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Abstract

TheMetropolisLight Transportalgorithmis a variantof theclassicMetropolismethod
usedin statisticalphysics.A varianceanalysisof theMetropolisLight Transportalgorithm
is presentedthatboundsits variancein termsof thenumberof pathsusedandtheintrinsic
correlationbetweensamples.It is shown thatthevarianceof apixel is

���������
	
where

�
is

thenumberof samplesfor theentireimage.Theanalysisusesbasicprobability, Bayes’law,
andtheprincipleof stationarydistributions.Thisresultimpliesthatthepresenceof correla-
tion in thealgorithmdoesnotmakeits asymptotictimecomplexity worsethanuncorrelated
MonteCarlomethodssuchaspathtracing.

1 Intr oduction

Theerroranalysisof renderingalgorithmsis beneficialfor understandingtheir be-
havior [1,4]. VeachandGuibas[10] introduceda renderingalgorithmbasedon the
classicMetropolissamplingalgorithm [7]. TheMetropolisLight Transport(MLT)
algorithm appearsto work well in practice,especiallyfor sceneswith significant
speculartransport.HoweverVeachandGuibasonly showedthealgorithm’sperfor-
manceonasmallnumberof scenes,andnoformalanalysisof its behavior hasbeen
done.Thereis anabundanceof literatureon traditionalMetropolismethods[11],
howeverMLT hasenoughuniquecharacteristicsthatit meritsits own formalanaly-
sis.Thispaperattemptsto prove theconvergencepropertiesof theMLT algorithm.
Thisdoesnotby itself yield immediatepracticalimplications,but someof thetools
usedin our proofsmay eventuallyprove to be usefulfor error estimationandre-
duction.

Weexaminetheformalerrorbehavior of MLT andshow thatthevarianceof apixel
estimatedecreasesas �
��
������ with respectto thenumberof paths� usedfor the
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solution� . ThisconfirmsourexpectationthatMLT’sasymptoticbehavior is similar
to thatof thetraditionalMetropolismethodsbut theresultis expressedthroughthe
quantitiesdirectly relatedto propertiesof the imagesproducesby MLT. Section2
givesa brief overview of MetropolissamplingandMLT andpointsout thesignif-
icant differencesbetweenthe two methods.We thenstartwith a muchsimplified
analysisandprogressively add in morecomponentsof MLT. The analysisrelies
on basicprobability, Bayes’ law, andthe principle of stationarydistributions[2].
Thisapproachshouldhelpin theunderstandingof thealgorithmandbemuchmore
obviousthanasingle,monolithicderivationof thefinal result.Weclosewith adis-
cussionof the resultsanda comparisonwith a standardMonteCarlopathtracing
algorithm.

2 ComparisonbetweenMetr opolis samplingand MLT

TheMetropolissamplingalgorithmwasfirst describedin apaperby Metropoliset
al. [7]. The methodgeneratesa setof sampleswith distribution proportionalto a
function � , anddoessowith only theability to evaluate� at points,asopposedto
possessingany moregeneralknowledgeabout � . Despiteits power andsimplicity,
the Metropolis samplinghastwo major drawbacks.First, the generatedsamples
are only guaranteedto asymptoticallyapproacha distribution proportionalto � .
Therefore,thefirst � samplesmustbediscardedsothattheremainingsamplesare
“near” enoughto this asymptoticstatethatsignificantbiasis not introduced.� is
basedon the particulardistribution � andthe mutationstrategy usedto generate
successive samples.It is difficult to estimate� in advanceand substantialtrial
anderror is usedto estimateanappropriatevalue[6]. Second,successive samples
arecorrelated.So, for a fixed numberof stepsin a randomwalk, the varianceis
increasedbecauseof correlationbetweensamplelocations.

VeachandGuibasnotedthat the global illumination problemhasa complicated
function � definedover thesetof pathsin a scene.They alsonotedthat thesetof
pathscould be pareddown to thoseoriginatingat a light, passingthrougha lens,
andfinally hitting a sensor(e.g.,a film plane).Eachof thesepaths� hasanassoci-
atedenergy density������� , andgivenasetof paths� with adistributionproportional
to � , the relative pixel intensitiescanbe determinedby countingthe pathsin �
thatpassthrougheachpixel (we assumea box pixel filter). In addition,Veachand
Guibasintroducedamethodto eliminatetheneedto discard� initial samplesused

� The
����� �"!$#%!'&��"�

asymptoticallyboundsa function from above andbelow [3]. For a
givenfunction ( �)�*	 , wedenoteby

��� ( �)�*	�	 thesetof functions

��� ( �+� 	,	*-�.0/1�+� 	*243�5 �$6 587 6 �:9<;�=
s.t.
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in traditionalMetropolisalgorithm.SoMLT asdefinedby VeachandGuibasdif-
fersfrom traditionalMetropolissamplingalgorithmin two ways.It estimatespixel
intensitiesby countingthe numberof pathsin eachpixel, effectively performing
many integrationsat once.Comparethis with “normal” useof Metropolis sam-
pling whenthedesireddistribution is reachedfirst andthenobservedquantitiesof
a systemarecomputedoneby one,usuallyby drawing a new setof samplesto
computeeachnew one.Also, MLT usesa preprocessingstepto allow every sam-
ple to beused,eliminatingtheneedto discardthefirst � sampleswhich might, in
principle,affect theconvergencerate.Thesechangesmeanthatpreviouswork on
classicMetropolissamplingdoesnotmakeit obviouswhattheerrorcharacteristics
of MLT are.

Evenmoreimportantis the fact thaterroranalysisof traditionalMetropolisalgo-
rithmsusuallyusesquantitiessuchascorrelationtimeandit is notclearwhatthese
quantitiesshouldbe for MLT. Sincethe fundamentalsof MLT are the sameas
thoseof versionsof Metropolisalgorithmusedin, for example,statisticalphysics,
it wouldprobablybepossibleto adaptknown resultsfrom thisarea(see,for exam-
ple, [8]). Doing sowould,however, requiremakinglooseanalogiesandmight not
bestraightforward.It alsowould provide little insightinto somequestionsspecific
to theapplicationof theMetropolisalgorithmto global illumination, for example,
how theconvergenceratedependon thebrightnessof a particularpixel. For these
reasonswe insteadchoseto analyzeerror characteristicsof the MLT algorithm
from scratchusingquantitieswhich are,at leastin principle,computabledirectly
for a given imageandmutationstrategy. Examiningtheseerror characteristicsis
thesubjectof therestof thepaper.

3 UncorrelatedAnalysis

In MLT themutatedpathseventuallycreateadistributionproportionalto thescreen
intensity. In this sectionwe derive thevarianceof a pixel’s intensityassumingwe
can draw uncorrelatedsamplesin screenspacewhosedensityis proportionalto
screenluminance.In reality, themutationscreatecorrelationbetweenonepathand
thenext. Thecorrelationcomplicatestheanalysisandwill bedealtwith in thenext
section.

To simplify the analysiswe assumethat a box filter is usedfor eachpixel value.
For uncorrelatedsamples(no mutations),the MLT algorithmseedsscreenspace
with sampleshaving densityproportionalto the luminanceon thefilm plane.The
luminanceestimate HI for the J th pixel is thus:

ILK HINM IPO�Q
� R

where
I

is theaveragefilm-planeluminance,
O

is thenumberof pixels,
Q

is the
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Q = 6

N = 20

X6 = 5

pixel  6

Fig. 1. Sometermsfor analysis:S is thenumberof pixels,
�

is thenumberof samplesfor
thewholescreen,and T is thenumberof samplesin the

&
th pixel.

numberof samplesin thepixel, and � is the total numberof samples(Figure1).
This simply statesthat HI is determinedby countingthe numberof samples

Q
in

the J th pixel. All expressionsreferto achosensinglepixel, sopixel index J is often
not written. Note that the assumptionsabove are idealizedandwill not occur in
practice;if wecouldgeneratesamplesproportionalto screenluminance,wewould
notneedMLT. However, thisanalysisis somethingwecanbuild on later.

For agivenpixel,wecanview thecontributionof eachsampleasarandomvariableQ
U
with Bernoulli distribution that is independentof andidenticallydistributedto

all othersamples.It will contributeeither0 or 1 to thevalueof
Q

:

QVMXWZY �U�[ 9 Q
U Q
UZM 
 with \
�^]_� R`
with \
��
�ab]��$c

Where] M ddfe is thefractionof theenergy thepixel contains.Fromtheproperties
of theBernoulli distribution thevarianceof anindividual sample’s contribution to
thecountis:

g � Q
U � M ]h�"
�aN]_�Pij]kc
Becausethe

Q U
’s are independentandidentically distributed,the varianceof the

actualcount
Q

is:

g � Q � M � g � Q 9 � M �l]h��
�ab]��Pim�l] M �
I
IkO c

Thevarianceof theactualestimateis thus:

g �nHI � M
I 7 O 7 g � Q �

� 7 i
I 7 O 7 ]
�

M IPOoI
� c

Thereforethe variancefor a pixel is �
��
p����� . However, the real MLT algorithm
usescorrelatedsamples,which is certainto raisevariance.The questionis how
much,aswill beexaminedin thenext section.
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4 Corr elatedAnalysis

If we assumethatwe have a sample
Q 9

with theunderlyingdistribution from the
lastsection,andsubsequentsamplesaregeneratedvia mutation,thensamplesare
correlated.Thus

g � Q � from the last sectiongrows. This sectionexamineshow
muchit grows.Weshow thatthevariancefor thecorrelatedcaseis:

g � HI �Pi
IPOoI
�

q 
_r
snt

�a tvu R

where
t

is relatedto thecorrelationbetweenadjacentsamplesin a mutationchain.
Note that for

t M `
we have the sameanswerasthe uncorrelatedanalysisaswe

would expect.For a valid MLT implementatioǹ i t�w 
 so correlatedMLT
is still �
��
p����� . The proof is an involved algebraicmanipulation,andreadersnot
interestedin thedetailscanskip to thenext section.

Proof of variancebound for correlatedsamples

Thevarianceof thesumof two randomvariables
Q � and

Q 7
is expressedas

g � Q � r Q 7 � Mmg � Q � �?r snxzy�{ � Q � R
Q 7 �?r g � Q 7 �

Definition 1 A stochasticprocess
Q
|

for }�~�� , is said to bestrictly stationaryif
thejoint distribution functionsof thefamiliesof randomvariables

� Q
|����n� R
Q
|8�'�n�

R c�c�c R
Q
|��%���8�n� � M � Q
|�� R

Q
|'�
R c�c�c R

Q
|��%��� �
are thesamefor all ��� `

andarbitrary selections} 9 , } � , c�c�c , }"� Y � of � .

Thisdefinitionassertsthatin essencetheprocessis in probabilisticequilibriumand
that the particulartimesat which we examinethe processareof no relevance.In
particular, thedistribution of

Q
|
is thesamefor each} .

Definition 2 A stochasticprocess
Q
|

for }�~�� is said to be wide sensestation-
ary or covariancestationaryif it possessesfinite secondorder momentsand ifxoy�{ � Q
| R

Q
|��n� � M�� � Q
|+Q
|��n� �*a � � Q
| � � � Q
|��n� � dependsonlyon � for all }C~�� :

xoy�{ � Q
| R
Q
|��n� � M xzy�{ � Q 9 R

Q 9 �n� �
Theorem1 Let

Q
=
Q 9

+
Q � + c�c�c +

Q WCY � where
Q
�

are identicallydistributed
but not necessarilyindependentrandomvariables.If a processis widesensesta-
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tionaryand �C� M xzy�{ � Q
� R
Q
��� ���P� `����

then

g � Q � M�g � WZY ���[ 9 Q
� �kim� g � Q 9 �?r s � WCY �
� [ 9 �C��c (1)

Proof 1 Let � M�� � Q 9 � . Then

� � WCY ��)[ 9 Q � � M �l�
and

g � WZY ���[ 9 Q�� � M�� ��� WCY ��)[ 9 Q
� aX�l��� 7 �
M�� ��� WCY ��)[ 9 � Q
� aN�_��� 7 �
M�� � WZY ���[ 9 WCY �U�[ 9 � Q
� aN�_��� Q
U aN�_���
MXWCY ���[ 9 � �"� Q
� ab��� 7 �?r � � WCY ��)[ 9 WCY �U�[ 9p� U� [f� � Q
� aN�_��� Q
U ab���"�
M�� ��� Q
� ab��� 7 � M�g � Q
� � M�g � Q 9 �

For ¡£¢M J , this reducesto:
� �"� Q
� aN�_��� Q
U ab���"� M�� � Q
�¤Q
U a Q
� ��a Q
U �£r¥� 7 �M�� � Q
�¤Q
U �*a s � � Q 9 �'�£r¥� 7 M�� � Q
�¤Q
U � ab� 7M xzy�{ � Q
� R

Q�U �¦ � U Y �
From the symmetryof the covariance �C� M � Y � . Rearrangingthe termsso than
onlypositive¡§abJ are included,weget

g � Q � M � g � Q 9 �?r s WCY ���[ 9 WCY �U�[n��� �
� U Y �

In thelastdoublesum,wehaveone � WZY � term,two � WCY 7 terms,three � WCYf¨ terms,
etc.Changingtheindex of summationto

� M ¡§abJ wefinally get

g � Q � M � g � Q 9 �?r s WCY �
� [ �

�'�©a � �$�C��c
Inequality1 immediatelyfollowsif thecovariances�C� arenon-negative. ª
Thetasknow is to givesomeboundfor thesumof covarianceswhen

Q
is thesum

of individualMLT samplecontributions
Q
U

to theluminanceestimate
I

for the J th
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pixel. Thefirst stepis to express�C� for arbitrary
�

in termsof � � , thecorrelation
of adjacentMLT samples.Thevalueof � � clearlydependsonaparticularmutation
strategy chosenandwill beconsideredto beanoutsideparameterfor theanalysis.
We are interestedin the adversecaseof � � � `

. No strategy inducingnegative
correlationamongMLT samplesis currentlyknown (if thereweresucha strategy,
the sumin equation1 would have beennegative andvariance

g � Q � would have
beenlessthanin caseof independentsamplesandwould have grown at mostas
fastas �
�'��� ). We alsowill only considerthecaseof “converged” MLT, therefore
weassumethatthestart-upbiashasbeencompletelyeliminated(eitherby discard-
ing asufficientnumberof initial samplesor by someothermeans)andsamplingis
proceedingaccordingto distributionwhich is closeto thestationaryone.Reaching
this stateis necessaryfor any Metropolisalgorithmto give valid results.It is gen-
erally difficult to tell how long this convergencewould take for a givensceneand
mutationstrategy. A moreformaldiscussionof this problemcanbefoundin [9].

As before,let ] M \
� Q
UNM 
%� be the (unconditional)probability for an MLT
sampleto contribute 1 to the valueof

Q
for J th pixel. Due to stationarity, this ]

dependsonly onthepixel index J but notonthesampleindex ¡ within thesampling
sequence.

To compute�C� we need
� � Q 9 Q ��� . Q
U hasa Bernoulli distribution, which allows

usto write for agivenpixel:

� � Q 9 Q ��� M \
� Q 9 Q � M 
p� M \l� Q 9 M 
%�$\<«¬� Q � M 
4­ Q 9 M 
%� M ]¬®¯� (2)

and

�C� Mm� � Q 9 Q ���*a � � Q 9 � � � Q ��� M ]¬®¯�CaN] 7 M ]h�^®4�<aN]_� (3)

where® � M \
� Q � M 
n­ Q 9 M 
p� (conditionalprobability that
Q � will contribute1

to thevalueof
Q

given that
Q 9

hasalreadycontributed1). Due to stationarity®4�
dependsonly onthedifferenceof thearguments,( \
� Q��)� � M 
n­ Q
�?M 
p� M \l� Q � M
4­ Q 9 M 
%� ), andthat ®¯� M ® Y � dueto timereversibility in thestationarystate.Both
of thesefactswill beusedbelow.

Considera sequenceof MLT samples
Q 9 Q � c�c�c Q
° c�c�c Q � Y � Q � where

Q
°
is any

sampleamong
Q � c�c�c Q � Y � . Then

\
� Q � M 
n­ Q 9 M 
%� M \
� Q � M 
n­ Q
°jM 
p��\
� Q�°jM 
n­ Q 9 M 
%�?r\
� Q � M 
n­ Q
°jM ` ��\
� Q�°jM ` ­ Q 9 M 
%�
or, usingshorternotationandthe fact that \
� Q
°±M ` ­ Q 9 M 
p� M 
Ca²\
� Q
°±M

4­ Q 9 M 
%� M 
kab® ° :

®4� M ®¯� Y ° ® ° r���
�aN® ° �$\
� Q � M 
n­ Q
°jM ` � (4)
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Wecompute\
� Q � M 
4­ Q
°jM ` � usingBayes’formula:

\
� Q � M 
4­ Q
°jM ` � M \
� Q � M 
�³ Q�°jM ` �
\l� Q
°jM ` �M \
� Q
°XM ` ­ Q � M 
p��\
� Q � M 
p�

�a´\l� Q
°jM 
p�M ��
�ab® ° Y ���']
�aN]

Substitutingthis into equation 4 andusing ® ° Y � M ®¯� Y ° we obtaina recursive
formulafor ®¯� through® ° and®4� Y ° whereµ w²�

:

®¯� M ®¯� Y ° ® ° r���
�ab® ° ���"
�aN®¯� Y ° � ]

�aN]M ®¯� Y ° ® ° r¥]h��
�ab®¯� Y ° aN® ° �


�ab]
Let usconsiderevenk’s andlet µ M � � s . Then

®¯� M ® 7 �$¶ 7 a s ]¬®4�$¶ 7 r¥] 7 aN] 7 rb]

�aN]M �·® ��¶ 7 aN]�� 7


�aN] rb]
Wenow substitutethis resultinto theexpressionfor � � :

�C� Mm� � Q 9 Q ���*a � � Q 9 � � � Q ���
M ]h� �^®4�$¶ 7 ab]�� 7


�aN] rb]��*ab] 7
M ] �^®¯��¶ 7 aN]_� 7


�ab]
(5)

From equation 3 we have ® ��¶ 7 a²] M � ��¶ 7 �%] and we can further rewrite the
expressionfor � � as

� � M � 7�$¶ 7
]h�"
kab]�� (6)

This recursionallows �C� wherek is anexactpower of 2 to beexpressedthrough� � asfollows:

�C� M � 

]h�"
�aN]�� � � Y � � � �

M ]���
�ab]�� t � (7)

where
t M � � �@�·]h�"
:a
]��"� . Wehaveshown that �C� behavesasageometricprogres-

sion.

Therearesomeconsequencesof equations5 - 7 worth mentioning.First, to have¸º¹¤» ��¼�½F�C� M `
asrequiredby generaltheory, we need

t¾w 
 which at the first
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glancemight beconsideredasa constrainton maximumacceptablevalueof � � in
anMLT algorithmand,therefore,a limitation of MLT approach.This is not true,
however:

t M 
 correspondsto � � M ]���
¿aÀ]�� for all
�

and,as follows from
equation 5, requires® ��¶ 7 M 
 or ® ��¶ 7 M s ]�aÁ
 . The secondsolution,namely® ��¶ 7 M s ]ba©
 , is greaterthanone,therefore,invalid. Since ® �$¶ 7 is a conditional
probability, ® ��¶ 7 M 
 meansthat oncewe have a contribution madeto a pixel,
all following samplesarealsocontributing to the samepixel with probability 1.
Clearly, any reasonablemutationstrategy will beenoughto avoid thispathological
conditionand,in fact,weshouldexpect

t
to besubstantiallylessthan1.

Second,from theequation 5 we canseethatall covarianceswith
��Â � s4�

would
go to zero if we could at somepoint during samplingcreatea samplein sucha
way that ®¯� M ] . In particular, to have �C� M `

for all k it is sufficient to have� � M `
. This correspondsto \
� Q � M 
n­ Q 9 M 
p� M \<«¬� Q � M 
%� , namely, inde-

pendentsampling.Thefact thatour expressionsshow covariancesgo to zeroonly
for independentsamplesis certainlysomethingonewould expectandprovidesan
independentcheckfor theformulae.

Finally, from thegeneraltheoryof reversibleMarkov chainswe have �C�l�©�C� � �
if � � � `

, i.e. correlationof thesamplesdecreasesmonotonically. Thismeansthat
althoughequation7 is valid only for all

�
thatareexactpowersof 2 wecanbound

arbitrary �C� by theclosest�C��Ã where
� Â

is anexactpowerof 2 and
� Â i �

. For each�fÂ M s�Ä
therewill be

s�Ä � � a s�Ä M s�Ä
such

�
’s.By doingthatwe obtainfor thesum

of covariances:

WZY �
� [ �

�C�§i
Å Æ Ç�ÈpÉ,Ê WZY ��ËÍÌ

Ä [ 9
s Ä � 7�Î M WCY �

Ï:Ð ��Ñ°
powersof 2

µ¥� ° w ½
°�[ �

µ¥� °jM ]h��
�ab]�� t
��
�a t � 7 (8)

Insertingthis result into equation 1 we finally obtain the boundwritten herein
severaldifferentforms:

g � Q �Pim� q g � Q 9 �?r
s ]h�"
�aN]_� t
�"
�a t � 7 u

M � g � Q 9 � q 
_r
s4t

�"
�a t � 7 uM � g � Q 9 � q 
_r
s � � ]h�"
�aN]_�

�·]h��
�ab]��*a´� � �
7 u

(9)

Hereweusedthefactthat
g � Q 9 � M ]���
?a�]_� . Notethatinequalitiesin 8 arerather

loose.Intuitively, we would expectthat for all
�
, andnot just for exactpowersof

two, �C� behave closeto a geometricprogression(i.e. equation7 is falid for all
�
).

In this casetheestimateimprovesto

g � Q �Pim� g � Q 9 �?r s ]h�"
�aN]_� q WZY �� [ 9
t � aÒ
 u M � g � Q 9 � q 
_r

s4t

�a tvu (10)
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Thusthevarianceof theactualcount
Q

is:

g � Q � M �
]���
�ab]����"
_r
s � �]���
�aN]_�*a´� � �

Recallthat

ILK HINM IPO�Q
� R

So

g � HI � M
I 7 O 7
� 7

g � Q �Pi
IPOoI
�

q 
_r
snt

�a tÓu R

It is comfortingto seethat this equationshows the sameasymptoticconvergence
rate for MLT as that for traditional Metropolis algorithm [8], which is what we
would expectgiven the fundamentalsimilaritiesbetweenthe two. Note,however,
that this resultis expressedthroughquantitieswhich canbecomputedfor a given
pixel usingthedetailsof theparticularmutationstrategy used.

5 Start-up weighting

In theactualMLT algorithm,VeachandGuibaschooseaninitial samplewith prob-
ability density® �·Ô � . Theresultingluminanceestimatefor apixel is then:

ILK HINM I � Q 9 �
® � Q 9 �

O<Q
� R

In the casewhere ®ÖÕ I
this is the sameasin previous sections.If we generate

moresamplesvia mutation(with only oneseed
Q 9

), thenwe will converge to an
answerwhosebiasis determinedby how close® �^Ô*� is in shapeto

I
. Sincebothof

thefractionsaboveareuncorrelatedrandomvariables,weneedto usearelationfor
theproductof uncorrelatedrandomvariables:

g �'×¿Øo� M�g ��×Ù� g ��ØÚ�?r g �'×Ù� � ��ØÚ� 7 r g �'ØÚ� � �'×h� 7 c
Soto applyto theabovewith × and Ø beingtheterms:

× M I � Q 9 �
® � Q 9 �

� ��×Ù� M I
(11)

Ø M O�Q
�

� �'ØÚ� M
I
I (12)

× and Ø areuncorrelatedbecausethestart-upweightingis independentfrom con-
sequentmainMLT phaseof thealgorithm.Wecanconcludethat

g ��×Ù� is aconstant
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determinedby the shapeof ® � Q 9 � , � �'×Ù� is the constant
I

,
g ��ØÚ� is ���"
������ as

shown in thelastsection,and
� ��ØÚ� is

dd . This impliesclearlythatthevarianceof HI
is �
�"
������ . In otherwords,theconvergencerateof theoverallalgorithm(which in-
cludesbothstart-upweightingand themainMLT part),asexpected,is notaffected
by theinitializationphase.

6 Discussion

Ourbasicanalysishasshown thatMLT doesnotsuffer anasymptoticdisadvantage
whencomparedto uncorrelatedMonteCarlomethodssuchaspathtracing.There
areseveralotherthingsto note:

Comparisonwith MonteCarlo pathtracing

MLT hasa rateof convergenceof variancethat is the sameasMCPT:
g � Q � M�
��
p����� where

Q
is the pixel value and � is the numberof paths.However, it

shouldbe notedthat nowhere in our analysisof MLT did we have to consider
parameterssuchaslight sourcesize.MCPT, ontheotherhand,hasits time-constant
heavily influencedby light sourcesize.It is possiblethat in practiceMLT alsohas
this propertybut it is not indicatedbecauseour analysisis too conservative and
somehow encodesthe worst-casefor light sourcesize.However, this is not the
case.Considerthe examplein Figure 2. Thereis a light sourceshining through
a perfectly transmittingtable,so the groundplanewill have a smoothirradiance
patternexceptfor the“shadow” causedby theglassplateedges.

For MCPT, if wehalve theprojectedareaof thelight, wewill make it half aslikely
to behit by adiffusereflectionray, andwewill quadruplethevariance.Thusaswe
make theMCPT variancearbitrarily largeby makingthe light sourcesmallerand
smaller.

For MLT, however, ouranalysisindicatesthatif theimageintensitiesarenotsignif-
icantlychanged,andthecorrelationsbetweensamplesis notsignificantlychanged,
thenthe variancecannotincreasearbitrarily for small lights. Thusfor somelight
sourcesize,MLT will outperformMCPT. To besurethecorrelationsbetweensam-
plesis not significantlychanged,we notethat thesetwo pathswould berelatedto
a “causticmutation”in VeachandGuibas’s implementation[10] andthis mutation
will not behighly sensitive to the light sourcesize.In practiceVeachandGuibas
haveshown thatMLT canproducegoodimagesof causticsin somecircumstances,
but thisanalysisindicatesthatit is likely to performmorestablythanMCPTwhen-
ever light sourcesareallowedto becomesmallin thepresenceof specularsurfaces.
However, if aspecularpathis addedthatis difficult for asinglemutationto handle,
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Fig. 2. Two nearbypathsfor a light shiningthroughaplateof perfectlytransmittingglass

suchasa reflectionof acaustic,theacceptanceprobabilitygoesdown andcorrela-
tion goesup.Sothesometimesunintuitivenatureof mutationscanmaskthecauses
of increasedvariance.Futurework on MLT shouldfocuson mutationstrategies
thatdealwith adversarialcases.

Error estimation

For theuncorrelatedcasethevarianceof apixel luminancecanbewritten:

Ü 7 K IPOoI
� R

whereagain
O

is the numberof pixels. and Ü is the standarddeviation (square
rootof variance).As theresultof ourcorrelatedanalysisshows,thisapproximation
holdsprovided no singlepixel hasa majority of the energy for the whole image.
Sincestandarddeviation is usuallya reasonableestimateof absoluteerrorwe see
thatthereis somebuilt-in stability in theerror;it goesdown as

I
goesdown.Sofor

dim pixels whereour sensitivity to noiseimproves,thenoiseis of smallerampli-
tude.If weexpressthepixel luminance

I
asascale

x
times

I
, andwemanipulate

theequationsothatit is in termsof thesamplesperpixel �Ý� O wehave:

� O K x I 7
Ü 7

If weapply“tonemapping”to makethis imagedisplayableonamonitorwherethe
maximumdisplayableintensityis 1.0,thentheaverageluminance

I
will typically

bemappedto somevaluebetween0.1 and0.5.A standarderrorof 0.02would be
considereda very goodimage(theimagesshown by VeachandGuibasarealmost
certainlynoisier).Finally, weonly needto worry abouttheerrorin pixelsthatdidn’t
exceed1.0 in valuebecausethoseespeciallybright pixelswould “burn out” anda
smallerrorin theirvalueswill notchangethedisplayedimageatall. Assumingthe
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averageluminancemapsto 0.2,wehave:

� O K x � ` c s � 7
� ` c `ns � 7

M 
 `n`nx c
Sincethe brightestpixels attainvalue1.0, the biggestvalueof

x
is 5, indicating

thatwewouldneed500samplesperpixel.

Whatoneshouldnoteis that500samplesperpixel is animpressively smallnum-
ber for a “dif ficult” scene(for traditionalraytracingonewould needcloseto this
numberof sampleseven for a simplestscene,suchasCornell box), andthat our
numbersabove areprobablytoo conservative. For example,assuminga standard
error of 0.04andmappingthe averageto 0.15yields about90 samplesper pixel.
Due to correlationbetweensamplestheactualMLT algorithmwill beworsethan
that.However, evenfor alargecorrelationbetweensamples,say

t M ` c^Þ , wewould
needat most20 timesasmany samples.Soit is perhapsnot surprisingthatVeach
andGuibasreportedsuchlow samplingrates.

Start-upissues

As discussedearlier, if we usea singleinitial sampleto mutatefrom in MLT we
will convergeto a possiblyincorrectanswer. If we wantto convergeto thecorrect
answer(i.e. have an unbiasedalgorithm)we needto usea numberof seedsthat
increasesasthe total numberof samplesincreases.In otherwords,onerun of the
MLT algorithmwith oneinitial samplewill convergeto a variance-freeimagethat
is off by somemultiplier whoseexpectedvalueis onebut whoseactualvaluewill be
differentfrom one.Somany of theseimagesaveragedtogetherwould convergeto
thecorrectimage.If thetotalnumberof samplesis � M �kß where� is thenumber
of seedsand ß is the numberof pathsmutatedfrom eachseed,the averaging
processwill yield variancebe �
�"
��1�'�kß²��� . Because�kß is just thetotalnumberof
samples,theentireunbiasedprocessthatusesanincreasingnumberof initial seeds
is �
�"
������ .

Correlationbetweenpixels

Sofar we have only consideredMLT behavior at a singlepixel. VeachandGuibas
describethreedifferent classesof mutations,bidirectionalmutations,lensmuta-
tions,andperturbations.Thebidirectionalmutationseithercontribute to thesame
pixel (lensedgenot mutated,or mutationnot accepted)or contribute to a random
pixel if accepted.The lensmutationscausethe next pathto be througha random
pixel. However, the perturbations,especiallythe lensperturbations,tendto move
the imagepoint to a nearbypoint. This is dueto the relatively small changesthat

13



aremadeto the paths.Given this, the mutationstrategy hasa greaterprobability
of creatinga new pathpassingthrougha nearbypixel thana distantpixel. This
meansthat thereis somepositive correlationbetweennearbypixels.This correla-
tion shouldhavesomeeffecton thenoisecharacteristicsof unconvergedsolutions.
Theexacteffect of thecorrelationwill bedeterminedby themutationstrategy and
theparametersof thatstrategy, aswell asby thespecificmodelbeingrendered.In
the imagesof VeachandGuibas,this correlationseemsto causenoiseof a lower
frequency thantraditionMonteCarlo renderingalgorithms.Perhapsit is possible
to find amutationstrategy thatpushesthefrequency of thenoiseinto arangewhere
it is maskedby featuresof theimage[5].
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