Maximum F|ow FroHe.m

Network G =(V, ES , Source s, sinkt
edge capacities u(yw) = far(vw) €E
|V|= n l E[=m U= max Ju,w)
Assume netwerk is sy,;nmetr.'c;

(vw)€E (ff (wv) €E

Flow 4+ £ =R
Flow) 4 u(yw)
flyw) =~ #lwy)
etz L Hew) <O Yw & f¢]

Objective: maximize e(t) (= 3 e(s)) .




Ford- Fulkerson method:

re}oea‘t 5l}nd an aujme.ntinJ fa't/'s

augment flow

Time: O nm M) (ret ,oo//nomia/, /)cvcal not
terminate if caloacitie.s
are irrational )




A

’Ca,o()( 47)3 <7’(4 ¢ rocs ¢, 4

Ko oy £l £(x 5) > RECYEN:







99

99

2]

etcetera

\00




Edmends £ Karp: a/wa)'s »aujmen'l' alanj ‘a shoortest |
(ﬁwest CJJ&;‘) Pai;\:
O[m) Hme per path x O(m) Pa“! per /cn(jtk

X_O(r\) path lcvtkg = O(m) time

Dinic : find all mymm‘ﬁfv ,pm‘.(s of a jimn
/enth at Once, in 2 phase :
O(n) +ime per path x O (nm) paths
+ O(m) time per phase xO(n) phates =

| O(hzm) time




" Classical A\jorit hms

Date Discoverer Time
1956 Ford & Fulkerson O (nmU)
1949 Edmonds & Karp O(rm')
1970 Dinic O(n'm)
197¢ Karzanov O(n’)*
(same bound by several others later)
1977 Cherkasky O( n‘,}.”*)'*
1978 Galil O( 1 i )
1978 Galill Naamad; Shilach o(,,m(;cj,, )
o 19s0 Sleator & Tarjan B O(nm logn)
1983 Gabow | O(nm hy u)

*Fnre.mnneﬁ‘ o‘.[ pr@f/gw Pusls methad




Preflow Push AFProac‘x (Golo( bg,3>
Too ideas: =
Mate tle éas'ic ffsof in the Com fwhtior\ smaller

( relax the flow corssrvation rezu}f‘g mcnf)

Use a leg J"“’/ more dhcte date appmad\ 1o
do the Pmpmam'v ~mda£'—l with cah

| p‘.m.

Majn effect: §imf>/e-r* a!jw#’xm?




Oue AFPrAcA

Preflow (Karzanov)= like a {lfow except that the
total fLlw inte a vertex can exceed the total

fhw out.

Avertex ¥t with extra incoming flow (s active. The
he‘t /'naau'v fhw e(vj (s the excess of vertex v.

Idea: move fhw excess toward sink alonj estimated
shortest ,oa't/as. Move &xcss that canmnot reach

the sink back To the source, also alng estimated
shortest pa‘”l:. -

To estimate ,oa‘t/) /cnjﬂ\s-‘ a valid /gée/in; S an

l'nfejer function o on vertices .s'uch that:

() d¥)=o0
[c'o) d{s)=n
(ﬁcj d[v) s A(w)é_l ,'[ u{_ [’.’:w) >0

d(v) is @ bwer bound on the minimum of .
distance 4o tz n+ distance to & |




A{?ori‘tﬁ m

1. Saturate all c{ycs /caWIJJ S. Couse inrtial d.

2. Repeat push and relab el steps in any order
until ne vertex /s getive.

push (v,w):
1 vis aetive, -fﬂw) 20 and A W)eA(w)+d
then move . min fe(v) Ur [vw)} unts of

ﬁ‘w from v to w(t/w Pusll 1 &fuigj £
{&w) units Are ,mwcpl)

re./alc/[v) : |
f vis active and £- al (vo), u{ (yw)s-o or ﬂ{ﬁ)-‘-‘ d{w) |
then /et A() = min [d(w)f.l/ ur (v, w) >0}




Bouhds

Every active .vertex has a label of at most 2n-1:

there is a/wa);s a residual PaUm 40 S.

> O(h") re/ubclfnjs, ‘lakl.nj O(nm) time.

Fet ween sat umtinJ Pques t/\mgk tle cqame cage) endls
of eof,'- must be relgbeled

é.‘ O (Am) Sa‘turn‘tinj fusl-es‘

The heart of the analysis js in poanding

the number of nopsaturating Pw/uas.




Generic Bound : O(h’-m)

Pf. Define &= 2 d().

v active
o¢ bt A monsaturating push decresses & by one.
Increases 40 8: O(n') in total due to relabelings.

O(h"m) due 1o mturativ pushes: “

| O(n) per saturatinj loush.

e

> O(nzm) nonmtura‘tiv Pusl-es.




FIFO Method

Maintain a 1ueue of active vertices.
Alway: Pwl\ frem i‘\e vertex oh tlxe /;"onf of tAe iuedt.

Add ncw/)' active vertices to the rear of the Yuéue.

Analysis | |
Phases: phase 1 = Ipmassrn'v of vertices ar‘i,inaly on gcue.
phase i+12 ngiv of vsftaaes aded to gueue
dm-.',:, phase i
Only one ronsaturating push par vedes per Phase:
suh a psh reduces Lthe exwss to zem and

| removes te verter frm the gusue.




O(n*) hound on # phases
Define 8= max dfv). 0<$< 2n,

v active

A phase redues B by one unless a roludel:ng
Occurs

Al incresse in 8 is Jus 4o relalsliags, totals O(nY),

Tle momber of phams in which B joaint charge is alte OB

4 ‘O(A‘) toty/ Pl\ﬂ'ﬁf

L

> o(n) hOhSa‘ﬁurxﬁnJ PMAeS.




AAuJAf Orlfn EXCQSS Sca’n:?

~ Maintain A an ‘u”u- bowrdd o Mmax excess

Mainiain inte grality of Flw.

After each phase, replace 8 by Afr.

Sdop when BCJ,

Pust frem 4 vertex v of smallest d(v) with
e(v)> AL,

When Pul/\ir:] from v de Wil move
min [e(v), ug (vw), A- e(w)}




Aha!ysis
Each non-saéurab'nj P"“A moves at qu‘t

4/ wnitg o-( nw

Let 8= T ety)d(s)/a

v lel’v",

0¢3 <2
Each honsaturating puch decreases § 4y > 42,
Increases in & . O(M) atreciated with relabefing.
O(nt) per phaes from change in A.
0(!.,3 k) phases > |

O (htloj M) hen Szﬂw‘aﬁfv Pv«fl\u




Saﬁuraﬁfv:] Pus/«-{ = OCnm)

hen Saéura.éfv Pu:l;u’ s O(nl 10‘,, Lq
[d-n £A¢5¢v ei‘b‘m‘fe‘ h L.I‘“‘Q‘ ?

Yos: ckqve, clj.»f}lm : malke 5_{! purhe s I‘?"
Cncujl\ &7 r&*dn;nj 6:\%3]» excess to

mmediately coturate very-sm W-capasity eolpes.

L]

# Pques

O (M a{ayus")

Cheri yan= ‘dlbm

What. abeut rzlabe.l{ay- time ??




Max {£low
“Best  known beund

O (m'm 5 02/3, Mlln.'g m }0'3 (HI/M) /nj u )

Bold&&rj + RQQI ’qq.’




Practice

Apfmfria*-?- versions o‘f the Fnszw Pn?/\
method are ea{] fo o'mpkmen‘i andl V’&r} fas? in pr‘gﬂa:

$-14 times saste~ than Dinic on reasomable classes of

]raplss :

7 Ivy°°r'l¢nt Aewmgtic: P.’.fal, Mu{_g {_‘7[“3 A5 ance /w‘d‘.‘
“7:,:7 breadth- firt f‘uuA,( Otherwise the relgédf.y

‘tl'm& lf tﬂﬂ A‘;")

The FIFS algoithm Can be padohsed : puth fnm al ache
vertices at once. It seams to J;.c drastic speednps in

F’M)’ ca.

: W‘e"tlm" dynmfc trees AQ/P on 'V‘&7 /a,. ‘f‘?l“ A“. not

)ot been studied.







