COS 423                                 Problem Set 2                             Due Wednesday March 12

Spring 2008                                                                                               No Collaboration

1. Show that the subset sum problem is solvable in polynomial time if the target value t is expressed in unary.

2. In the half 3-CNF satisfiability problem, we are given a 3-CNF formula F with n variables and m clauses, where m is even.  We wish to determine whether there exists a truth assignment to the variables of F such that exactly half the clauses evaluate to true and exactly half the clauses evaluate to false.  Prove that the half 3-CNF satisfiability problem is NP-complete.

3. A bipartite graph is a graph whose vertices are partitioned into two sets A and B, and every edge has one end in A and one end in B. A biclique in a bipartite graph is a set of vertices X such that there are edges joining every vertex in 
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 A biclique cover of a bipartite graph is a set of subgraphs, each of  which is a biclique, that together contain all the edges of the graph. (An edge can be in more than one biclique, but it must be in at least one.) The size of the biclique cover is the number of bicliques.

(a) Consider the problem of finding a biclique cover of size as small as possible in a given graph.  Restate this problem as a yes-no question, and prove that it is NP-complete.

(b) In a bipartite graph, we call two edges (x, y) and (v, w) with  x, v in A and w, y in B independent if either (x, w) or (y, v), or both, is not an edge.  A set of edges is pairwise independent if every pair is independent.  Let k be the maximum number of edges in a pairwise independent set. Show that every biclique cover contains at least k cliques.  Give an example such that the smallest biclique cover contains at least 
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 cliques.

(c) Consider the problem of finding a pairwise independent set as large as possible.  Restate this problem as a yes-no question, and prove that it is NP-complete.
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