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Abstract. We presert a margin-based bound for ranking in a general
setting, using the L1 covering number of the hypothesis space as our
complexity measure. Our bound suggeststhat ranking algorithms that
maximize the ranking margin will generalize well.

We produce a Smooth Margin Ranking algorithm, which is a modi cation

of RankBoost analogousto Approximate Coordinate Ascernt Boosting.
We prove that this algorithm makesprogresswith respect to the ranking
margin at every iteration and convergesto a maximum margin solution.
In the special caseof bipartite ranking, the objective function of Rank-
Boost is related to an exponertiated version of the AUC. In the em-
pirical studies of Cortes and Mohri, and Caruana and Niculescu-Mizil,
it has been obsered that AdaBoost tends to maximize the AUC. In
this paper, we give natural conditions such that AdaBoost maximizes
the exponertiated loss assaiated with the AUC, i.e., conditions when
AdaBoost and RankBoost will produce the sameresult, explaining the
empirical obsenations.

1 Intro duction

Considerthe following supervisedlearning problem: Sylvia would liketo get some
recommendationsfor good moviesbeforeshegoesto the theater. Shewould like a
ranked list that agreeswith her tastesascloselyaspossible,sinceshewill seethe
movie closestto the top of the list that is playing at the local theater. For many
pairs of movies shehasseen,shewill tell the learning algorithm whether shelikes
the rst movie better than the second.This allows her to rank whichever pairs
of movies shewishes,allowing for the possibility of ties betweenmovies, and the
possibility that certain movies cannot necessarilybe compared by her, e.g, she
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may not compare action movies with cartoons. Another advantage of this type
of scoring over real-valued scoringis that Sylvia doesnot needto normalize her
own scoresin order to compare with the rankings of another person; she just
comparesrankings on pairs of movies. Sylvia does not needto be consisten,
sinceshemay rank a > b> ¢ > a. Each pair of movies such that Sylvia ranks
the rst above the secondis called a \crucial pair".

The learning algorithm has accesgo a set of n individuals (\w eak rankers",
or \ranking features") who have alsoranked pairs of movies. The learning algo-
rithm must combine the views of the weak rankers in order to match Sylvia's
preferences,and generatea recommendationlist that will generalizeher views.
This type of problem was studied in depth by Freund et al. [7], where the Rank-
Boost algorithm was intro duced.

In order to give someindication that an algorithm will generalizewell (e.g.,
we want the ranking algorithm to predict moviesthat Sylvia will like), one often
considersgeneralization bounds. Generalization bounds shawv that a small prob-
ability of error will most likely be achieved through a balance of the empirical
error and the complexity of the hypothesisspace.This complexity can by mea-
sured by an informativ e quartit y, such as the VC dimension, covering number,
Rademader complexity, or a more specialized quartity, suc as the bipartite
rank shatter coe cient [1], which was used to derive a generalization bound
speci cally for the caseof bipartite ranking. The \bipartite” ranking problem is
a special caseof the ranking problem wherethere are only two classesa positive
class,i.e., \good movies", and a negative class,i.e., \bad movies".

When deriving generalization bounds, it is important to considerthe \sep-
arable" case,where all training instancesare correctly handled by the learning
algorithm so the empirical error is zero. Ranking in the separablecasemeans
that the algorithm's chosenranking is consistert with all crucial pairs; the al-
gorithm ranks the rst instance in ead crucial pair above the second.In the
bipartite ranking problem, the separablecasemeansthat all positive instances
are ranked above all negative instances, and the AUC (Area Under the ROC
Curve) is exactly 1.

In the separablecasefor classi cation, oneimportant indicator of a classi er's
generalization ability is the \margin", e.g.,for boosting [15] and support vector
madhines. Although the empirical successof an algorithm depends on many
factors (e.g., the type of data and how noisy it is), margin-basedbounds often
do provide a reasonableexplanation (though not a complete explanation) of the
succesf many algorithms, both empirically and theoretically. Although there
has been some work dewted to generalization bounds for ranking [7,1], the
bounds (that we are aware of) are not margin-based, and thus do not provide
this useful type of discrimination betweenranking algorithms in the separable
case.

In Section 3, we provide a margin-based bound for ranking in a general
setting. Our bound usesthe L; covering number asthe complexity measurefor
the hypothesis space.
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Sincewe have provided a generalmargin-basedbound for ranking, we now try
to derive algorithms which create large margins. For the classi cation problem,
it wasproved that AdaBoost doesnot always maximize the margin [12]. In fact,
AdaBoost doesnot even necessarilymake progresstowards increasingthe margin
at every iteration. In analogy, RankBoost doesnot directly maximize the ranking
margin, and it may not increasethe margin at ewery iteration. In Section 4.1
we introduce a Smooth Margin Ranking algorithm, and prove that it makes
progresstowards increasing the \smooth" ranking margin at every iteration;
this is the main step neededto prove convergenceand corvergencerates. This
algorithm is analogousto Approximate Coordinate Ascert Boosting [14,13] in
its derivation, but the analogousproof that progressoccurs at ead iteration is
much trickier; hencewe present a sketch of this proof here, along with a proof
that this algorithm corvergesto a maximum margin solution.

In the bipartite ranking problem, we want our recommendationlist to min-
imize the misranking error, e.g., the probability that a bad movie is ranked
above a good movie. The empirical version of this misranking error is closely
related to the AUC. RankBoost [7] minimizes an exponertiated version of this
misranking error, in analogy with the classi cation algorithm AdaBoost, which
minimizes an exponertiated version of the margins of training instances. The
bipartite ranking setting and the basic classi cation setting are di erent, since
they usedierent loss functions. For most classi cation loss functions (e.g. in
the SVM loss), a misclassi ed instance is given the sameloss no matter how
badly it is misclassi ed. In the ranking problem, if a negative instanceis ranked
more highly than only one positive instance, it hardly a ects the loss, whereas
if the negative instance is classi ed more highly than many positive instances,
it a ects the lossgreatly.

Although AdaBoost and RankBoost were derived analogously for the two
settings, the parallels between these algorithms are deeper than their deriva-
tions. Cortes and Mohri [5] and Caruana and Niculescu-Mizil [3] have noted
that AdaBoost experimertally seemsto be very good at the bipartite ranking
problem, even though it was RankBoost that was explicitly designedto solve
this problem, not AdaBoost. That is, AdaBoost often achievesa large AUC. In
Section5, we shav an important reasonfor theseobsenations. Namely, we shov
that if positive and negative instancescortribute equally to AdaBoost's nal loss,
then AdaBoost and RankBoost produce the samesolution. We de ne a quartity
called \F-skew", an exponertiated version of the \skew" usedin the expressions
of Cortes and Mohri [5] and Agarwal et al. [1]. When the F-skew is zero, Ada-
Boost's losscomesequally from positive and negative instances.We prove that if
the F-skew vanishes,AdaBoost minimizes the exponertiated ranking loss,which
is the samelossthat RankBoost explicitly minimizes; the two algorithms will
produce the same solution. Moreover, we show that if AdaBoost's set of weak
classi ers includesthe constart classi er, then the F-skew always vanishes.

We proceedfrom the most generalto the most speci c. In Section 3 we pro-
vide a margin basedbound for general ranking, which holds for ead elemen
of the hypothesisspace.In Sections4.1 and 4.2 we focus on the binary ranking
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problem, wherewe x the form of hypothesisspaceto match that of RankBoost.
Here, we discusscoordinate-basedranking algorithms such as RankBoost, and
introduce the Smooth Margin Ranking algorithm. In Section 5, we considerthe
bipartite ranking problem, which is a special caseof the binary ranking prob-
lem. Here, we discuss conditions for AdaBoost to act as a bipartite ranking
algorithm by minimizing the exponertiated lossassaiated with the AUC. Sec-
tions 3 and 4.2 focus on the separablecase,and Sections4.1 and 5 focus on the
non-separablecase.

The main cortributions of this paper are: 1) a margin-basedranking bound,
2) atheorem stating that our Smooth Margin Ranking algorithm makesprogress
at ewery iteration towards increasingthe smooth ranking margin, and 3) a set
of conditions when AdaBoost acts as a bipartite ranking algorithm.

2 Notation

The training set, denotedby S, is fX;gj=1 ...m , wherex; 2 X RM. The set X
may be nite orin nite. In the caseof the movie ranking problem, the x;'s arethe
movies and X is the database.The instancesx; 2 X are chosenindependertly
and at random (iid) from a xed but unknown probability distribution D on X.
The notation x D meansx is chosenrandomly accordingto D, and S D™
meansthe m elemeris of the training set S are choseniid accordingto D.

The valuesof the \truth” function :X X I f0;1g, which is de ned over
pairs of instances, are analogousto the \lab els" in classi cation. If (x;x%) = 1,
the pair x;x is a crucial pair, i.e., x should be ranked more highly than x. We
require only that (x;x) = 0, meaning X cannot be ranked higher than itself,
andalso (x;x) = limplies (x;x) = 0, meaningthat if x is ranked higher than
%, that % cannot be ranked higher than x. (It is possiblethat theseassumptions
may be dropped.) It is possibleto have (a;b) = 1, (b;c)=1,and (c;a) = 1;
this forcesusto bein the non-separablecase.The quantity E := Ex.xp (X;X)is
the expectedfraction of pairs in the databasethat are crucial pairs,0 E  1=2.
We assumethat is a deterministic (non-noisy) function, and that for ead pair
of training instancesx;; xx, we receive (X;;X)-

Our goal is to construct a ranking function f : X I R, which givesa real
valued rank to ead instance in X. We do not care about the actual values of
ead instance, only the relative values; for crucial pair x;x, we do not care if
f(x) = :4andf(x) = :1,only that f(x) > f(x). Also, f 2 L; (X) (or if jXj is
nite, f 2 71 (X)).

In the binary setting of boosting for classi cation, jf (x)j 18x and the
margin of training instance i (with respect to classier f) is y;f (xj), where
yi is the classication label, y; 2 f 1;1g [15]. The margin of classier f is
the minimum margin over all training instances, min; y;f (x;). Intuitiv ely, the
margin tells us how much f can change before one of the training instancesis
misclassi ed; it givesus a notion of how stable the classi er is.

For the ranking setting, we de ne an analogousnotion of margin. Here, we
can normalize f sothat jfj 1. The margin of crucial pair i,k with respect
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to ranking function f will be de ned asf (x;) f(xx). The margin of ranking
function f, is the minimum margin over all crucial pairs,

= min f(xi) f(xk):
T it e gt O T
Intuitiv ely, the margin tells us how much the ranking function can change be-
fore one of the crucial pairs is misranked. As with classi cation, we are in the
separablecasewhene\er the margin of f is positive.

3 A Margin-Based Bound for Ranking

In this section, we provide a bound which givesus an intuition for separable-case
ranking and yields theoretical encouragemenh for margin-based ranking algo-
rithms. The quartity we hope to minimize is analogousto the misclassi cation
probability for classi cation; for two randomly choseninstances,if they are a
crucial pair, we want to minimize the probability that these instanceswill be
misranked. That is, we want to minimize:
xie DL x) e (X%
= qE)

The numerator of (1) is the fraction of crucial pairs that are correctly ranked
by f, and the denominator, E := Ex.x p (X;x) is the fraction of pairs that
are crucial pairs. Thus, Pp f misrank; g is the proportion of crucial pairs that are
correctly ranked by f .

Sincewe do not know D, we may useonly empirical quartities that rely on
our training sample. An empirical quartit y analogousto Pp f misrank; g is:

Pp fmisrank; g:= Pp [f (x) f ()] (x;%)=1]F E

Psfmisranks g := Psfmarging  09:= Es[1((x,) f(xe) (XisX)l:
We make this de nition more general,by allowing it to include a margin of 0:
Psf margin, g:= F[;S[l(flg‘) foa) Il (Xisxk) = 1]

_ i e e o ) (Xl
inll km:l (XisXk)

i.e., P<f marging g is the fraction of crucial pairs with margin no larger than

We want to bound Ppfmisranks g in terms of an empirical, margin-based
term and a complexity term. The type of complexity we chooseis the L; cov-
ering number of the hypothesis spaceF, F L, (X). (Upper bounds on the
covering number can be calculated; see[6]). The covering number N (F; ) is
de ned asthe minimum number of balls of radius neededto cover F, using
the L; metric. Now we state our theorem (seeAppendix A for the proof):

Theorem 1. For > 0, O, forallf 2 F, . 4

Psp m Ppfmisranks g Psfmargin; g+ 1IN F;Z dexp 2m

4+
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That is, with probability dependingon m, E, , , and F, the misranking prob-
ability is lessthan the fraction of instanceswith margin above , plus .

We have chosento write our bound in terms of E, but we could equally
well havlg usqg an analogousempirical quartity, namely Eyx,.x, s (Xi;Xk) =
m M e (Xi;xk). This is an arbitrary decision;we cannot maximize
E in practice becausehe data is random. Either way, the bound tells usthat the
margin should be an important quantit y to considerin the designof algorithms.

As a special caseof the theorem, we considerthe caseof a nite hypothesis
spaceF, where the covering number achievesits largest value (for any ), i.e.,

N F;4 =]jFj. Alsotake smallso4+ 4. Now we can solve for
E 2 1 8
= iFi — = =p— — iFi+ =
jFjdexp 2m 7 ) |9E EZ(In4ij In(1=))

This could be compareddirectly with Theorem 1 of Schapire et al [15]. Cucker
and Smale [6] have reducedthe factor 2 to a factor of in certain cases;t is
possiblethat this bound may betightened, especially in the caseof a corvex com-
bination of weak rankers. An interesting open problem is to prove generalization
bounds using Rademader complexity or a more specialized bound analogous
to those in Koltchinskii and Panchenko [10]; here the trick would beto nd a
symmetrization step analogousto the usual symmetrization for classi cation.

In any case,our bound indicates that the margin is an important quartity for

generalization.

4 Coordinate-Based Ranking Algorithms

We have just preseried a uniform bound that holds for all f 2 F. Now we will
discusshow a learning algorithm might pick one of those functions, in order to
make Pp f misrank; g as small as possible, based on intuition gained from the
bound of Theorem 1; the bound revealsthe margin to be a useful quartity in
the learning process,soit desenesconsiderationin our designof algorithms.

In Section 4.1, we discussRankBoost's objective function F. Then, we de-
scribe a coordinate descem algorithm on this objective. In Section4.2 we de ne
the smooth ranking margin G. Then we presen the Smooth Margin Ranking al-
gorithm, and prove that it makesprogresstowards increasingG at ead iteration
and corvergesto a maximum margin solution.

4.1 Coordinate Descent on RankBo ost's Ob jectiv e

We are in the binary setting of RankBoost, which we now describe. The hypoth-
esisspaceF is the classof corvex combinations of \w eak" rankersfh; gj=1 ;.0 ,
where h; : X | f0;1g. We assumethat if h; is a weak ranker, that 1  h; is
not chosenas a weak ranker; this assumption avoids the complicated seminorm
notation in earlier work [13]. The function f is constructed as%normalizedlinear
combination of the h;'s:f = . ;h; Jj jj1; wherejj jj1 =

j i
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We construct a structure M, which tells us how ead individual weak ranker
j ranks ead pair of instancesi; k. We dene M elemeri-wise as: M :=
hj (xi) hj(xk). Thus, My; 2 f 1;0;10. gmceM has three indices, we need
to de ne rlght multlpl|cat|0|g (l\@ )|k = o jhi(xi) i hy (xx); and left
multiplication: (d"™M); = 1, =y Gk M :

Just as AdaBoost can be represemed as a coordinate descem algorithm on
a speci c objective function of (see[9]), so can RankBoost. The objective
function for RankBoost is:

X
F():= e (M Jw:
fikj[ (xiixk)=1] g

We now perform standard coordinate descemn on F to derive \Co ordinate De-
scent RankBoost". The direction chosenat iteration t (i.e., the choice of weak
ranker j) in the \optimal" case(wherg the best weak ranker is chosenat eath

iteration) is given by: j; 2 argmax d':((‘,7+e’) = argmax(dtTM)j,

where the \w eights” diix are deJned over pairs of instances by: Jdt;ik = 0 for
non-crucial pairs, and for crucial pair i; k: dx := e M Dk =F( ;). One cansee
that the chosenweak ranker is a natural choice, namely, j; is the most accurate
weak ranker with respect to the weighted crucial training pairs.

Dene I, = fi;kjMi;, = 1, (Xi;Xx) = 1g (although I . is dierent for

ead t, we eliminatlg the subscript), alsq_,l =i kiMij, = 1 (Xi;Xk) = 19.
Alsodene d. := | dyk andd := | dyk . The stepsizeat iteration t is
t, Where . satis es the equation for the line seard along direction j:
dF( ++ €,) 1 d+
= Yt = —I — 2
0 5 ) n g ()

Thus, we have derived the rst algorithm, Coordinate Descen RankBoost.

RankBoost, asit is described by Freund et al. [7], is similar, but di ers by the
ordering of steps:  is calculated rst (via (2)), and afterwards | is determined.
For RankBoost, there may not be a natural interpretation of this type of weak
learning algorithm asthere is for Coordinate Descen RankBoost.

It is interesting that for AdaBoost's objective function, the plain coordinate
descen algorithm and the variation (choosingthe coordinate with knowledge of
the step size) actually turn out to both yield the samealgorithm, i.e., AdaBoost.

4.2 Smooth Margin Ranking

The value of F doesnot directly tell usanything about the margin, only whether
the margin is positive. Usingany that yields a positive margin, we can actually
make F arbitrarily small by multiplying by a large positive constart, so the
objective is arbitrarily small, yet the margin may not be maximized. Actually,
the sameproblem occurs for AdaBoost. It has beenproven [12] that for certain
M, AdaBoost does not cornverge to a maximum margin solution, nor does it
even make progresstowards increasingthe margin at every iteration. Sincethe
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calculations are identical for RankBoost, there are certain casesin which we can
expect RankBoost not to convergeto a maximum margin solution.

In earlier work, we have proposeda smooth margin function which one can
maximize in order to achieve a maximum margin solution for the classi cation
problem [13]. We have proposeda coordinate ascen algorithm on this function
which makes progresstowards increasingthe smooth margin at ewery iteration.
Here, we preser the analogoussmooth ranking function and the Smooth Margin
Ranking algorithm. The smooth ranking function G is de ned as follows:

InF( ).
With proofsidentical to those of Rudin et al. [13], one can show that:
G( )< () ; where 3)

G():=

= MiNfgj o dy =t 0gMaX (ATM); = maxe oy ogMmini(M)ijie,
the smooth ranking margin is lessthan the true margin, and the true margin is
no greater than , the min-max value of the gamede ned by M (see[8]).

We now de ne the Smooth Margin Ranking algorithm, which is approxi-
mately coordinate ascert on G. As usual, the input to the algorithm is matrix
M . Also, we will only de ne this algorithm when G( ) is positive, sothat we only
usethis algorithm oncethe data has becomeseparable;we can use RankBoost
or Coordinate Descem RankBoost to get us to this point.

We will de ne iteration t+ 1 in terms of the quartities known at iteration
t, namely, the following quartities can be calculated from ¢: the current value
of the objective g := G( ), the weights dyix := e (M i =F( ), the direction
jt = argmax(d{ M);, and the edger; := (d{ M);,. The choiceof j; is the same

as for Cojordinate Descen RankBoost, also see[13]. The step size ; is chosen
to obey (6) below, but we need more de nitions before we state its value. We
de ne recursive equations for F and G, and then usetheseto build up to (6).
We alsohave s; = jj tjjpr and st+1 = st + ¢, and gi+1 = G( tt 1€),).

As before, 1+ = fi;kjMyj, = L (Xi;xk) = 19, | = fi; KMy,
Pl (Xi;Xk) = 1'9 and now, | g = f|PkJM.k,, = 0; (Xj;Xk) = 1g. Also d; =
1, ik ,d = | drik , and dg := Lo diik - So,by de nition, d. +d +dy =

1. Now, ry becomesry = di. d . Dene the factor . and its \deriv ative"
t=dre '+det+dy; and 2= die t+de:
We now derive a recursive equation for F, true for any

X
F( o+ g,)= e M Jikeg Miie = F( )(die +d e +do):
fikj (xisxk)=1g

Thus, we have dened  sothat F( +1) = F( «+ €,) = F( ) «: We use
this to write a recursive equation for G:

In(F( ¢+ ejt))_gt St In(die +d e +dy).

G(t+ ejt): S + St S +

+
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For our algorithm, we set = in the above expression:
St In ¢ 1
= = — +In {]: 4
G =G ¥ ) 91 &= o 4

Now we have gathered enough notation to write the equation for  for
Smooth Margin Ranking. For plain coordinate ascet, the update  solves:
2 2 33

dF( + g,)=d
_9GCr @) L1 4o e d (o g )=d 55
d = St : F( o)

0

We could solve this equation numerically for to get a smooth margin coor-
dinate ascen algorithm, however, we avoid this line seart. To get the update
rule for Smooth Margin Ranking, we set ; to solve:

2 2 B ,
dF( o+ e,)=d !
1 I = ff _ 1 tOF'( t)
0:St+ tg & t)+9 F( o sty * tF( 1)
O t= tO %)

This expressioncan be solved analytically for , which makesthe algorithm
as easyto implement as RankBoost, but we avoid using the exact expressionin
our calculations whenewer possible,sinceit is not easyto work with:

" D #
gdo+ gfdi+ (1+g)@ g)@d+re do)I re do)
(I+g)d re do)

t=1In

(6)

We now present a theorem stating that the algorithm makes signi cant
progresstowards increasing the value of G at every iteration. An analogous
statemernt was an essetial tool for proving properties of Approximate Coordi-
nate Ascernt Boosting [13], although the proof here (for which we give a sketch) is
signi cantly moredi cult sincewe cannot usethe sameimportant trick (i.e., the
equivalent of Lemma 1). As usual, the weak learning algorithm always achieves
an edgeof at least for the calculation to hold.

Theorem 2. 1 )
e G) .
Ot+1 O 27 su1 :
Sketching the proof, we consider , ¢, di, and d asfunctions of three basic
independert variablesr := ry, g:= ¢ and, dg, with rangesO< r < 1,0 g<rr,
and0 dy 1 r.Dene
. In ) ;0;d g,
rigido = . and Brygd, = rsiog_

Lemma 1. Bygq4, > 172

This lemma is a monstrous calculus problem in three variables, for which we
omit the proof. Using only this lemma, we can prove the theorem directly.
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Proof. (of Theorem 2) Let us unravel the notation a bit. Lemma 1 says:

In ¢ ry + G (re+ a) ¢
= rgido ~ ) In > —>—"—:

t 2 2

Incorporating the recursive equation (4),

1

O+1 O = [ & ¢« In{]> t gt+(rt+gt) _ 1 i(re gt):

St+1 St+1 2 T2 St+1

We have nished the proof. Theorem 2 is the main step in proving convergence
theorems, for example:

Theorem 3. The smaoth ranking margin ranking algorithm convergesto a max-
imum margin solution, i.e., limy; @ =

BesidesTheorem 2, the only other key step in the proof of Theorem 3 is:

Lemma 2.
im —— = 0
tll Sty
We omit the proof of Lemma 2, which uses(4), monotonicity and boundedness

of the g sequenceand then (5).

Proof. (Of Theorem 3) The values of g; constitute a non-decreasingsequence
which is uniformly bounded by 1. Thus, a limit g; exists,g; := limy;  g.
By (3), we know g for all t. Thus, g; . Supposeg; < , i.e., that

g1 6 0. One canusean identical calculation to the onein Rudin et al. [13]
to show that this assumption, together with Theorem 2 and Lemma 2 imply
that limy o ¢ = 0. Using this fact along with (5), we nd:

0
L e e t_pooe (die t+det) T
0 _tllllm gt—Iltr!qugt—h“mllnf—t —I|tn!11|nf doe +d e *dy I|“ml|nf1

This is a cortradiction with the original assumptionthat g; < . It follows that
g = ,orlimy; (o) = 0. Thus, the smooth ranking algorithm corverges
to a maximum margin solution.

5 AdaBo ost and RankBo ost in the Bipartite Problem

In the bipartite ranking problem, every training instancefalls into one of two cat-
egories,the \p ositive class" Y, and the \negative class"Y . The bipartite rank-
ing problem is a special caseof the binary ranking problem. Here, (xj;xx) =1
only whenx; 2 Y, andXxx 2 Y .Dene vy = +1 whenx; 2 Y;,andy; = 1
otherwise. The function F now becomesan exponertiated version of the AUC,

that is, sincethe step function 1< o e *, we have:
o X X X X VN
jY+iY j@ AUC( ) = LM )y <0 e M D =pF():

i2Y. k2Y i2Y. k2Y
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We have written the AUC in the form of the Wilcoxon-Mann-Whitney statistic
(seel[5)).

We now show that AdaBoost minimizes RankBoost's loss function F under
very natural conditions, namely, whenewer the positive and negative instances
contribute equally to AdaBoost's lossfunction.

We de ne AdaBoost's matrix M A% elemert-wise by M A% = yihj (x;). Thus,
Mij = hj(xi) by (x) = yihy (i) + ykhj (xi) = M{9% + M (To changefrom
f 1;1g hypothesesto f 0; 1g hypotheses divide by 2.) De ne vectorq elemen-

wiseby q i = e M M Using this notation, we will write the objective
functions for both AdaBoosg(and RankBoost. First, \;V(e de ne the following:
Fi( )= g and F ( ):= q «:
i2Y, k2Y

The objective function for AdaBoostis F( ) := F+( )+ F ( ): The objective
function for RankBoostis: F( ) = F+( )F ( ). Thus, the balancebetweenthe
positive and negative instancesis di erent betweenthe algorithms.

We now de ne \F-skew", which measuresthe imbalance between positive
and negative instances.

F-skew( ):=F+:() F ():

Theorem 4. Assume M A% is such that inf F( ) > 0 (the non-semrable
case). For any seguene f (gi-; suchthat

lim F( ()= infF() (7
t1

and lim F skew( ) = 0, then
i lim F( ¢) = inf F( ): ®)
til

Proof. It is possiblethat F or F may have no minimizers. So, to describe (7)
and (8), we usethe trick from Collins et al. [4], who consideredF and F as
functions of a variable where the in m um can be achieved. De ne, for matrix
M, the function X
Fu( )= e M
I
Dene P := fpjpr 08i; (p"M); = 08jg;andQ = fajg 5 e M )i for some
g: We may thus considerF,, asa function of q, F\, (q) = ; g, whereq 2 Q.
We know that sinceall g's are positive, the in m um of F occursin a bounded
region of q space,which is just what we need.
Theorem 1 of Collins et al., which is takendirectly from La ert y, Della Pietra,
and Della Pietra [11] implies that the following are equivalert:

1. q 2 P\ closure(Q).
2. q 2 argminqz cIosure(Q)FM (Q):

Moreover, either condition is satis ed by exactly one vector q .
The objective function for AdaBoost is F = Fy = and the objective for
RankBoost is F = Fy, , sothe theorem holds for both objectivesseparately For
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function F, denoteq asq , alsoP as PA% and Q as Q*%. For function F,
denoteq asg , alsoP asP and Q as@. Rewriting q 2 PAd:

X Ada X Ada H
g M + gMy;™ =0 8j: )
i2l + k2l
De ne q; elemen-wise by: ; := e M M 01 wherethe ¢'s are a sequence

that obey (7), for example,a sequenceproduced by AdaBoost. Thus, g; 2 QAda
automatically. Since F (q;) corvergesto the minimum of F, one can show that
the sequenceof q;'s corvergesto q in ",. Now de ne vectors & elemert-wise
by ek = Gi Gk = exp[ (MA®? )i (MA™ ()] = exp[ (M )i]: Auto-
matically, & 2 Q. For any pair i; k the limit of the e 's is gk = q .. Thus,
we needonly to shov ¢! = & . We will do this by showving ¢* 2 P; dueto the
uniquenessof ¢ asP\ closure(@) , this will yield &' = ¢ .
Our assumptionthat the F-skew vanishescan be rewritten as:
X X
lim [ Qi Gk]=0; ie,
Y, k2l
X X
4= a (10)
i2l . k2l
Consider the quartities (' TM);. Remenber, if these quantities are zero for
ewery j, then ¢t 2 P and we have proved the theorem.
X X X X
@ ™) =(  a)  aMf®)+( g) aMg®):

k2Y i2Ys i2Y. k2Y

Incorporating (10), which is the condition that F-skew(q ) = 0, (11) becomes:

1 TM = X X M_Ada + X MA_da .
(et =0 o)  aMj M I
i2Y4 i2Y. k2Y

In fact, accordingto (9), the bracket in this expressionis zero for all j. Thus,
&1 2 P. We have proved the theorem.

Corollary 1. If the constant weak hypothesis h;(x) = 1 8 x is one of the
weak classi ers usal to construct M A% | and the f tOt sequene okeys(7), then
lim F skew( {) = 0, andf ;g thus okeys(8).
tl
This result and Theorem 4 together imply that if the constart weak hypothesis
is included in the set of weak classi ers, then the F-skew vanishes.That is, any
algorithm which minimizes F (such as AdaBoost) solves the ranking problem
wheneer the constart hypothesisis included.

Proof. Recall that g 2 PA% Specically writing this condition just for the
constart weak classi er yields:
X X X X
0= gvyil+ O Ykl = G g, = lim F-skew( ¢):
i2Y. k2Y i2Y. k2Y t
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Thus, AdaBoost and RankBoost are closely related indeed, since under very
weak conditions (e.g., when the constant weak classi er is included), AdaBoost
minimizes RankBoost's objective function. Given these results, it is no longer
surprising that AdaBoost performs so well for the ranking problem.

References

[1] Shivani Agarwal, Thore Graepel, Ralf Herbich, Sariel Har-Peled, and Dan Roth.
Generalization bounds for the area under the ROC curve. Journal of Machine
Learning Reserch, 2005. Accepted pending revision.

[2] Olivier Bousquet. New approachesto statistical learning theory. Annals of the
Institute of Statistical Mathematics, 55(2):371{389, 2003.

[3] Rich Caruana and Alexandru Niculescu-Mizil. An empirical comparison of super-

vised learning algorithms using di erence performance metrics. Technical report,

Cornell University, 2005.

Michael Collins, Robert E. Schapire, and Yoram Singer. Logistic regression,Ada-

Boost and Bregman distances. Machine Learning, 48(1/2/3), 2002.

[5] Corinna Cortes and Mehryar Mohri. AUC optimization vs. error rate minimiza-
tion. In Advancesin Neural Information Processing Systems16, 2004.

[6] Felipe Cucker and Steve Smale. On the mathematical foundations of learning.
Bull. Amer. Math. Scc., (39):1{49, 2002.

[7] Yoav Freund, Raj lyer, Robert E. Schapire, and Yoram Singer. An e cien t boost-
ing algorithm for combining preferences.In Machine Learning: Proceedings of the
Fifteenth International Conference, 1998.

[8] Yoav Freund and Robert E. Schapire. Adaptiv e game playing using multiplicativ e
weights. Games and Economic Behavior, 29:79{103, 1999.

[9] Jerome Friedman, Trevor Hastie, and Robert Tibshirani. Additiv e logistic regres-
sion: A statistical view of boosting. The Annals of Statistics, 38(2):337{374, April
2000.

[10] Vladimir Koltc hinskii and Dmitry Panchenko. Empirical margin distributions and
bounding the generalization error of combined classi ers. The Annals of Statistics,
30(1), February 2002.

[11] John D. Laert y, Stephen Della Pietra, and Vincent Della Pietra. Statistical
learning algorithms basedon Bregman distances. In Proceedings of the Canadian
Workshop on Information Theory, 1997.

[12] Cynthia Rudin, Ingrid Daubedies,and Robert E. Schapire. The dynamics of Ada-
Boost: Cyclic behavior and convergenceof margins. Journal of Machine Learning
Resarch, 5:1557{1595, December 2004.

[13] Cynthia Rudin, Robert E. Schapire, and Ingrid Daubechies. Analysis of boost-
ing algorithms using the smooth margin function: A study of three algorithms.
Submitted, 2004.

[14] Cynthia Rudin, Robert E. Schapire, and Ingrid Daubedies. Boosting basedon a
smooth margin. In Proceedings of the Sixteenth Annual Conference on Computa-
tional Learning Theory, pages502{517, 2004.

[15] Robert E. Schapire, Yoav Freund, Peter Bartlett, and Wee Sun Lee. Boosting the
margin: A new explanation for the e ectiv enessof voting methods. The Annals
of Statistics, 26(5):1651{1686, October 1998.

[4

[na)



14 Cynthia Rudin, Corinna Cortes, Mehryar Mohri, and Robert E. Schapire

A Proof of Theorem 1

We owe inspiration for this proof to the works of Cucker and Smale [6], Koltc hinskii
and Panchenko [10], and Bousquet [2].

We de ne a Lipschitz function :R'! R (with Lipschitz constant Lip( )) which
acts as our loss function, and give us the margin. We will eventually use the same
piecewise linear de nition of as Koltc hinskii and Panchenko [10], but for now, we
require (z) 08zand (z)= 1forz< 0.Since (z) 1, ¢,wecandene anupper
bound for the misranking probabilit y de ned above. We have Pp f misrankig P ¢,

where:
Exix ol (F(x) f(x)) (x;x)].
Ex;x D (X;X‘) '
The empirical error assaiated with P ¢ is:
P = e (Fa) F(xK)) (Xisxx)
. 1 ke (XisXi)

First, we upper bound the misranking probability by two terms: the empirical error
term Ps ¢, and a term characterizing the deviation of Ps ; from P ¢ uniformly for
allf 2 F.

PfZ:

Pofmisrankig P¢=P¢ Ps t+Ps¢ sup(P; Ps {)+Ps
f 2F

The proof of the theorem involvesan upper bound on the rst term. First, dene L(f)
asfollows: L(f):= P 1+ Ps . The following lemma (for which the proof is omitted)
is true for every training setS:

Lemma 3. For any two functions f1;f2 2 L1 (X),
L(f1) L(fz) A4Lip( )iif1 fajjz:

The following step is due to Cucker and Smale [6]. Let © = N F; gz . the

covering number of F by L, disks of radius TSR Dene fq;f,;::;;f- to be the
certers of such a cover, i.e., the collection of L, disks D, centered at f, and with
radius ) is a cover for F. In the proof of the theorem, we will usethe certer of
ead disk to act as a represertativ e for the whole disk. The following lemma (pro of

omitted) shows we do not losetoo much by using f, as a represertativ e for disk D,.

Lemma 4.

59

Psp mfsupjL(f)ij g Psp mfiL(fp)j >
2D,

Now we incorporate the fact that the training setis chosenrandomly.
Lemma 5.
E 2
4+

Psp mfiL(f)j =29 4exp 2m

Proof. To make notation easierfor this lemma, we intro duce someshorthand notation:

topp = Exix o (F(X) f(¥) (x;x); boto := E:= Ex;x 0 (Xi%);
m_ (F o) f(xe) (x5 x); botsi=m; (i3 Xi):

m 1) _

topg =
i=1 k=1 ( i=1 k=1



Margin-Based Ranking Meets Boosting 15

Since diagonal terms are (Xi;x;) = 0, top, = Esp mtopg and botp = Esp m bots.
Thus, we can bound the di erence betweentopg and top,, using large deviation bounds;
samefor bots and botp . One can show that the replacemert of one instance changes
topg (or bots) by at most 1=m. Thus, McDiarmid's inequality implies, for every ; > O:

Pfitops toppj 19 2exp[ 22m] and Pfibots botpj 19 2exp[ 2 iml:

We will specify i in terms of later. Consider the following event:
jtops toppj< 1 and jbots botpj< 1:

By the union bound, this evert is true with probability at least1 4exp[ 2 7m]. When
the evert is true, we can rearrange the equationsto be a bound on L(f) = g’g’tg L"g’tz )
Namely, aslong as ; is smaller than topg and bots,

tOpS tOpD < tOpD + 1 tOpD - =
bOts bOtD bOtD 1 bOtD

Above, we have just speci ed the value for ; in terms of . Let us solve for ;:
bOtD E
top
2+ +20he 4+

1=

Here, we have used E := botp, and by de nition, topp botp . We directly have:

E
4+

2
1 4dexp[ 23m] 1 4dexp 2m

Therefore, from our earlier application of McDiarmid, with probability at least 1

2
dexp  2m ;£ the following holds: jL(f)j = L"g’tz L"g’tg < =2

Proof. (of Theorem 1) Sincethe D, are a cover of F, it is true that
supjL(f)j () 9p = suchthat sup jL(f)j
f 2F f2Dp

First applying the union bound, then applying Lemma 4, and then Lemma 5, we nd:

Ps  supjL(f)j P sup jL(f)j PiL(fp)i =29
f 2F p=1 f2Dp p=1
E ? _ _ E ?
- 4exp 2m e =N F,m exp 2m yp
2
Now, with probability at least1 N F; gz 4exp  2m = . Wwehave
Pofmisrankig Ps ¢+ : Nowlet (z)=1forz 0, (z)= Oforz , and linear

in between, with slope 1= . Thus, Lip( ) = 1= . Since (z) 1forz , we have:

Ps ¢ = 1 e (FOa) X)) (XisX)
1 ke (XiXK)

Psfmargin; g:

E
I+

2
Thus, with probability at least1 N F;—- 4exp 2m , we have

4
Po f misranks g Psf margin; g+ : Thus, the theorem has been proved.



