Min}mum—- Cost Network Flow

In additien to a Capaci‘fy, each edJ¢ Aas a
real- valued cost per unit of flow. |

A miaimum—cos‘t (maximum) f/ew s a maxjmum f/ow
whose total cest (.fum of ea{,e flows +imes 50!78 coéfs)

IS minimum.

Problem: find a minimum-cost £low in a jiven network.

n= #yertices
m= # edges

U= max CaPaciif
L= max cost (if fn'tﬁjgl'&)

(if in‘tﬁjeﬂs)




Two  Naive Afaf}oaches

(1) Repeat: aujment A/onj a cheapest Ioart/. In
the residual network.

Each aujmcn‘ta‘tion takes a shortest fatA
mmfu'ta‘fl'oh. |

Shortest ,oaf‘: can be found usir:J .'Dg'bfrd.'s
a{,orif-‘nm. i costs are kf‘t non- neJafl'\/e
Usin fn'cG trans formation (’ﬂ'mal - Aual
Meﬁ/wo( O'f /n'near Pr-o\’ramminj). '

ﬁme/; O(n u(m',,nlan)) [mt pel/mmial)
(2) - | networkof zero-cost residual edgpes,
Fepeat find a maximun Fhow.

Ang ment He fJow and ardn.fe fAe Pn'ceg,
J(aq'no( all p«U\s of a 9\ven (ost m‘.ohr.e.\

Time: O,(AC (hm /ej {h"/m)» | éw-ﬁ ,ocl’nomial) '




6= (v, E) .rymmctm'c' directed graph
- (vw) €E iH twoh) € .
/V/' n, IF/: m." min::. | E()= wa(",w)fE}
are »cafbacl"tic.r u(n') (vw) €E |
arc m-b cl%w) (v u)‘E |

girﬁ {*

cost fanchon is aato:ymma‘tm c: c(v w) : - c.(w v)

(mu"'t(a/e e(f‘jcs a Jow I\ab"e‘y‘ﬂ@f&/ mf?.‘s)

Circwlation ¥: E-* R
f(‘ﬁ w) £ (",") *5*0‘5 | capacity coastraiats
'f(")“) "" - ‘f(vf,'l) V(v‘w) «E -ﬂoy ant/ _rymm]

' {(vw) =0 VveV fhw conservation
wegry) ” | |

‘Vé‘obsf O-f f-' | i“ g‘ f(y:u) C[gw)
(Y€€




Refurmulﬁted ProL(em'. FMJ a circafa't;on
of minimum cost: add a return arc |
from stat of infinite cAchit}/ and

/mje mjmm cost (—-n C). |

residual eap&ci“ty M{ (vw) = M(vquf)"/’&,") or f(‘“,u.‘)

resdud/ arc /v, u{.[n;w)lbo

Areﬁdum( C)fﬁk: a (‘ﬂ;"fl") L')mk o-{ rgfid«a/ arcs

k%,_g gfc’dnsmkf of arcs, I(Tj
_c_c_:_g_‘l;h[C)/c/e"' sum of arc CoSts = C(f)

mean cost of c)lcle = c/f)/l (T')
,,.sz.,twe cyal&'- c(t’j <0




Minimum - Cost

.In ad&,tt;cn foi Qa Capacdy, Eﬁfa&h eﬁg lu: a
real- valued cost per unit of flow.

is a maximum £ low
e flows Fimes edge csts)

i3 minimam.




Theorem (Busagktr and \gaatf, 1745): A circulation ¥ is
minimum- cost | ff there is no nejaﬁve residual c),c/e.',»

Aller;‘t‘lm (K'e.;n, .7(7)
0. Find any circulationf {ly’a max {low guupwta‘tion)

1. While 3 neqative cycle T cancel T by increasing £ on all
cJative Cycié |, cancéi increasp
arcs of T ‘7 min [u{(w,-r)*ﬁgw) if'} J

‘ #'Ef&!‘a&@-o& Can be ggﬁmgﬁ[ @, /'nfiniie)
ow to chos Cycl‘“ 1%"/6&@&’53 to minimize |
 #iterations, ranning time?
IR M wm !Lost.?
minimam lethk?
 maximum ’ﬂujt}\?
Mmaximure Capac;éy«.?

maximum Cost decreasc,?




Our Results

M;nSMum—mean c/c/e Cancell‘r‘ij'-‘ Alwa)/.f Cancel a C)/c/g
of minimum mean cost.

Theorem: #* cancellations = O(hm‘l/ojn). If;o:t: are /'nfe’crf
of maximum may ni tude C #cancellationss O [nm/:j(n c)).

Time to /»‘no‘ A MR mu Mmean c),cle-'—‘ D[Inm) (KarP) ”78)

A variant 50[ this 4 L aives @ oractical " aleorithm
/a roac A practical Q@ ]
P (jO().mlyli min[/véhg){m/yn}).

with a runm':] time o




| \Sca/inj Aflproac/'n

Add a bit of precision (%o capacities or costs) at
a time. Start with exact solution fo appreiimate
problem. lse it as an approximate solution toa

more exact /Dr'ouem. Imp rove the solution to an
exact Solution.

S Cals'nj Cdfacities ( Edmonds & Karp; Ror.k)
For each kit of cafmcit); Preci:ioh, must find
O[m) c/.eafest Ioat/\.s. ’

Find a cheapest path usin J Dijkstras shortest
path a{yor’ithm; use price transform.

Time: 0(m/03 U (m-r n/o]n)) |

Scali ny costs (Rock; Bland £ Jensen)

For each bit 61( Cost freci.s:'on, must £ind
O(n) maximum flhws. '

Time: O (nlog C (nm log (n*/m)))




