬁ
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If f(m,n,r)<km+ng(r)

—
thenalso f(m,nr) < (k+i)m+n.g -"(r)

forany i >0

We know bound: f(m,n,r) < 3-m+n-logr

Therefore for any i> O :

i
I_H

f(m,n,r) < (3+i)-m+ n-log™-*(r)

© Raimund Seidel
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
i

Define a(r) = min i | log™(r) < i}

SAARLAND %%ﬁ
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
i

Define a(r) = min{i | log™(r) < i}

Here is your definition of the
Inverse Ackermann Function ||

SAARLAND ﬁ%ﬁ
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Forany i>0: f(m,n,r) < (3+i)m + n. log -(r)

Choice of i :
i

Define a(r) = min{i | log™(r) < i}

f(m,n,r) < (m+n)(3+o(r))

SAARLAND ﬁ%ﬂ
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
i

Define a(r) = min{i | log™(r) < i}
f(m,n,r) < (m+n)(3+a(r))

< (m+n)(3+a(log n))

SAARLAND piifie
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :

SAARLAND %%ﬁ
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
e

For 1> 1 define a.(r) = min{ i | log™""(r) < 1}
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
e

For 1> 1 define a.(r) = min{ i | log™""(r) < 1}

Here is a parametrized definition
of the Inverse Ackermann
Function |l

SAARLAND ﬁ%ﬁ
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Forany i>0: f(m,n,r) < (3+i)m + n. log -(r)

Choice of i :
e

For 1> 1 define a.(r) = min{ i | log™""(r) < 1}

f(m,nr) < (3+a(r))m+ n-t

SAARLAND ﬁ%m
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Forany i>0: f(m,n,r) < (3+i)m + n. log

“(r)

Choice of i :
e

For 1> 1 define a.(r) = min{ i | log™""(r) < 1}

f(m,nr) < (3+a(r))m+ n-t
choose t = 1+m/n

© Raimund Seidel
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
e

For 1> 1 define a.(r) = min{ i | log™""(r) < 1}

f(m,nr) < (3+a(r))m+ n-t
choose t = 1+m/n
f(m,n,r) < (4+ay,, /,(r))m+n

SAARLAND ﬁ%ﬁ
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S
Forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Choice of i :
e

For 1> 1 define a.(r) = min{ i | log™""(r) < 1}

f(m,nr) < (3+a(r))m+ n-t
choose t = 1+m/n
f(m,n,r) < (4+ay,, /,(r))m+n

< (4+0i1./n(log n))-m + n

SAARLAND ﬁ%ﬁ
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Bob Tarjan 1975
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Bob Tarjan 1975

f(m,n,r) < (4+a,,,.,,(log n))m+n

© Raimund Seidel
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Bob Tarjan 1975

f(m,n,r) < (4+a,,,.,,(log n))m+n

a(m,n) = o.,./,(log n)
© Raimund Seidel
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Shifting Lemma: What to remember:
If f(m,n,r)<km+ng(r)
thenalso f(m,n,r) < (k+1)m + n.g*(r)

Shifting Corollary:
If f(m,nr)<km+ng(r) i

—
thenalso f(m,n,r) < (k+i)m+n.g~-"(r)

forany i >0

Definition of a: i
——
a(r) = min{ i | log™*(r) < i}

© Raimund Seidel
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We used f(mn,r) < 1m+n(r-2)

© Raimund Seidel
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We used f(m,nr) <1lm+n(r-2) toget

[
I_H

forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

. . ERSITY &=
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We used f(m,nr) <1lm+n(r-2) toget

[
I_H

forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Actually f(m,n,r) <1l.m+nlogr

ﬁﬁMANDﬁ%
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We used f(m,nr) <1lm+n(r-2) toget

[
I_H

forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Actually f(m,n,r) <1l.m+nlogr .
(Exercise)

EJ}?\IF]\RLAND "
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We used f(m,nr) <1lm+n(r-2) toget

[
I_H

forany i>0: f(m,nr) < (3+i)m+nlog™"(r)

Actually f(m,n,r) <1l.m+nlogr .
(Exercise)
and therefore

S
forany i>0: f(m,n,r) < (1+i)m+nlog™"(r)

SAARLAND .-ﬁf_“gﬁ
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(difficult

Actually f(mnr) <1lm+n-log r ,
y 1 ) J Exercise)

and therefore

i
I_H

For any i> O : f(m,nr) <im+nlog -"(r)

lSJ}’\ARLAND %ggi-:i
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f(m,n,r) for small values of r
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f(m,n,r) for small values of r

fim,n0)=0 f(mn1)=0 f(mn2)<m

SAARLAND il>ﬁ’|
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f(m,n,r) for small values of r

fimn0)=0 f(mn1)=0 f(mn2)<m

flmnr)<m+n forr<S8,ie. for n<b12

. . ERSITY &=
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f(m,n,r) for small values of r

fimn0)=0 f(mn1)=0 f(mn2)<m

flmnr)<m+n forr<S8,ie. for n<b12

f(mnr)<m+2n forr<?202,i.e. for n<2203

lSJ};\\IARLAND %ggi-:i
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f(m,n,r) for small values of r

fimn0)=0 f(mn1)=0 f(mn2)<m

flmnr)<m+n forr<S8,ie. for n<b12

f(mnr)<m+2n forr<?202,i.e. for n<2203

SAARLAND g
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Similar proof for O( m-a(m,n) + n) bound
also works for

* linking by weight and path compression

* linking by rank and generalized path
compaction
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Similar proof for O( m-a(m,n) + n) bound
also works for

* linking by weight and path compression

* linking by rank and generalized path
compaction

Open problem:

simple top-down approach for proving
lower bounds
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