CosH?
35{'&\3‘ O

M aximum F‘ow P}’ouem

Net wor k G=(V, EH, source s, sinkt
edje capacities  u(v,w) far P €€
[V]=n | El= m U= max [ufvw)
Ascume netwerk s symmetric:

(vw) € E ff (wyv) €E

Flow £ : £ >R
flow) £ u(yw)
flgw) =~ Hlwy)
b= I fvw) < O Vw ¢ f5¢

OEJeC‘ff\/e: maxim ze C(_t) /= - 6/5\)
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Fard- Fulke rson Afnproat—l\-'

Fl'v\o\( An Aujm&ntfnj Po‘.‘tl‘\) Pu;l\tﬁuw

ﬁ/or:j J-‘i) ref)cq{,

Res: dual capacE{.'e S

u{\/v,w) = ulv,w) - £(yv)

(Vzw) is _’:gf_f:ill_aj I'( U‘{.(v,w)>0

An M Eat/\ IS a Pa%_/\ of res: o m.’
edjf—ﬁ {;“om s to t
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Ea(mmvkj Kﬂlf"p: q!wa)/.f aujmen+ tzfarj VG shortest
(feye.?t ep(Je._{“ PA'E.A:
O[m) Hime per path O (m) Pa.éAs per ieayh

X 0('\) pa‘ﬁl\ fcvfkg = O(nm") time

Dinic ¢ Find all m:?mvf"?f'rj Pa'M:S“ of 4 giver
lenyfA at Once in A PA“% :
O(n) time per path x O (am) paths
+ O(m) time por phase xO(n) phases -
o( h*m) time



Date
1954
1949
1170

177%

1977
1975
1778
1750

1953

(lassical A\jor-ithm.ﬁ

Discoverer Time
Ford £ Fulkerson D) {_n m A
v ~f 2\
Dinic # :"/hz'm?;
~ £\
Karzanov 9, f, ;

(samc bound by seyeral others later

Cherkasky O(ntm*)”

Galil O™ m?)”

Galil& Naamad; Shiloach O/hm{lagn)”
Sleator & Tarjan O nm logr’
Gabow O(nm lng )

# -
F‘H'f-l'unnﬁ"'.f £ pr S pu;}\ mefli: 1



Preflow Push Approach (Gold berg )

Toro ideas:

Mafe ‘t/(c éa;ic ffc/)_r in the ComPu‘fation smalles

(rdu the flw corervation re,fu.’sf“c maaf>

Use. a lesy J/n&lfl more da'{fr; bunted Qppf‘fﬂf-fﬁ‘l to

do the Pmpmcuf;:\] mcid&lf witd cafh

Phase

Maijn e‘ffftcf: 5:',”},!&(- ﬁlqiﬂ‘:'f.’-.m.'



Preffow (Karz.anov)= like a {low cxcc’:—t that t/ae,
total {low inte a vertex can exceed the total

flaw out.

Avertex ¢t with extra l'ncomi::] flow (s active. The
het /'namu'o:j fhw e(vj (s the excess 6 vertex v.

Idea: move flow excess toward sink alonj e::ﬁﬁi-mate&
" shortest paths. Move &xaRss ihat Canwel pBach
the sink back to the source, also aleng estimate

shortest Paj.l\.f.
To estimate /Da‘t}l /enjths-' a valid /aéef:?n; 5 an

:'pfejer function d on vertices such that:

() d(t)=o
(ii}) d(v) ¢ d(w)+1 if “f(‘sw) &

d(v) is a bwer bound on the minimum of.
distance to '_t, n+ ds'stance to § -




Afjor‘i‘!‘.ﬁm

1. Satarate all edges leaving S. (hoes® initial ol
2. Repeat push and relabel steps in ary orda:
I(n'ft'l ne vertex (s agctive,

push (vw)
(f v is active, d, (vw) 20 and A (v)= Alw) L
then move min fe(v), 4 (rw)f unts of

fow from y to w(tlpe push is _Sac‘ﬁm-nst-'fg)c if
u{(yw) units are moved)

rela.’;c/[y):
-"{ v i3 .(cfi.’e Rhﬂ( “ér- ‘ﬁ (v'w)’, i ,{v’ w}f—'ﬁ oy ,_7{{’;,.}:55

then let Av) 7 min fd(w)f.!/ 4y (v w) >0f






Bouhds
Every active vertex has a Jabel of at most 2n-1:
there 1 alm)fs a residual Pa’Ua £0- 5.

% o(n*) re/abc/r'njs, ‘tﬂkfnj O(nm) time.

Bet ween sat uratinJ Pu;kes H\rogh the same ¢a'(f7g,) ends
of ee/JE must be relpbeled

2 O(nm) Saturaiinj Pusl.es,



Generic Bound : O(hlm)

PE Define &= 2 d(v).

v active
0¢ et A ronsaturating push decreases @ by oni
Increases 10 $: O(n) in total due to relabelings.
O(hzm) due to saturating pushes:

O(n) per _gafur‘afirlj /oush.

= O(nzm) nonsaturati.?j Pusl.cs.



FIFO Method

Maintain a 1ueue of active vertices.
Alwa)/s push frem the vertex on the front of the queue.

Add new/); active vertices to the rear of the Tu_ewg,_

Ana])/sis
Phases: Pﬁase 1= f:roccsra'::j of vertices orz'j:‘n‘ly on fw:ué’-.
PLMC. 141 = nge;girzj o{ vertices dp(pldd 10 zueu-e
dun}j P/\a:e. i
Onlf One mnraiuraf;f:j Puf}, per vertea Pt’.f‘ f)l\ﬂ—%:
Such a Fu;A reduces the excess to zero and

removes the verter foom the gueue.



O(n’”) hound on #jo/xases

Define &= max dfv). 04 $< 2n,

v active

A phase reduces '3 A)/ one unless a ra/de;/-':]
Occurs.
Al jncrease in 815 jue to relabelings, totals o).
The pumber of phases in which P Aoeint cA:ye is ale O

2  O(r) total phases.

> 0(r’) noma‘tum‘ﬁinj /ousAes.



."MMJar‘ Orlin Excess SCJJH‘L(}

Maintain A) An upper bowsd on may exress
Maintain integrality of Flow.
After each phase, replace b é)’ AL
Stop when A<J.
Ousl from a vertex v of cmpllest A() with
e(vy> A2,
When pushing from v to Wt move

Mmin Z&(V)) H{ [v)w)) A- 5(\-')%



Aha[y:is
. nonsa-ﬁura‘hfng, Pud\ moves at /ca;'t

A4/1  wnitg o{ fL)w

Lt 7 Z ety dtn)/n

v active
0<¢ § <Jnt
Each honsaturating push decreaces g J.y ® 2
Increases in 31 O(nt) ascociated with relabefing.
O(nY) per phace 4rom chnnge in A.
O[loj k) phases =

O(hilog M) hon S'a:\l-uf'q,‘f{r\\j Pu\gl\es



Sntura‘/:r'nj Pus/\e{ = D[nm)

hon saéura{:fnj Pud\cf.r = D(_nl /ojb(}
[W‘ these cstimates be Aa’ant@d ?

Yegi cl\ar:jc, afjorf}hm :maLe g_fl Pv«:kes laregt
cnoujL éy r(,i':adn;nj gnob:jlu Excess {‘.b

fh\mao(--‘a.ﬁely Saturate ver ')’N‘.’—Capog:"l-'f E.ijeS.

2 puskes = O (o (byu?)

C/\err')ran ~ Mehlhorn

YV}\a‘t about re/ubef.'ry time ??



Prefbw Push Aljor'iﬂ\ms

Date Discoverer Time Method
1185 Gold be rg O(iﬂ . FI#2
19%7 Chsriyan & Maheshwari O(nlmlh) Max Distanc

1986 Gold berj £ Tarjan 0 (nm Ioj(gl)) FIFO+ Trees

19%¢ Ahuja & Orlin O_/nmmlb?M) Fycess Sca!iy)ﬂ
87 Ahyja 8Orlin  O(m+ *{oguf) "

i ]

- 1787 AL..JI)OF'“'\,&T”JM O nmloj (.;”r(]v(ﬂ) +Z)) Exzess Sualin

+ Trees
? ? O(n m) ?
1989 C;\crirang H“Jer“f’ O (nmfr n"(’ojn)1) Ej‘?ﬁ,jca{"n"
(l'mpr‘oyed) Iret
+ Randhomiza
987  (heri an K Hageru ~O(n,//o A <+ Rardom Acct
| eri LM”‘”?‘ P ) )

#:
i

7 7 p



Practice

APProfriﬁ{‘-f- lfcf‘f;ons of {}\c Pref/ow f:m}\
method are 8n~,’/y fa imp’amen—i andl very fast in practice:

F-1Y4 Fimes faster than Dinic on reasonable clasres of

jrans.

I mportont hemristic: )oef;od,'atly compute f“yAt Arstance ladel;
u;,',:] beeadth- £iest re’-am/\.(afj\efwiﬁc the l"&’ab&/fgy
time i§ teo /»:71\)

The FIFo aJJar;iAm can be /Oﬂfwlef'uo(-‘)ouf/\ fooen all achive

vedtizes ab oncg. It seems o jt'vc: Arastic Wwfmpf ‘n

,Dfacf Je@.

Whethen dynﬂfmr‘c trees AG/F on Vz.'(] /d:]g Jr‘af’:ld hir pot

y@f been stndied.



