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Problem 1 (verification of minimum spanning trees in a linear number of comparisons) The two parts of this problem ask you to fill in some of the details of the analysis that shows that a minimum spanning tree of an 
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 graph can be verified in 
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 binary comparisons.

a)  (correctness of Boruvka tree construction) Given a tree T, we construct the Boruvka tree B of T as follows.  The leaves of B are the vertices of T.  The internal nodes of B are components formed by running the Boruvka MST algorithm on T. Specifically, begin with the vertices of T as individual single-vertex blue trees.  A Boruvka step consists of selecting, for each blue tree, a minimum-cost edge with exactly one end in the blue tree and coloring it blue. Adding all chosen edges combines some or all of the blue trees together.  We repeat Boruvka steps until only a single blue tree remains.  The nodes of B at height 
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correspond to the blue trees formed by the ith Boruvka step.  The Boruvka tree contains an arc 
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of cost c, with v the parent of w, if the arc incident to blue tree w selected at Boruvka step i has cost c, and v is the blue tree containing all of blue tree w after step i.  Let v and w be any vertices in T.  Prove that the maximum cost of an arc on the path joining v and w is the same in T and B. (Thus path maxima can be computed in B rather than T.)

b)  (number of comparisons to compute path maxima in B) The problem we face in MST verification (or in thinning, which is what the linear-time MST algorithm needs) is, given a set of 
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pairs of vertices 
[image: image7.wmf](,),

vw

 compute the maximum cost of an edge on the path in T joining v and w.  By part (a), we can compute such maxima in B rather than in T.  We shall count only binary comparisons of edge costs (and not any work needed to figure out what comparisons to do).  We split each path, say joining v and w, into two half paths, joining v and u and u and w, respectively, where u is the nearest common ancestor of v and w in B.  We compute the cost maxima of the half paths and then combine them by doing a single extra comparison per path.  We compute the cost maxima of the half paths as follows.  We begin at the root of B and walk down through B, doing a set of comparisons for each edge 
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along which we walk.  At a given vertex v in B, what we maintain is the set of ancestors u of v such that there is a half-path joining u with some descendant of v, and, for each such u, the maximum cost of an edge on the path in B joining u and v.  Here is the crucial point: given a fixed v, the max-costs for the various u are non-increasing as u gets closer to v; vertices closer to the root have higher max-costs, because more edge costs are candidates for the maximum.  Thus we can keep the u's in a list that is sorted both by max-cost and by height.  To walk from v to w, we first discard from the list of u's for v all those for which there is no half-path end that is a descendant of w.  Then we update the max-costs of all remaining u's (still in max-cost sorted order) by comparing their max-costs to the cost of 
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and updating those that are smaller. We can do this by binary search on the sorted u-list.  Then we add w to the u-list for w with a max-cost of minus infinity, if it is an appropriate u-value.  Show that the total number of comparisons done by this method is
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.  Note: you will need to rely on the fact that B is balanced; in particular, it has at most 
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 levels and each successive level has at most half the vertices of the next-lower one.
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