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Eliminating ε Arrows in NFA

Let N = (Q,Σ, δ, q0, F ) be an NFA with possible ε arrows. We transform it into an NFA
without ε arrows.

Step 1: Add an arrow qi to qj with label a ∈ Σ, whenever there exists a sequence of
states qc0 , qc1 , · · · , qcm and a 1 ≤ k ≤ m such that

qc0 = qi,

qct ∈ δ(qct−1 , ε) for 1 ≤ t < k,

qck
∈ δ(qck−1

, a),

qct ∈ δ(qct−1 , ε) for k < t ≤ m

qcm = qj .

Step 2: If ε is in L(N), make q0 an accept state (if it is not already so).

Step 3: Delete all the ε arrows.

First note that Steps 1 and 2 do not cause any new string to be accepted. Call the NFA
obtained after Steps 1 and 2 N ′, then L(N ′) = L(N).

Call the NFA obtained after Step 3 N ′′. Clearly L(N ′′) ⊆ L(N ′) = L(N). We now show
L(N ′′) ⊇ L(N).

Let w ∈ L(N). If w = ε, then since q0 is an accept state of N ′′ (because of Step 2), it
is accepted by N ′′. If w = a1a2 · · · am where m > 0, then there exists a sequence of states
qi0 , qi1 , · · · , qim such that (1) qi0 = q0, (2) for each 1 ≤ k ≤ m, there exists a sequence of
moves in N that takes qik−1

to qik using ε arrows, exactly one arrow with label ak, and then
again only ε arrows, and (3) qim is an accept state in N . Now, in N ′′, for each k there is an
arrow with label ak from qik−1

to qik (because of Step 1), and therefore we can conclude that
w is also accepted by N ′′.

This completes the proof that L(N ′′) = L(N).


