omoftize: o '\>u:c W\O\nf,j aside at

ntervals Lo %radwa\ payment

(of o debt, ete.)
(Webster's)

idea: to avera?)e, over “finme .




Motivation for Amortization

1“ ™Many  USes ot data. sfmc:mmg
o zequence of operotions thup

than just one) is performed.

\J\)Q are wkerested | w thhe 'E,Gta:(

time of the scch\)avxc.-e_.




Worst —case Yima per operation
Moy P Uunclw\ﬂ Pes‘s'\m l.sttt. ,
of correlated effects of u?:u"ectfcns

on doto. struckure .

RVU'O\Q‘S: - case  time Mo.j e wxogc_.c.umtc

snice the probabilistic assumptions.

e

m.edged atel Qou'r\ﬁ out +the m\\&sis

be fo\se.

—  Amorkized fime CHime per operation
aw@,magc\ over o, worset -case sccd)u Q.P\C@EY

(9 bt fealistic ond obust .




An exam?\e.: stack mcm;?u.\a&{on'

Ut -time primitives:
pus\«\ (an tem onto the stack )

Py (an itewm oft of the stack)

Ox?e,rodciov\ 3
Co.rv'u:) ouk 2ero oar more POPS,

followed b\3 o ‘pus\f\.

Be,%%vm} nq With o Q.m\)t\s stack y
Carry ouls a_ Seexoence of n 0\?%7&'&6&9

Question: flow wany pushes ond ?o?s@‘ta\'? |




finswer: 2 n

Each operation causes ane push

Gmmgd‘“’hﬁ\‘@ ond possibly ome poplial

(Rfrer | operations , there ave ‘een 2i-k
Pus\nes O.)'\Cl FoF%l w‘f\e_r'e_, Kk iS the M&Z&) |

.; Hw\iw.t'\ens:

Linear- fime s’n"\w%- max c.\n{\na

CRnuth, worris , Pratt)

Plavari ‘b\j testi v\3

(fopcrott, Tarjan)

exe.



we Xoramoliza i s \?\nz.ncm&vaoy

How con

ond e,x.?\oit e

the O\Qs\@,\ and ow\a.\\\))sig & a\gori‘t\\né?




A Banker's View

of 'Amrﬁmﬁmn - |

Credits: One wil\ o for a uwit -time

Ccum?wbat\' on.

Crediks can sit n the data

struckure ,rt?mscnﬁng -hm

Debity:  Each represents an excess unmit

o€ time S\Dtn'b .

Con a¥%o sit n doto shhucture, |
must  be accounted for ot ewnd

of computation.




A ‘vankers oa\au\\égis el tkes% |

Fadh operation gets uw credits.

Nu.\mber o saved credits «bmts stack size. |

=2 Each Pep Pas‘d for bj a saved creds . .

$1| A|  pop B, B,C

%1 B Pu\sl«E.

$1| C > Bl E

$1) D | $1|2

34 2.

$ + 42 - 32 = 39

pRys for *hree pops, one Push




A P\mis'o cis='s View

of  Awmockization

Eackw c;mgguro\‘tiovx of data structur<

has a potcw’cia( __é

a: (amortized +ime of operation i) =
t; (actual tfmt ot o?era’c\'on %)
+ §,’ (?otevm’a.\ atter. o?crat\'ov\B

= @,‘,J_ (Po’ccvvtl‘a\ befare oPe(ab‘ouB

a. = ‘t‘f +§(l. - éi—i
:L t," = ’g (a.j +§;_1‘§i)

=§:a; “'§o' ‘ém

"
M
)

I o §Q°O and ész.




Definition of ot enbyal \g wbﬁ-{;(&fg i | i

but cn\:j o 3ood cheice aive;s

asefol resy ks | '

A P‘k:\staf.st's o;ua\\:‘sis of the s'tac.kg

Potential of staock ec()uaLs stal..k

= Awmortized Hme oF Qn opembak m‘hl« k?u't)
= kv 1 (actml tie)
+ 3-k+ 1 (new faﬁeqﬁa()

- 5 lold poten Gal)

|

2.




MS&S; of AMartiZa’tien
AS an ,analy‘tlel fool: oﬁé}f» new SounAs for

known g‘/,w{%m;: se [f- or gniz.inj Sczuanﬁal.f&arc‘y)

,AI a defjn ‘tOo/ alatam hew “«[_‘abuxt'n‘]
Aot

jﬂ"ﬂf ﬂmartiz.ca( Ptf‘féf‘manc&-

.

, Sfmctures tiut are s’rmffe ano( /,me. ‘

5

SRR b e




Simulation of a dc{ue L/ 3 stacks (Me /3 Jc/‘a"c,()

,ng de %M

et
N b

o b,c,de, ... = L

>
Pq;[\ front +o bock.

& ah,o,de | X2

[ F 5 Ty

M\ F G”\(‘lg C“ﬂf Luc‘f B lq*§ F-
]E“)’\)Q}Lﬂ? n {Z’_

(Sanf()

r‘\nbp

Cos? = 24 Siatlor wlea B is empty




A MGM’ ;Z&al A l\d" £13

_ 3
§=3]r- g
= O in:+;a{(7
20 Q{wAys

T pus| /{oc)//qjed/ E't(\:)cc?‘

aﬂ\of"hzea{ hae, £ a(fm/ 48

1
L2 43
- 24
Aohowema]” pop | gject
gmortized Fme & 1 22.‘ achdl Hne
a3
7= [g)=1

_ 34

3T 4

2

N

/

:2/2




fomPcfitivencss
‘Oh- ll'nC VS, o[f— /ine 4{70)";{/\”1

”ovf muCA AOCS Anow;:\] t}.e -/;turc_ /lQ./f?

The skiers dilemma:
Rena.',j skis costs Fax per sk trip
Buyirg s ot &g ﬁ)/
When 1o 'bu)/o?
boal: minimize the cost mtio as comppred to
tha bt poliy when the mumder of trips

Is kr\OWh,

Solud jon : Bu), when dotal reat egnall cost of duying

P&r[drmancc méio(ccmpcﬁfﬁ\/c factor> = 2




An on-line a\/]ori{/\m 1S k’ComPef.itivt

' iiSPcr&mnct s witkh\ a 'ﬁcbl‘ o/ k
of that of tAe of;{;.mm ,ofrf-/;qe a‘lftf;ﬁm

On ary SEghence of operations.




Self- OrgpNi 2 v\% lnear \ists

Datn, sfruckure: v itews stored w a Vinear List.

Obpeck © gerform wa access operations

Cost & accessing p

itew = \.

Update prioikive: Owop any tso odyaes

items, ot a cost of 1. Cam Be

Pu'formed at mn Xime

qab) C)J'gaf ’

J

access €

L,d)é) C’D(JJ’”'




Move- fo-Lromk heuristic (MTF): Tove | ga';dw

occessed item to Frowk of list
| (via i-1 sma:?s)

Totad cost to access ikem i = zi-1q -

S‘ms\z.. exc\mmst heuristre (SE): Swap

accessed ikevn woith it predecessor, |

Fre,%umcé Count heurstic. (FQ): Keu;.
\&

ews indecreasingorder L,
oL CeSS ’Frz%unca. 5 r L’ .




Mest preVious dWkS oge avemge ~casSer
Fived access pobabilitieS P, ,PayroP,

eodh oaccess 5 independent.

Optim uum a.\aor‘it\nm:sba'b(c, kst Q(—hl« \"b@m-
a.womat.c\ in decreasing occess
prbbabi\iba.

Classic resulk: Avu'uae asympiotic access cset
of FC is cptimum,

& TTE 13 widin a fockor of 2 of
oprimum (ot cwwt.m\os ugdate cest ).

Rivest: SC QS\jvv\?‘h’ot'\cou\\s beker than

HMTC ow a.w.ra.sz..

Various vesults abouk difterent heuristics

voke of c_onver%zv\c,e) e .




Bev\t\e3, \’\cel‘eou&k Awortized cost of MTF

within o factor of 2 of CL\Mj s‘ta’cic.-w\\’ st

a\aorit\mm.

S\ea’cor-Tar\‘\av\: Pwortized cost of ™MTE Within

o fockor of 2 of any a-\aeﬁ'%\ﬂm. §

(both yesults do not count u?dq:b{
cost of MTF, increases constant

fackor to #).

Erpeciments (Bentley, MeGeough) show that
MTF 5 sometimes betker than FC.

on realistic data.




Act@Sd 0

& 42 Fec eath

Ab Jeast kot item >,
éf L‘Fof Q_ac\u

At mest 1-1 tems <1 5
Actwa) cost = 24

A8 < 2k-D- 21D

A cost (WTF) 2 20-34 83 € 1 -3
< 4 pg. cost (N




Different cost mode !
arﬁtrary Cxchanpes cast

Then off- Fne cen Ldeat on-/ire 6}' a

{uﬁa’r QF- ”n ( xlmy: gccess /ast
n oh-lines /.‘.st)

Other settn‘vs for coan)oetitin
’a",!iS:

Cl(,l?v , faJ ‘u:’ ,ete.




