COS 423

Spring 2003


[image: image1.wmf]


[image: image2.wmf]



Due: Wednesday 2/19

Problem Set No. 1

1. (Finding a maximum clique) A clique in an undirected graph is a set of vertices each pair of which is adjacent. A maximum clique is a clique with as many vertices as possible. Consider the following recursive algorithm for finding a maximum clique in an 
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-vertex graph G:

1. Find a vertex v of minimum degree. Let A(v) be the subgraph induced by the vertices adjacent to ν (not including v).

2. Find a maximum clique in A(v) and add v to it to form a clique C in G.

3. If v has degree strictly less than 
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, delete v from G to form graph G΄, and find a maximum clique C΄ in G΄

4. Return as a maximum clique of G the larger of C and C΄ (or just return C if v has degree 
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 in G).

a. Prove that this algorithm correctly finds a maximum clique.

b. Prove that the running time of the algorithm is 
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 is the golden ratio. Hint: prove that the running time satisfies a recurrence of the form 
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 for some polynomial q.

2. (Insertion into a heap) Consider binary max-heaps as described in CLRS 6. Show that an item can be inserted into an 
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heap in 
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comparisons (as well as 
[image: image11.wmf])

O(log
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data movements of elements).

3. (A card trick) I hand you a standard deck of 52 cards. You choose any five cards without showing any of them, or the rest of the deck, to me. You hand the five cards to my assistant, who gives me four of them, one at a time. I then identify the fifth card. How do I do it?

4. (Sorting using a stack) A permutation of 1,2,…,
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 is stack-sortable if it can be output in (increasing) sorted order using an (initially empty) stack via an intermixed sequence of the following two operations:

push: move the next element from the input onto the top of the stack;

pop: move the top element on the stack to the output.

a. Give an example of a stack-sortable permutation, and an example of an unsortable permutation.

(over)

b. Prove that the fraction of stack-sortable permutations of length 
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tends to zero as 
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tends to infinity.

c. Prove that a permutation is stack-sortable if and only if it does not contain a subsequnce x,y,z (not necessarily consecutive) such that z<x<y.

d. Describe an O(
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-time) algorithm to determine whether a permutation of length 
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 is stack-sortable. (Prove correctness and running time.)
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