
Linear Algebra Review

Most slides are courtesy of Prof. Octavia I. Camps, Penn State 
University, with some modification



Why do we need Linear Algebra?

• We will associate coordinates to
3D i ts i  th  s– 3D points in the scene

– 2D points in the CCD array
– 2D points in the image– 2D points in the image

• Coordinates will be used to
Perform geometrical transformations– Perform geometrical transformations

– Associate  3D with 2D points
• Images are matrices of numbers• Images are matrices of numbers

– We will find properties of these numbers
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Vector Addition
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Vector Subtraction
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Scalar Product
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Linearly independent vectors

• No vector is a linear combination of 
others, 

• or equivalently                                            or equivalently                                            

0for only0 21332211 =====++++ iiivvvv λλλλλλλ KK y 21332211 iii
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Basis

• span(V): span of a set of vectors V is 
all linear combinations of vectors vi , 
i.e. a vector space.p

• Basis of a vector space: a set of 
vectors that are linearly independent vectors that are linearly independent 
and that span the space.
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Inner (dot) Product

vv αα
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The inner product is a The inner product is a SCALAR!SCALAR!
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Orthonormal BasisOrthonormal Basis
basis vectors are perpendicular to each other basis vectors are perpendicular to each other as s ctors ar  p rp n cu ar to ach oth r as s ctors ar  p rp n cu ar to ach oth r 
and have unit length.and have unit length.
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Vector (cross) Product
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The cross product is a The cross product is a VECTOR!VECTOR!vv
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Vector Product Computation
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MatricesMatrices
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MatricesMatrices
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MatricesMatrices
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MatricesMatrices
DDDeterminant:Determinant: A must be squareA must be square
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MatricesMatrices
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Inverse:Inverse: A must be squareA must be square
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2D Geometrical 2D Geometrical 
Transformations



2D Translation
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2D Translation Equation

P’P’
tt

PP
yy

ttyy
tt

)(
),(

tt
yx

=
=

t
P

xx

yy

ttxx

),( yx tt=t

tPP +=++= ),(' yx tytx ),( yx tytx

20



2D Translation using Matrices
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Homogeneous Coordinates

• Multiply the coordinates by a non-zero 
scalar and add an extra coordinate equal to scalar and add an extra coordinate equal to 
that scalar.  For example,

0)()(
0   ),,(),(

≠⋅⋅⋅→
≠⋅⋅→

wwwzwywxzyx
zzzyzxyx

0  ),,,(),,( ≠⋅⋅⋅→ wwwzwywxzyx

• NOTE: If the scalar is 1, there is no need 
for the multiplication!
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Back to Cartesian Coordinates:

• Divide by the last coordinate and eliminate it. For 
example,
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2D Translation using g
Homogeneous Coordinates
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Scaling
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Scaling EquationScaling Equation
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Scaling & Translating P’’=T.PP’’=T.P
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Scaling & Translating
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Translating & Scaling g g
≠ Scaling & Translating
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Rotation
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P’P’
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Rotation Equations
CounterCounter--clockwise rotation by an angle clockwise rotation by an angle θθ
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⎦
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Degrees of Freedom

⎥
⎦
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R is 2x2 R is 2x2 4 elements4 elements

⎦⎣⎦⎣⎦⎣ yy θθ cossin

BUT! There is only 1 degree of freedom: BUT! There is only 1 degree of freedom: θθ

The 4 elements must satisfy the following constraints:The 4 elements must satisfy the following constraints:

⋅ = ⋅ =T TR R R R I i.e. R is an orthogonal i.e. R is an orthogonal 
matrix matrix 
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Orthogonal matrix

A is an orthogonal matrix A is an orthogonal matrix 
For square matrix A,For square matrix A,

iffiff AA A A= =T T I

iffiff l  f A   l  f A   th lth l b ib iiffiff columns of A are an columns of A are an orthonomalorthonomal basisbasis

iffiff rows of A are an rows of A are an orthonomalorthonomal basisbasisiffiff rows of A are an rows of A are an orthonomalorthonomal basisbasis

Orthogonal matrix preserves lengthOrthogonal matrix preserves lengthOrthogonal matrix preserves lengthOrthogonal matrix preserves length

|| || || ||Ax x=
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Scaling, Translating & Rotating

Order matters!Order matters!Order matters!Order matters!

P’ = S.PP’ = S.P
P’’=T P’=(T S) PP’’=T P’=(T S) PP =T.P =(T.S).PP =T.P =(T.S).P
P’’’=R.P”=R.(T.S).P=(R.T.S).P P’’’=R.P”=R.(T.S).P=(R.T.S).P 

R.T.S R.T.S ≠≠ R.S.T R.S.T ≠≠ T.S.R …T.S.R …
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3D R t ti  f P i ts3D Rotation of Points
Rotation around the coordinate axes  Rotation around the coordinate axes  countercounter--clockwiseclockwise::Rotation around the coordinate axes, Rotation around the coordinate axes, countercounter clockwiseclockwise::
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3D Rotation (axis & angle)

[ ]T[ ]1 2 3
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1 1 2 1 3 3 2
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θ θ θ
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3D T sl ti  f P i ts3D Translation of Points

Translate by a vector t=(tTranslate by a vector t=(txx,t,tyy,t,txx))TT::
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Change of basis
Linear transform:  y = Ax  ( A is square )Linear transform:  y = Ax  ( A is square )

Express x and y in a new basis EExpress x and y in a new basis E
x’ = x’ = PxPx
y’ = y’ = PyPyy  = y  = PyPy

P: change of basis matrixP: change of basis matrix change of bas s matr x change of bas s matr x

The same transform represented in E The same transform represented in E 

Matrix A and B are Matrix A and B are similarsimilar if if 

1' 'y PAP x−=
1B PAP−=

38
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singularis)(hence0)( AIxAIxAx −=−→= λλλ
The The eigenvalueseigenvalues of A are the roots of the of A are the roots of the 
characteristic equationcharacteristic equation

0)det()( =−= AIp λλ

If A and B are similar, i.e., If A and B are similar, i.e., 
(1)  d B h  h   (1)  d B h  h   ll

1B PAP−=
(1)A and B have the same (1)A and B have the same eigenvalueseigenvalues
(2)if x is an eigenvector of A, (2)if x is an eigenvector of A, PxPx is an is an 

eigenvector of B eigenvector of B eigenvector of B eigenvector of B 
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Spectral theorem:Spectral theorem:

if A is symmetricif A is symmetric
(1)all (1)all eigenvalueseigenvalues of A are real. of A are real. 
(2)there is an (2)there is an orthonormalorthonormal basis consisting of basis consisting of 
eigenvectors of A eigenvectors of A 

1

2T T

λ
λ

⎡ ⎤
⎢ ⎥
⎢ ⎥2

.
T T

N

A U U U

λ

⎢ ⎥= Λ =
⎢ ⎥
⎢ ⎥
⎣ ⎦

U

Nλ⎣ ⎦

U is orthogonal.U is orthogonal.
Columns of U are eigenvectors of AColumns of U are eigenvectors of A

41

Columns of U are eigenvectors of A.Columns of U are eigenvectors of A.



A is positive (semi)definite:A is positive (semi)definite:
for any nonzero vector x  for any nonzero vector x  ( )0Tx Ax > ≥for any nonzero vector x, for any nonzero vector x, 

if A is symmetric and positive (semi)definiteif A is symmetric and positive (semi)definite

( )0x Ax > ≥

y p ( )y p ( )
all all eigenvalueseigenvalues of A are positive(nonnegative)of A are positive(nonnegative)
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Rank and NullspaceRank and  Nullspace
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⎢
⎢

⎣
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11 ××× mnnm
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Least Squares
bAx =

• More equations than unknowns
• Look for solution which minimizes ||Ax-b|| = (Ax-b)T(Ax-b)
• Solve                              

0)()(
=

∂
−−∂

i

T

x
bAxbAx

• Same as the solution to bAAxA TT =

• LS solution                                           when          is invertiblebAAAx TT 1)( −= TA A
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Properties of SVD

C l f U ( ) i t f AAT

σι
2  are eigenvalues of ATA

Columns of U  (u1 , u2 , u3 ) are eigenvectors of AAT

Columns of V (v1 , v2 , v3 ) are eigenvectors of ATA

∑∑ == 22
,|||| ijiF aA σ

, ji
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Solving when( )t tA A x A b=Solving                             when 
rank(A) < n

( )A A x A b=

TA V U+ += Σ pseudoinverse of A

1 , 0iiif i j and
+

⎧ = Σ ≠⎪ΣΣ = ⎨
0

iiij ΣΣ = ⎨
⎪⎩

x A b+= is the solution with minimum ||x||
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Least squares solution of Least squares solution of 
homogeneous equation Ax=0g q

1||||tbj t||||Mi i i A 1||||tosubject||||Minimize =xAx
TUDVA =

||V||||||and|||||||| T xxxDVxUDV TT ==

UDVA

1||V||subject to||DV||minimize TT =→= xxxVy T 1||V||subject to||DV||minimize→ xxxVy

order descendingin  of elements diagonal D
⎞⎛

1||y||subject to ||Dy||or =

VVyx ofcolumnlast
0
0

y →=→⎟
⎟
⎟
⎞

⎜
⎜
⎜
⎛

=
50

VVyx  ofcolumn last  

1
.

y →→

⎟⎟
⎟

⎠
⎜⎜
⎜

⎝



Enforce orthonormality Enforce orthonormality 
constraints on an estimated 

rotation matrix R’

'                  UDVR T=

matrixidentity  is           by  replace IUIVR T=
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Gauss-Newton iteration
Minimize                 , where Minimize                 , where || ( ) ||f x

( ) ( ( ) ( ) ( ))Tf f f f1 2( ) ( ( ), ( ),..., ( ))T
mf x f x f x f x=

Approximate f(x) byApproximate f(x) bypp ( ) ypp ( ) y

( ) ( ) ,k k kf x f x J= + Δ
( )k k k kJ f x x x= ∇ Δ = −，

Mi i i                  Mi i i                  || ( ) ||f ( )T TJ J J fΔMinimize                 Minimize                 || ( ) ||f x ( )T T
k k k k kJ J J f xΔ = −
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Levenberg Marquardt iteration
( )T T

k k k k kJ J J f xΔ = −ChangeChange
T T

To  To  ( ) ( )T T
k k k k kJ J I J f xλ+ Δ = −

T•• Avoid singularAvoid singular
•• Control step sizeControl step size

When             reduces rapidly  decreaseWhen             reduces rapidly  decrease

T
k kJ J

|| ( ) ||f x λWhen             reduces rapidly, decreaseWhen             reduces rapidly, decrease
Otherwise increase Otherwise increase 

|| ( ) ||f x λ
λ
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