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Abstract

The MetropolisLight Transportalgorithmis a variantof the classicMetropolismethod
usedin statisticalphysics.A varianceanalysisof the MetropolisLight Transportalgorithm
is presentedhatboundsits variancein termsof the numberof pathsusedandtheintrinsic
correlationbetweersampleslt is shavn thatthevarianceof apixelis ©(1/N) whereN is
thenumberof samplegor theentireimage.Theanalysisuseshasicprobability, Bayes'law,
andtheprincipleof stationarydistributions.Thisresultimpliesthatthepresencef correla-
tion in thealgorithmdoesnot make its asymptotidime compleity worsethanuncorrelated
Monte Carlomethodssuchaspathtracing.

1 Intr oduction

Theerroranalysisof renderingalgorithmsis beneficialfor understandingheir be-
havior [1,4]. VeachandGuibas[10] introducedarenderingalgorithmbasedn the
classicMetropolis samplingalgorithm[7]. The Metropolis Light Transport(MLT)
algorithm appeargo work well in practice,especiallyfor sceneswith significant
speculatransportHowever VeachandGuibasonly shavedthealgorithm’s perfor
manceonasmallnumberof scenesandnoformal analysisof its behaior hasbeen
done.Thereis an abundanceof literatureon traditional Metropolismethodq11],
however MLT hasenoughuniguecharacteristicghatit meritsits own formalanaly-
sis. This paperattemptdo prove the corvergencepropertieof the MLT algorithm.
Thisdoesnotby itself yield immediatepracticalimplications,but someof thetools
usedin our proofs may eventually prove to be usefulfor error estimationandre-
duction.

We examinetheformal errorbehaior of MLT andshawv thatthevarianceof a pixel
estimatedecreaseas©(1/N) with respecto the numberof pathsN usedfor the
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solution! . This confirmsour expectatiorthatMLT’s asymptotidoehaior is similar
to thatof thetraditionalMetropolismethodsut theresultis expressedhroughthe
guantitiesdirectly relatedto propertiesof theimagesproducesy MLT. Section2
givesa brief overview of MetropolissamplingandMLT andpointsout the signif-
icant differencesetweenthe two methods We thenstartwith a much simplified
analysisand progressiely addin more componentof MLT. The analysisrelies
on basicprobability Bayes’law, andthe principle of stationarydistributions[2].
Thisapproactshouldhelpin theunderstandingf thealgorithmandbemuchmore
obviousthana single,monolithicderivationof thefinal result.We closewith adis-
cussionof theresultsanda comparisorwith a standardMonte Carlo pathtracing
algorithm.

2 Comparison betweenMetropolissamplingand ML T

The Metropolissamplingalgorithmwasfirst describedn a paperby Metropoliset
al. [7]. The methodgenerates setof sampleswith distribution proportionalto a
function f, anddoessowith only the ability to evaluatef at points,asopposedo
possessingrny moregeneraknowledgeaboutf. Despiteits power andsimplicity,
the Metropolis samplinghastwo major dravbacks.First, the generatedsamples
are only guaranteedo asymptoticallyapproacha distribution proportionalto f.
Thereforethefirst K samplesnustbediscardedsothattheremainingsamplesare
“near” enoughto this asymptoticstatethat significantbiasis not introduced.K is
basedon the particulardistribution f andthe mutationstratgy usedto generate
successie sampleslt is difficult to estimateX” in advanceand substantiakrial
anderroris usedto estimatean appropriatevalue[6]. Secondsuccessie samples
arecorrelated.So, for a fixed numberof stepsin a randomwalk, the varianceis
increasedecaus®f correlationbetweersampleocations.

Veachand Guibasnotedthat the global illumination problemhasa complicated
function f definedover the setof pathsin a scene.They alsonotedthatthe setof

pathscould be pareddown to thoseoriginatingat a light, passingthrougha lens,
andfinally hitting asensoi(e.g.,afilm plane).Eachof thesepathss hasanassoci-
atedenepy densityf(s), andgivenasetof pathsS with adistribution proportional
to f, the relative pixel intensitiescan be determinedby countingthe pathsin S

thatpassthrougheachpixel (we assume box pixel filter). In addition,Veachand
Guibasintroduceda methodto eliminatetheneedto discardk initial samplesised

L The ® — notation asymptoticallyboundsa function from above andbelow [3]. For a
givenfunctiong(n), we denoteby ©(g(n)) thesetof functions

O(g(n)) ={f(n) : Jci,ca,m0 >0 s.t. 0 < c19(n) < f(n) < cag(n) Vn > no}



in traditionalMetropolisalgorithm.So MLT asdefinedby Veachand Guibasdif-
fersfrom traditionalMetropolissamplingalgorithmin two ways.It estimategpixel
intensitiesby countingthe numberof pathsin eachpixel, effectively performing
mary integrationsat once.Comparethis with “normal” use of Metropolis sam-
pling whenthe desireddistribution is reachedirst andthenobsered quantitiesof
a systemare computedone by one, usually by draving a nev setof sampleso
computeeachnew one.Also, MLT usesa preprocessingtepto allow every sam-
ple to beused eliminatingthe needto discardthefirst X samplesvhich might,in
principle, affect the corvergencerate. Thesechangesneanthat previous work on
classicMetropolissamplingdoesnotmale it obviouswhattheerrorcharacteristics
of MLT are.

Evenmoreimportantis the factthat error analysisof traditional Metropolisalgo-
rithmsusuallyusesquantitiessuchascorrelationtime andit is not clearwhatthese
guantitiesshould be for MLT. Sincethe fundamentalof MLT are the sameas
thoseof versionsof Metropolisalgorithmusedin, for example,statisticalphysics,
it would probablybe possibleto adaptknown resultsfrom this area(see for exam-
ple,[8]). Doing sowould, however, requiremakinglooseanalogiesandmight not
be straightforvard. It alsowould provide little insightinto somequestionspecific
to the applicationof the Metropolisalgorithmto globalillumination, for example,
how the corvergenceratedependon the brightnesof a particularpixel. For these
reasonsve insteadchoseto analyzeerror characteristicof the MLT algorithm
from scratchusing quantitieswhich are, at leastin principle, computabledirectly
for a given imageand mutationstratgly. Examiningtheseerror characteristicss
the subjectof therestof thepaper

3 Uncorrelated Analysis

In MLT themutatedpathseventuallycreatea distribution proportionato thescreen
intensity In this sectionwe derive the varianceof a pixel's intensityassumingve

candrav uncorrelatedsamplesin screenspacewhosedensityis proportionalto

screeriluminanceln reality, the mutationscreatecorrelationbetweeronepathand
thenext. Thecorrelationcomplicategheanalysisandwill bedealtwith in the next

section.

To simplify the analysiswe assumehat a box filter is usedfor eachpixel value.
For uncorrelatedsamplegno mutations),the MLT algorithm seedsscreenspace
with sampleshaving densityproportionalto the luminanceon the film plane.The
luminanceestimatel. for theith pixelis thus:

LOX

L~ =
N )

whereL is the averagefilm-planeluminance () is the numberof pixels, X is the
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Fig. 1. Someaermsfor analysis:Q is thenumberof pixels, N is thenumberof sampledor
thewholescreen,and X is the numberof samplesn theith pixel.

numberof sampledn the pixel, and NV is the total numberof samplegFigurel).
This simply statesthat L is determinecby countingthe numberof samplesX in
theith pixel. All expressionseferto achosersinglepixel, sopixel index i is often
not written. Note that the assumptiongbove areidealizedand will not occurin
practice;if we couldgeneratessamplegproportionalto screerluminancewe would
notneedMLT. However, this analysiss somethingve canbuild on later.

For agivenpixel, we canview thecontribution of eachsampleasarandomvariable
X, with Bernoulli distribution thatis independenbf andidentically distributedto
all othersamplesilt will contribute either0 or 1 to thevalueof X:

1 with P(m),
0 with P(1—m).

N-1
X=X, X;=
=0

Wherer = ZL is thefraction of the enegy the pixel contains Fromthe properties

of the Bernoulli distribution the varianceof anindividual samples contrikution to
thecountis:

V(X;)=n(l-—m) <m.

Becausehe X;'s areindependenaindidentically distributed, the varianceof the
actualcountX is:

V(X)=NV(Xo) =Nrn(l—m) < Nm= N%.

Thevarianceof theactualestimatas thus:

L*Q*V(X) . L°Q*r _IQL

V(L) = e ~ A

Thereforethe variancefor a pixel is ©(1/N). However, the real MLT algorithm
usescorrelatedsampleswhich is certainto raisevariance.The questionis how
much,aswill beexaminedin the next section.



4 Correlated Analysis

If we assumeahatwe have a sampleX, with the underlyingdistribution from the
lastsection,andsubsequendamplesaregeneratedria mutation,thensamplesare
correlated.Thus V(X)) from the last sectiongrows. This sectionexamineshow
muchit grows. We shav thatthe variancefor the correlateccaseis:

whereq is relatedto the correlationbetweeradjacensamplesn a mutationchain.
Note thatfor ¢ = 0 we have the sameanswerasthe uncorrelatedanalysisaswe
would expect. For a valid MLT implementation) < ¢ < 1 so correlatedMLT
is still ©(1/N). The proof is aninvolved algebraicmanipulation,andreadersot
interestedn thedetailscanskip to the next section.

Proof of variance bound for correlatedsamples

Thevarianceof the sumof two randomvariablesX; and.X; is expresse@s

V(X1 + Xg) = V(Xl) + 2COU(X1, Xg) + V(XQ)

Definition 1 A stodasticprocessX, for ¢t € T, is saidto be strictly stationaryif
thejoint distribution functionsof the familiesof randomvariables

(Xto+h’ XtH-hv s 7th71+h) = (Xtov th ce 7th71)
arethesamefor all » > 0 andarbitrary selections, t1, ... ,t, 1 of T'.

Thisdefinitionassertshatin essencéheprocesss in probabilisticequilibriumand
that the particulartimesat which we examinethe processare of no relevance.In
particular thedistribution of X, is the samefor eacht.

Definition 2 A stothasticprocessX; for ¢t € 7' is said to be wide sensestation-
ary or covariancestationaryif it possessefinite secondorder momentsand if
Cov(Xy, Xoyn) = E(Xy Xegn) — BE(Xy) E(Xiy) depend®nlyonh forall t € T

C’O'U(Xt, Xt-i—h) = COU(XO, X0+h)

Theoreml LetX = Xy + X; + ... + Xy_; whee X, areidenticallydistributed
but not necessarilyindependentandomvariables.If a processs wide sensesta-



tionaryand R, = Cov(X;, X;1x) > 0 VEk then

V(X) = V(NZ_1 X;) < NV(Xg) + 2N Ni Ry. (1)
=0 k=0

Proofl Lety = E(Xj). Then

¥
and -
V(Y X))~ B(Y X - )
- B (- )
0 N(X W)X — 1)
- 3 Bt - ) N Nz )

:'E«Xi—m: V() SV
For j +# i, thisreducego:

(X~ p)(X; — ) = BOGX; — Xogo — Xy + 1)
= B(X;X;) - 2B(Xo)pu + pi* = BE(X;X;) — pi?
= Cov(X;, X))
= iji

From the symmetryof the covariance R, = R_;. Rearrangingthe termsso than
only positivej — 7 are included,we get

N—-1 N-1
V(X)=NV(Xy) +2 Z Z R;_;
i=0 j=i+1
In thelastdoublesumwehaveoneR y_; term,two Ry _» termsthree Ry _; terms,
etc.Changingtheindex of summatiorto k£ = j — i wefinally get

V(X) =NV (X,) + 2NZ_1(N — k) Ry

Inequalityl immediatelyfollowsif the covariancesk;. are non-ngative O

Thetasknow is to give someboundfor the sumof covariancesvhenX is thesum
of individual MLT samplecontritutions X ; to theluminanceestimateL for theith



pixel. Thefirst stepis to expressky, for arbitraryk in termsof R, the correlation
of adjacenMLT samplesThevalueof R; clearlydepend®naparticularmutation
stratgy chosemandwill be consideredo be anoutsideparametefor the analysis.
We areinterestedn the adwersecaseof R; > 0. No stratgy inducing negative

correlationamongMLT sampless currentlyknown (if thereweresucha stratey,

the sumin equationl would have beennegative and variancel’(X') would have

beenlessthanin caseof independensamplesandwould have grovn at mostas
fastas©(V)). We alsowill only considerthe caseof “converged” MLT, therefore
we assumehatthe start-upbiashasbeencompletelyeliminated(eitherby discard-
ing a sufficient numberof initial samplesor by someothermeansyandsamplingis

proceedingaccordingto distribution whichis closeto the stationaryone.Reaching
this stateis necessaryor ary Metropolisalgorithmto give valid results.It is gen-
erally difficult to tell how long this corvergencewould take for a given sceneand
mutationstratgy. A moreformal discussiorof this problemcanbefoundin [9].

As before,let 7 = P(X; = 1) be the (unconditional)probability for an MLT
sampleto contribute 1 to the value of X for ith pixel. Due to stationarity this =
depend®nly onthepixel index i but notonthesamplendex j within thesampling
sequence.

To computeR;, we needE(X(X;). X; hasaBernoulli distribution, which allows
usto write for agivenpixel:

E(XoXp) = P(XoXp=1) =P Xo=1DPr( X =1|Xo=1)=mpr  (2)

and
Ry, = E(XoXy) — E(Xo)E(X}y) = npy — 7° = 7(p — 7) 3)
wherep, = P(X; = 1|X, = 1) (conditionalprobability that X, will contritute1
to thevalueof X giventhat X, hasalreadycontributed1). Due to stationarityp
depend®nly onthedifferenceof theaguments(P (X, = 1|X; = 1) = P(X}, =
1/ Xy = 1)), andthatp, = p_ dueto timereversibility in the stationarystate Both

of thesefactswill beusedbelow.

Considera sequencef MLT samplesXyX; ... X,, ... Xy 1 X, whereX,, is ary
sampleamongX; ... X; 1. Then

P(X, =1|Xo=1)=P(X
or, usingshorternotationandthe factthat P(X,, = 0| X, = 1) = 1 — P(X,, =
1 Xo=1)=1—pu:

Pk = Pk—mPm + (1 - pm)P(Xk = 1|Xm - O) (4)



We computeP (X}, = 1|X,, = 0) usingBayes’formula:
P(X,=1NX,, =0)
P(X, =1]X,,=0) = PIX, —0)
_ P(X, =0|X, =1)P(Xp=1)
B 1—P(X,=1)
(1 _pmfk>7r
11—

Substitutingthis into equation 4 andusingp,,_+ = pr_., We obtaina recursve
formulafor p; throughp,, andp,_,, wherem < k:

(e

Pk = Dk—mPm + (1 — D) (1 — pr—m)

_ Pk—mDPm + 7T<1 — Pk—-m — pm)
1—m

1—m

Letusconsiderevenk’sandletm = k/2. Then

_ pim —2mpgp + M =M 4T

Pk

21—7r

:(pk/z—ﬁ) g
1—m

We now substitutethis resultinto the expressiorfor Ry:

Ry, = E(XOXk) - E(XO)E(Xk:)

o (p,/2—7r)2 2

_7T<—k1—7'(' +7T)—7T (5)
_ (g —m)?

- 1—m

From equation 3 we have p,» — m = Ry/2/m andwe can further rewrite the
expressiorfor Ry as

R

B = (1l —m)

(6)
This recursionallows R wherek is an exactpower of 2 to be expressedhrough
R, asfollows:

1

Ry = (m)

CIRE = (1 - m)g* (7)

whereq = R;/(n(1 —7)). We have shavn that R;, behavesasa geometrigprogres-
sion.

Therearesomeconsequencesf equationss - 7 worth mentioning.First, to have
lim,_., R = 0 asrequiredby generaltheory we needg < 1 which at thefirst



glancemight be consideredsa constrainton maximumacceptablealueof R; in
anMLT algorithmand,thereforea limitation of MLT approachThis is not true,
however: ¢ = 1 corresponddo R, = n(1 — ) for all k£ and, asfollows from
equation 5, requiresp;, = 1 or p;» = 27 — 1. The secondsolution, namely
pr2 = 2m — 1, is greaterthanone, therefore,invalid. Sincep,, is a conditional
probability, p,» = 1 meansthat oncewe have a contritution madeto a pixel,
all following samplesare also contrikuting to the samepixel with probability 1.
Clearly, ary reasonablenutationstrateyy will beenoughto avoid this pathological
conditionand,in fact,we shouldexpectq to be substantiallyjessthan1.

Secondfrom the equation 5 we canseethatall covarianceswith £ > 2k would
go to zeroif we could at somepoint during samplingcreatea samplein sucha
way thatp, = =. In particular to have R, = 0 for all k it is sufficient to have
Ry = 0. This correspondso P(X; = 1|X, = 1) = Pr(X) = 1), namely inde-
pendensampling.Thefactthatour expressionshav covariancegyo to zeroonly
for independensampless certainlysomethingonewould expectandprovidesan
independentheckfor theformulae.

Finally, from the generaltheoryof reversibleMarkov chainswe have R, > Ry

if Ry > 0, i.e.correlationof the samplesiecreasesonotonically This meanghat
althoughequation 7 is valid only for all k& thatareexactpowersof 2 we canbound
arbitrary R, by theclosestR,;. wherek’ is anexactpowerof 2 andk’ < k. Foreach
k' = 2! therewill be2!*! — 2! = 2! suchk’s. By doingthatwe obtainfor the sum
of covariances:

N-1 [logy(N—1)] N-1 0
1 —
E R, < E 2Ry = E mR,, < E mR,, = Lﬁlq (8)
k=1 1=0 m=1, m=1 (1—-q)

m powersof 2

Insertingthis resultinto equation 1 we finally obtainthe boundwritten herein
severaldifferentforms:

21(1 —7)q
(12—(1)2 }

- q

= NV(Xo){1 + e q)z} 9)
2Rym(1 — ) )

(r(1 =) = Ry)?

V(X) < N{V(Xo) +

= NV(Xo){1 +

Herewe usedthefactthatV (X,) = n(1 — 7). Notethatinequalitiesn 8 arerather
loose.Intuitively, we would expectthatfor all &, andnot just for exact powers of
two, Ry, behae closeto ageometrigprogressior(i.e. equation? is falid for all k).
In this casethe estimatamprovesto

VIX) S NV 42701 - M X ¢~ 1) = NV {1+ L

k=0

(10)



Thusthevarianceof theactualcountX is:

2R;
V(X)=Nr(1l—m)(1+ =)= R1)
Recallthat
. LOX
L~L= N
So
. To? QL 2
= <
V(L) = S VX € ),

It is comfortingto seethatthis equationshowns the sameasymptoticcorvergence
rate for MLT asthat for traditional Metropolis algorithm [8], which is what we

would expectgiven the fundamentakimilarities betweenthe two. Note, however,

thatthis resultis expressedhroughquantitieswhich canbe computedor a given
pixel usingthe detailsof the particularmutationstratgy used.

5 Start-up weighting

In theactualMLT algorithm,VeachandGuibaschooseaninitial samplewith prob-
ability densityp(x). Theresultingluminanceestimatefor a pixel is then:

L(Xo) QX

L~ L= ,
p(Xo) N

In the casewherep o L this is the sameasin previous sectionslf we generate
more samplesvia mutation(with only oneseedX,), thenwe will corvergeto an
answemwhosebiasis determinedy how closep(z) is in shapeo L. Sinceboth of
thefractionsabove areuncorrelatedandomvariableswe needto usearelationfor
the productof uncorrelatedandomvariables:

V(AB) = V(A)V(B) + V(A)E(B)* + V(B)E(A)>.

Soto applyto theabore with A and B beingtheterms:

_ L(Xo) =
A= ) E(A) =T (11)
QX L

A and B areuncorrelatedecausehe start-upweightingis independentrom con-
sequentainMLT phaseof thealgorithm.We canconcludethatl’(A) is aconstant

10



determinedby the shapeof p(X,), F(A) is the constant,, V(B) is ©(1/N) as
shavnin thelastsectionandE(B) is % Thisimpliesclearlythatthevarianceof L
is©(1/N). In otherwords,the corvergencerateof theoverall algorithm(whichin-
cludesbothstart-upweightingandthemainMLT part),asexpectedjs notaffected
by theinitialization phase.

6 Discussion

Our basicanalysishasshavn thatMLT doesnot suffer anasymptotiadisadantage
whencomparedo uncorrelatedMonte Carlo methodssuchaspathtracing.There
areseveralotherthingsto note:

Comparisorwith MonteCarlo pathtracing

MLT hasa rate of corvergenceof variancethatis the sameas MCPT: V(X)) =
O(1/N) where X is the pixel valueand NV is the numberof paths.However, it
should be notedthat nowherein our analysisof MLT did we have to consider
parametersuchaslight sourcesize . MCPT, ontheotherhand hasits time-constant
heavily influencedby light sourcesize.lt is possiblethatin practiceMLT alsohas
this propertybut it is not indicatedbecauseour analysisis too conserative and
somehwv encodeghe worst-casefor light sourcesize. However, this is not the
case.Considerthe examplein Figure 2. Thereis a light sourceshining through
a perfectly transmittingtable, so the groundplanewill have a smoothirradiance
patternexceptfor the“shadav” causedy theglassplateedges.

For MCPT, if we halve the projectedareaof thelight, wewill make it half aslikely
to behit by adiffusereflectionray, andwe will quadrupleéhevariance Thusaswe
make the MCPT variancearbitrarily large by makingthe light sourcesmallerand
smaller

For MLT, however, ouranalysigndicateghatif theimageintensitiesarenotsignif-
icantly changedandthecorrelationdetweersampless not significantlychanged,
thenthe variancecannotincreasearbitrarily for small lights. Thusfor somelight
sourcesize,MLT will outperformMCPT. To besurethecorrelationdbetweersam-
plesis not significantlychangedyve notethatthesetwo pathswould be relatedto
a“causticmutation”in VeachandGuibass implementatior{10] andthis mutation
will not be highly sensitve to the light sourcesize.In practiceVeachand Guibas
have shavn thatMLT canproducegoodimagesof causticsn somecircumstances,
but this analysisndicateghatit is likely to performmorestablythanMCPT when-
everlight sourcesareallowedto becomesmallin the presencef speculasurfaces.
However, if aspeculapathis addeahatis difficult for a singlemutationto handle,

11
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Fig. 2. Two nearbypathsfor alight shiningthrougha plateof perfectlytransmittingglass

suchasareflectionof a caustictheacceptancerobabilitygoesdown andcorrela-
tion goesup. Sothesometimesinintuitive natureof mutationscanmaskthecauses
of increasedvariance.Futurework on MLT shouldfocus on mutationstrategjies
thatdealwith adwersarialcases.

Error estimation

For theuncorrelateadtasethe varianceof a pixel luminancecanbewritten:

. LQL

() N s

whereagain () is the numberof pixels. and ¢ is the standarddeviation (square
rootof variance) As theresultof our correlatecanalysisshaws, this approximation
holds provided no single pixel hasa majority of the enegy for the whole image.
Sincestandarddeviation is usuallya reasonablestimateof absoluteerror we see
thatthereis somebuilt-in stabilityin theerror;it goesdown as . goesdown. Sofor
dim pixels whereour sensitvity to noiseimproves,the noiseis of smallerampli-
tude.If we expressthe pixel luminancel asascaleC times L, andwe manipulate
theequationsothatit is in termsof the samplegperpixel N/Q we have:

N L
Q" o

If we apply“tone mapping”to make thisimagedisplayableonamonitorwherethe
maximumdisplayableintensityis 1.0, thenthe averageluminanceL will typically
be mappedo somevaluebetweern0.1and0.5. A standarcerrorof 0.02would be
consideredh very goodimage(theimagesshovn by VeachandGuibasarealmost
certainlynoisier).Finally, we only neecto worry abouttheerrorin pixelsthatdidn’t
exceedl.0in valuebecauseghoseespeciallybright pixelswould “burn out” anda
smallerrorin theirvalueswill notchangeahedisplayedmageatall. Assumingthe

12



averageluminancemapsto 0.2, we have:

N _C(0.2)?°
0~ oozr — 00C

Sincethe brightestpixels attainvalue 1.0, the biggestvalue of C' is 5, indicating
thatwe would need500samplegerpixel.

Whatoneshouldnoteis that500 sampleger pixel is animpressvely smallnum-

berfor a“difficult” scene(for traditionalraytracingonewould needcloseto this

numberof sampleseven for a simplestscene suchas Cornell box), andthat our

numbersabove are probablytoo conserative. For example,assuminga standard
error of 0.04andmappingthe averageto 0.15yields about90 sampleger pixel.

Dueto correlationbetweensampleghe actualMLT algorithmwill be worsethan

that.However, evenfor alargecorrelationbetweersamplessayq = 0.9, we would

needat most20 timesasmary samplesSoit is perhapsot surprisingthat Veach
andGuibasreportedsuchlow samplingrates.

Start-upissues

As discusseckarlier if we usea singleinitial sampleto mutatefrom in MLT we

will corvergeto a possiblyincorrectanswerIf we wantto corvergeto the correct
answer(i.e. have an unbiasedalgorithm)we needto usea numberof seedshat

increasessthe total numberof samplesncreasesln otherwords,onerun of the

MLT algorithmwith oneinitial samplewill corvergeto avariance-freemagethat

is off by somemultiplier whoseexpectedvalueis onebut whoseactualvaluewill be

differentfrom one.Somary of theseimagesaveragedogethemwould corvergeto

thecorrectimage If thetotalnumberof sampless N = SM whereS isthenumber
of seedsand M is the numberof pathsmutatedfrom eachseed,the averaging
proceswill yield variancebe©(1/(SM)). Becauses M is justthetotal numberof

samplestheentireunbiasegrocesghatusesanincreasinghumberof initial seeds
iSO(1/N).

Correlationbetweerpixels

Sofarwe have only consideredVILT behaior ata singlepixel. VeachandGuibas
describethreedifferent classesf mutations,bidirectionalmutations,lens muta-
tions, andperturbationsThe bidirectionalmutationseithercontrikbute to the same
pixel (lensedgenot mutated,or mutationnot acceptedpr contrikute to a random
pixel if acceptedThe lensmutationscausethe next pathto be througha random
pixel. However, the perturbationsespeciallythe lens perturbationstendto move
theimagepoint to a nearbypoint. This is dueto therelatively small changeghat

13



are madeto the paths.Given this, the mutationstratgly hasa greaterprobability
of creatinga new path passingthrougha nearbypixel than a distantpixel. This
meanghatthereis somepositive correlationbetweemearbypixels. This correla-
tion shouldhave someeffect onthe noisecharacteristicef uncorvergedsolutions.
The exacteffect of the correlationwill be determinedy the mutationstratey and
the parametersf thatstrategyy, aswell asby the specificmodelbeingrenderedin

theimagesof Veachand Guibas,this correlationseemdo causenoiseof a lower
frequeng thantradition Monte Carlo renderingalgorithms.Perhapst is possible
to find amutationstratgy thatpusheshefrequeng of thenoiseinto arangewhere
it is masledby featuresof theimage[5].
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