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Abstract

Khot’s Unique Games Conjecture (UGC) [KhoO2] has led to hardness of approximation results (often
optimal) for several fundamental optimization problems such as Max Cur and VErTEX Cover. The
hardness results implied by the Unique Games Conjecture assert that simple semidefinite programs yield
the best possible approximation ratios for a variety of problems. Yet, there is little evidence supporting
the claim that stronger semidefinite programming (SDP) relaxations do not yield better approximations to
these problems.

With the work of Khot and Vishnoi [KV05] as a starting point, we obtain integrality gaps for certain
strong SDP relaxations of UNiQuE GaMEs. Specifically, we exhibit a UniQuE GaMEs gap instance for the
basic semidefinite program strengthened by all valid linear inequalities on the inner products of up to
20doglogm'™ yectors. For a stronger relaxation obtained from the basic semidefinite program by R rounds
of Sherali-Adams lift-and-project, we prove a UNiQuE GaMes integrality gap for R = O(log log n)'/4.

By composing these SDP gaps with UGC-hardness reductions, the above results imply corresponding
integrality gaps for every problem for which a UGC-based hardness is known. Consequently, this work
implies that including any valid constraints on up to 200oslog m'"™ vectors to natural semidefinite program,
does not improve the approximation ratio for any problem in the following classes: constraint satisfaction
problems, ordering constraint satisfaction problems and metric labeling problems over constant-size
metrics.

We obtain similar SDP integrality gaps for BALANCED SEPARATOR, building on [DKSV06]. We also ex-
hibit, for explicit constants y, § > 0, an n-point negative-type metric which requires distortion O(log log” n)
to embed into ¢;, although all its subsets of size 200°21°¢"” embed isometrically into ;.



1 Introduction

Unique GaMmEs (UQG) is a constraint satisfaction problem where the input consists of a constraint graph G,
a label set [¢], and a bijection m,,: [g] — [g] for each edge e = (u,v) € E(G). The objective is to find a
labeling of the vertices in G so as to maximize the number of edges that are satisfied. Here an edge e = (u, v)
is said to be satisfied by a labeling if u is assigned a label £, and v is assigned a label £, such that 7,,,(£,) = €.
The Unique Games Conjecture (UGC) of [Kho02] asserts that for arbitrarily small constants 1,6 > 0, with a
sufficiently large label set [g], it is NP-hard to decide whether there is a labeling that satisfies 1 — n fraction of
the edges or, no labeling satisfies more than ¢ fraction of the edges.

Over the last few years, the Unique Games Conjecture has fuelled many of the major developments in
hardness of approximation. Starting with the work of Khot [Kho02] on MiN-2S AT-DEeLETION, hardness of
approximation results for several fundamental problems like Max Cut [KKMOOQ7], VErTEX CovER [KRO8],
non-uniform Searsest Cut [CKK*06, KV05] and Max-2-SAT [Aus07] have been obtained assuming the
Unique Games Conjecture. In more recent work [Rag08, GMRO0S, MNRSO08, RS09], assuming UGC,
approximability of large classes of problems have been determined. Specifically, the work on UGC based
hardness results has demonstrated the following (in a precise sense):

For every constraint satisfaction problem, ordering constraint satisfaction problem, metric
labeling problem over constant size metric space, the following holds:

Assuming UGC, it is NP-hard to approximate to a ratio better than the integrality gap of an
explicit simple semidefinite program SDP (See section A).

Irrespective of the truth of UGC, it is now clear that UGC precisely identifies an algorithmic barrier reached
by existing work on approximation algorithms. A natural question that arises is whether stronger semidefinite
programming relaxations are sufficient to breach this barrier and disprove the UGC? or does disproving UGC
warrant the use of a new technique different from semidefinite programming?

Unfortunately, progress towards answering this compelling question has been slow and difficult. In the
influential paper of Khot—Vishnoi [KV05], the authors construct an integrality gap instance for a simple SDP
relaxation of Unique games. To the best of our knowledge, this is the sole SDP gap construction for unique
games that appears in literature. On one hand, this leaves out the possibility that strong SDPs disprove UGC.
More alarmingly, except in a few cases, most UGC based hardness results could possibly be falsified using a
strong SDP relaxation. Except for VERTEX Cover [GMPTO7], and k-CSPs [Sch08, Tul09], in all other cases,
there are no strong SDP gaps supporting a UG hardness result.

Obtaining strong SDP gap that support a UGC based hardness result has been a difficult excercise. In
fact, the work of [KVO05] stemmed out of an effort in this direction for the SparsesTCuT problem. Specifically,
the Goemans-Linial conjecture regarding embeddability of L% metrics in to L; was refuted in [KVO05] by
constructing a SDP gap supporting the UGC based hardness for sparsest cut.

The following possibility is entirely consistent with the existing literature: Even for the MaxCur problem
which is fairly well studied [KKMOO07, OWO08], including an extra inequality on every set of 5 variables in to
the standard semidefinite program yields a better approximation, thus disproving UGC.

1.1 Results

Our main result is an integrality gap for certain strong SDP relaxations of unique games. We consider two
hierarchies of SDP relaxations denoted by {LHg}gen and {SAg}ren. The R" level relaxation LHg consists
of the following: 1) SDP vectors for every vertex of the unique game, 2) All valid constraints on vectors



corresponding to at most R vertices. Equivalently, the LHz relaxation consists of SDP vectors and local
distributions ug over integral assignments to sets S of at most R variables, such that the second moments of
local distributions ps match the corresponding inner products of SDP vectors.

The SAg relaxation is a strengthening of LHz with the additional constraint that for two sets S, T of size
at most R, the corresponding local distribution over integral assignments g, 7 must have the same marginal
distribution over S N 7. The SAg relaxation corresponds to simple SDP relaxation strengthened by R”* round
of Sherali-Adams hierarchy [SA90]. Let LHg(I") and SAg(I") denote the optimum value of the corresponding
SDP relaxations on the instance I'. Further, let opt(I') denote the value of the optimum labeling for I'. For the
LH and SA hierarchies, we show:

Theorem 1. For all constants n,6 > 0, there exists a Unique games instance I on N vertices such that
1
LHz() > 1 —  and opt(T') < 6 for R = O(2U°gloe M)

Theorem 2. For all constants n,6 > 0, there exists a Unique games instance I on N vertices such that
SAR(T) > 1 —nand opt(') < 6 for R = O((loglog N)#)

Demonstrated for the first time in [KV05], and used in numerous later works [CMMO09, STTO07b, Tul09,
Rag08, GMRO08, MNRSO08], it is by now well known that integrality gaps can be composed with hardness
reductions. In particular, given a reduction @ from unique games to a certain problem A, on starting the
reduction with a integrality gap instance I" for unique games, the resulting instance ®(I') is a corresponding
integrality gap for A. Composing the integrality gap instance for LHg or SAg relaxation of unique games,
along with UG reductions in [KKMOO07, Aus07, Rag08, GMRO08, MNRSO08, RS09], one can obtain integrality
gaps for LHg and SA relaxations for several important problems. For the sake of succinctness, we will state
the following general theorem:

Theorem 3. Let A denote a problem in one of the following classes:

— A Generalized Constraint Satisfaction Problem [Rag08, Definition 3.1]: a generalization of CSPs
permitting bounded payoff functions (positive or negative), instead of predicates.

— An Ordering Constraint Satisfaction Problem: a class of problems containing MAXIMUM ACYCLIC
SuBGRAPH, BETWEENNESS [CS98], with predicates/bounded payoff functions on orderings of elements.

(See §A for definitions) Let SDP denote the SDP relaxation that yields the optimal approximation ratio for
A under UGC. Then the following holds: Given an instance Y of the problem A, with SDP(Y) > ¢ and
opt(Y) < s, for every constant n > 0, there exists an instance I'y, over N variables such that:

1/4

— LHg(T,) = ¢ — ny and opt(T)) < s + i with R = O(21010e My,
— SAR(T,) > ¢ — nand opt(T)) < s + n with R = O((log log N)!/*).

The O notation in the number of rounds hides a constant depending on 7.

The classes of problems for which the above result holds include Max Cur [KKMOO07], Max
2-Sat [Aus07], GrRoTHENDIECK PrROBLEM [RS09] k-way Cur [MNRSO08] and Maxmum AcycLIC SuB-
GraPH [GMROS8]. Notable exceptions that do not directly fall under this framework are VERTEX COVER
and SparsesT CuUT.

Reductions from unique games to SparsesT Cut have been exhibited in [KV05] and [CKK*05]. With the
integrality gap for LHg relaxation of Unique games (Theorem 1), these reductions imply a corresponding LHg
integrality gap for SparsesT Cut. Viewed as a metric space, the SDP vectors of the integrality gap instance
yield the following result,



Theorem 4. For some absolute constants y,6 > 0, there exists an N-point L% metric that requires distortion
at least Q(loglog N)? to embedd in to Ly, while every set of size at most O(21°1°¢ Ny embedds isometrically
into L.

The UntrorM SPARSEST CuUT problem is among the many important problems for which no Unique games
reduction is known. In [DKSV06], the techniques of [KV05] were extended to obtain an integrality gap for
UnirorM SparsesT Cut for the SDP with triangle inequalities. Roughly speaking, the SDP gap construction in
[DKSVO06] consists of the hypercube with its vertices identified by certain symmetries such as cyclic shift of
the coordinates. Using a similar construction, we obtain the following SDP integrality gap for the BALANCED
SEPARATOR problem,

Theorem 5. For some absolute constants y,5 > 0, there exists an instance G on N vertices of BALANCED
SEPARATOR such that the ratio opt(G)/LHg(G) > Q(loglog N)° for R = O(loglog N)”.

1.2 Related Work

In a breakthrough result, Arora et al. [ARV04] used a strong semidefinite program with triangle inequal-
ities to obtain O(+/logn) approximation for the SparsesT Cut problem. Inspired by this work, stronger
semidefinite programs to obtain better approximation algorithms for certain graph coloring problems
[ChI07, ACCO06, CSO8]. In particular, hierarchies of stronger SDP relaxations such as Lovadsz—Schriver
[LS91], Lasserre [LasO1], and Sherali-Adams hierarchies [SA90] (See [Lau03] for a comparison) have
emerged as possible avenues to obtain better approximation ratios.

Considerable progress has been made in understanding the limits of linear programming hierarchies.
Building on a sequence of works [ABL02, ABLT06, Tou06], Schoenebeck et al. [STT07b] obtained a
2 — g-factor integrality gap for Q(n) rounds of Lovasz—Schriver LS hierarchy. More recently, Charikar et
al. [CMMO09] constructed integrality gaps for Q(n®) rounds of Sherali-Adams hierarchy for several problems
like MaxCut, VERTEX COVER SPARSEST CuT and MaxmMuM AcycLic SuBGrRAaPH. Furthermore, the same work
also exhibits Q(n°)-round Sherali-~Adams integrality gap for unique games, in turn obtaining a corresponding
gap for every problem to which unique games is reduced to.

Lower bound results of this nature are fewer in the case of semidefinite programs. A Q(n) LS, round
lower bound for proving unsatisfiability of random 3-SAT formulae was obtained in [BOGH" 06, AATO05].
In turn, this leads to Q(n)-round LS, integrality gaps for problems like SET CovEr, HYPERGRAPH VERTEX
Cover where a matching NP-hardness result is known. Similarly, the %—integrality gap for Q(n) rounds
of LS, in [STTO7a] falls in a regime where a matching NP-hardness result has been shown to hold. A
significant exception is the result of Georgiou et al. [GMPTO7] that exhibited a 2 — e-integrality gap for

( logn
loglogn
integrality gaps for Random 3-SAT, Tulsiani [Tul09] obtained a Q(n)-round Lasserre integrality gap matching

the corresponding UG hardness for k-CSP [STO06].

) rounds of LS, hierarchy. More recently, building on the beautiful work of [SchO8] on Lasserre

1.3 Overview of the Technique

In this section, we will present a brief overview of our techniques and a roadmap for the rest of the paper.
The overall strategy in this work to construct SDP integrality gaps is along the lines of Khot—Vishnoi
[KVO05]. Let us suppose we wish to construct a SDP integrality gap for a problem A (say MaxCur). Let
@, be a reduction from Unique games to the problem A. The idea is to construct a SDP integrality gap I'
for unique games, and then execute the reduction @, on the instance I', to obtain the SDP gap construction



@A (). Surprisingly, as demonstrated in [KV05], the SDP vector solution for I" can be transformed through
the reduction to obtain the SDP solution for @, ().

Although this technique has been used extensively in numerous works [CMMO09, STT07b, Tul09, Rag08,
GMRO08, MNRSO08] since [KVO05], there is a crucial distinction between [KVO05] and later works. In all other
works, starting with an SDP gap I for unique games, one obtains an integrality gap for an SDP relaxation that
is no stronger. For instance, starting with a integrality gap for 10-rounds of a SDP hierarchy, the resulting
SDP gap instance satisfies at most 10 rounds of the same hierarchy.

The surprising aspect of [KV05], is that it harnesses the UG reduction @, to obtain an integrality gap for
a “stronger” SDP relaxation than the one which it stared with. Specifically, starting with an integrality gap
I' for a simple SDP relaxation of unique games, [KV05] obtain an SDP gap for MaxCur which obeys all
valid constraints on 3 variables. The proof of this fact (the triangle inequality) is perhaps the most technical
and least understood aspect about [KV05]. One of the main contributions of this work is to conceptualize
and simplify this aspect of [KVO05]. Armed with the understanding of [KV05], we then develop the requisite
machinery to extend it to a strong SDP integrality gap for unique games.

To obtain strong SDP gaps for unique games, we will apply the above strategy on the reduction from
Unique games to E2Lin, obtained in [KKMOO7]. Note that E2Lin, is a special case of Unique games.
Formally, we show the following reduction from a weak gap instance for Unique games over a large alphabet
to a integrality gap for a strong SDP relaxation of E2Lin,.

Theorem 6. (Weak Gaps for Unique games = Strong gaps for E2Lin,)

For a positive integer q, let OgaLin, denote the reduction from unique games to E2Lin,. Given a (1 —n,6)-weak
gap instance I for Unique games, the E2Lin, instance Oeapin, () is a (1 - 2y, 1/q7/ 2 4+ 05(1)) SDP gap
for the relaxation LHg for R = 200/ Fyrther, O is a (1 —y,0) SDP gap for the relaxation SAg for
R =0(1/n'".

Using the weak gap for Unique games constructed in [KVO05], along with the above theorem, implies
Theorems 1 and 2. As already pointed out, by now it is fairly straightforward to compose an R-round
integrality gap for unique games, with reductions to obtain a R round integrality gaps for other problems.
Hence, Theorem 3 is a fairly straightfoward consequence of Theorems 1 and 2.

1.3.1 Example of MaxCut

For the sake of exposition, we will describe the construction of an SDP integrality gap for Maxcur. To further
simplify matters, we will exhibit an integrality gap for the basic Goemans-Williamson relaxation, augmented
with the triangle inequalities on every three vectors. While an integrality gap of this nature is already part of
the work of Khot—Vishnoi [KV05], our proof will be conceptual and amenable to generalization.

Let I" be a SDP integrality gap for unique games on an alphabet [n]. For each vertex B in I', the SDP

solution associates n orthogonal unit vectors B = {by, - - - , b,}. For the sake of clarity, we will refer to a vertex
B inT and the set of vectors B = {b1, ..., b,} associated with it as a “cloud”. The clouds satisfy the following
properties:

— (Matching Property) For every two clouds A, B, there is a unique matching mp. 4 along which the inner
product of vectors between A and B is maximized. Specifically, if p(A, B) = max,ea pep{a, b), then for
each vector a in A, we have (a, 1p_4(a)) = p(A, B).

— (High objective value) For most edges e = (A, B) in the unique games instance I', the maximal matching
Ta—p 1s the same as the permutation 7, corresponding to the edge, and p(A, B) ~ 1.



Let Opaxcur(I) be the MaxCur instance obtained by executing the reduction in [KKMOO7] on I'. The
reduction @ypxcur in [KKMOO7] introduces a long code (2" vertices indexed by {—1, 1}"*) for every cloud in
I'. Hence the vertices of Opaxcur(D) are given by pairs (B, x) where B is a cloud in I" and x € {-1, 1}

The SDP vectors we construct for the integrality gap instance resemble (somewhat simpler in this work)
the vectors in [KV05]. Roughly speaking, for a vertex (B, x), we associate an SDP vector V2~ defined as
follows:

The point of departure from [KVO05] is the proof that the vectors form a feasible solution for the stronger
SDP. Instead of directly showing that the inequalities hold for the vectors, we exhibit a distribution over
integral assignments whose second moments match the inner products. Specifically, to show that triangle
inequality holds for three vertices S = {(A, x), (B, y), (C,z)}, we will exhibit a ug distribution over {+1}
assignments to the three vertices, such that

[YA,XYB,y] — <VA’X, VB,y>
{YA,X’YB,_L/’YC,Z},V‘“S
The existence of an integral distribution matching the inner products shows that the vectors satisfy all
valid inequalities on the three variables, including the triangle inequality. We shall construct the distribution
us over local assignments in three steps,

Local Distributions over Labelings for Unique Games For a subset of clouds S within the unique games
instance I, we will construct a distribution s over labelings to the set S. The distribution g over [n]S will
be “consistent” with the SDP solution to I'. More precisely, if two clouds A and B are highly correlated
(0(A,B) ~ 1), then when the distribution ugs assigns label £ to A, with high probability it assigns the
corresponding label g 4(£) to B. Recall that p(A, B) was defined as max,ea pep{a, b).

Consider a set S where every pair of clouds A, B are highly correlated (p(A, B) > 0.9). We will refer to
such a set of clouds as Consistent. For a Consistent set S,assigning a label £ for a cloud A in S, forces the
label of every other cloud B to mp4(£). Furthermore, it is easy to check that the resulting labeling satisfies
consistency for every pair of clouds in S. (see Lemma 3 for details) Hence, in this case, the distribution
(s could be simply obtained by picking the label ¢ for an arbitrary cloud in § uniformly at random, and
assigning every other cloud the induced label.

Now consider a set S which is not consistent. Here the idea is to decompose the set of clouds S in to
clusters, such that each cluster is consistent. Given a decomposition, for each cluster the labeling can be
independently generated as described earlier.

In this work, we utilize two different clustering strategies.

— Greedy Construction: Fix a threshold 6, and construct a graph connecting every pair of clouds A, B
whose correlation p(A, B) > 6. The decomposition is given by connected components in this graph.
(see Lemma 4)

— Geometric Decomposition: Somewhat surprisingly, the correlations p(A, B) for clouds A, B € S, can be
approximated well by a certain Lg metric. More precisely, for each cloud A, we can associate a unit
vector vy = Y ,e4 a®* such that the L% distance between vy, vp is a good approximation of the quantity
1 -p(A, B).

By using ¢ random halfspace cuts on this geometric representation, we obtain a partition in to 2 clusters.
A pair of clouds A, B that are not highly correlated (o(A, B) < 1 — 1/16), are separated by the halfspaces



with probability at least 1 — (3/4)". Hence for a large enough 7, all resulting clusters are consistent with
high probability. (see Lemma 5).

A useful feature of the geometric clustering is that for two subsets 7~ C S, the distribution over labelings
Ug is equal to the marginal of the distribution ys on 7. To see this, observe that the distribution over
clusterings depends solely on the geometry of the associated vectors. On the downside, the geometric
clustering produces inconsistent clusters with a very small but non-zero probability. (see Corollary 3).

The details of the construction of local distributions to Unique games are presented in 2.6.

Constructing Approximate Distributions Fix aset S € S x {+1}" of vertices in the MaxCut instance
Dpaxcor(). We will now describe the construction of the local integral distribution g .

In the reduction ®yp.xcur, the labeling € to a cloud B in the unique games instance is encoded as choosing
the £th dictator cut in the long code corresponding to cloud B. Specifically, assigning the label £ to a cloud
B should translate in to assigning x, for every vertex (B, x) in the long code of B. Hence, a straightforward
approach to define the distribution ug would be the following:

— Sample a labeling £ : S — [r] from the distribution ugs,

— For every vertex (B, x) € S, assign xp).

Although inspired by this, our actual construction of ug is slightly more involved. First, we make the
following additional assumption regarding the unique games instance I :

Assumption: All the SDP vectors for the integrality gap instance I" are {+1}-vectors (have all
their coordinates from {+1}).

The SDP gap instance for unique games constructed in [KV05] satisfies this additional requirement.
Furthermore, we outline a generic transformation to convert an arbitrary unique games SDP gap in to one
that satisfies the above property (see Observation 1). A {x1}-vector is to be thought of as a distribution over
{1} assignments. It is easy to see that tensored powers of {+1}-vectors yield {+1}-vectors. Let T denote the
number of coordinates in the vectors V&*. The distribution us is defined as follows,

— Sample a labeling € : S — [n] from the distribution ug, and a coordinate i € [T] uniformly at random.
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— For every vertex (B, x) € S, assign Y5 to be the ith coordinate of the vector xp)b B

We will now argue that the first two moments of the local distributions us defined above, approximately
match the corresponding inner products between SDP vectors.

Consider the inner product (VA*, VB¥) of the SDP vectors corresponding to some pair of vertices (A, x)
and (B, y) in S. The inner product consists of n? terms of the form (x,-af.z’t Y jbf” ). The crucial observation we
will utilize is that the inner product (VA*, VBY) is approximately determined by the n terms corresponding to
the matching g 4. In other words, we have

(VA VIS 2 LN iy soa b2 ) < p(A,BY

TTB—A
t€[n]

(see Section 2.5.1 for details)

If p(A,B) < 0.9, then with high probability the clustering would place the clouds A, B in different
clusters. Hence the labels assigned to A, B would be completely independent of each other, and so would the
assignments to (A, x) and (B, y). Hence, we would have E[Y4*Y2¥] = 0. On the other hand, by the above



inequality the inner product (VA VBYY < 0.9 ~ 0. Therefore, for clouds A, B that are not highly correlated,
the inner product of vectors VA-¥, VB agree approximately with the distribution over local assignments.

At the other extreme, if p(A, B) = 1, then with high probability the clustering would not separate A from
B. If A, B are not separated, then the distribution us over labelings will respect the matching between A and
B. Specifically, whenever A is assigned label ¢ by us, with high probability B is assigned the label 7 4(£).
Consequently, in this case we have

AxyByy _ 1 ®t (=3 ~ A, x B,y
E[Y Y]—n;%mww%mmmwwp~w VB
€ln

Smoothening Finally, we exhibit a procedure to modify the local distributions and the SDP vectors that are
approximately consistent, to a perfectly feasible solution. In other words, we show a robustness property
for the SDP hierarchies LHr and SAg in that, approximately feasible solutions to these hierarchies can be
converted in to feasible solutions with a small loss in the objective value.
To illustrate the idea, consider a set of unit vectors {v;}?_, that satisfy all triangle inequalities up to an
additive error of &, i.e.,
llo; = vjI? + llo; = vl = lloi = vl > =&

Let {w;}_, be a set of unit vectors that are orthogonal to all the vectors {v;}!"_,, and to each other. Notice that

the vectors {w;} have a slack on every triangle inequality, i.e, ||w; — wjll2 +lwj - wil? = |lw; — wil[> = 2. Define
a new SDP solution {u;}7_ as u; = (1 — &)v; + V2e — £2w;. The slack in the triangle inequality for {wifi,
would compensate for the slight infeasibility of the original vectors {v;}}, and the resulting vectors satisfy
the triangle inequality.

More abstractly, the set of vectors {wy,...,w,} correspond to the uniform distribution over all {+1}
assignments to n variables. In other words, the SDP solution {w;}!", correspond to the center of the integral
hull. The SDP solution {v;}_, is within & distance from the polytope corresponding to LHg or SAg as the
case may be. Hence, averaging with {w;}? | moves the SDP solution {v;}_, towards the center of the polytope
and in to the feasible region. In general, the smoothening operation takes a convex combination of the
approximately feasible SDP solution, with an SDP solution corresponding to uniform distribution over all
integral assignments.

The claims about the robustness of solutions to LHg and SAg (Theorems 8, 7) are presented in Section

2.3 while the proofs are presented in 7

Extending to E2Lin, The above argument for MaxCut can be made precise. However, to obtain an SDP
gap for larger number of rounds, we use a slightly more involved construction of SDP vectors.

{+1}-vectors were natural in the above discussion, since MaxCur is a CSP over {0, 1}. For E2Lin,, it is
necessary to work with vectors whose coordinates are from IF,, as opposed to {+1}. The tensoring operation
for IF,-integral vectors is to be appropriately defined to ensure that while the behaviour of the inner products
resemble traditional tensoring, the tensored vectors are IF,-integral themselves (see Section 2.4 for details).

For the case of MaxCur, we used a gap instance I" for unique games all of whose SDP vectors where
{1}-vectors. In case of E2Lin,, the SDP vectors corresponding to the unique games instance I" would have
to be IF,-integral vectors. We outline a generic transformation to convert an arbitrary unique games SDP gap
in to one that satisfies this property (see Observation 4).



1.4 Organization

We begin by presenting the formal definition of the SDP hierarchies LHg and SAg in Section 2.2. In the
next two sections, we introduce some of the machinery concerning robustness of SDP solutions (§2.3) and
properties of integral vectors (§2.4). In Section 2.5, we abstract out the properties of a SDP solutions to
unique games. Stating certain lemmas in this abstraction has the advantage of being applicable directly to
the BALANCED SEPARATOR gap where there is no explicit unique games instance within. We construct local
distributions over labelings for unique games in Section 2.6.

With the requisite machinery already developed in previous sections, we describe the construction of
approximately feasible solutions for LHz and SAg relaxations of E2Lin, in Section 3. Finally, we outline the
proof of Theorem 6 in Section 4.

The construction of SDP vectors and local distributions for BALANCED SEPARATOR are presented in Section 5.
This is followed by the overall description of the integrality gap instance in Section 6.

The sections about gaps for E2Lin, and the sections about gaps for BALANCED SEPARATOR only assume
the preliminaries and can be read independently of each other. The construction for BALANCED SEPARATOR
separated is less complicated but maybe more ad-hoc in the sense that the gap instance is not obtained through
a UG-hardness reduction (at least not explicitly).

Subsequently, we describe the detailed proof of the effectiveness of smoothening operation in converting
approximately feasible solutions in to perfectly feasible ones in Section 7. Finally, some of the missing
problem definitions and SDP relaxations are included in Appendix A.

2 Preliminaries

2.1 Notation

For finite sets X and S, we denote by X5 the set of functions from S to X. We call such a function sometimes
a X-assignment to S. For a finite set X, a distribution on X is a function y: X — R such that )} .y u(x) = 1
and u(x) > 0 for all x € X. We let A(X) denote the set of distributions on X. We sometimes refer to a member
of A(Z%) as a distribution over X-assignments to S . For a function f: £¥ — R and a distribution  on =5, we
denote the expectation of f with respect to u by

Ef@% ZX HOOS ().

For an event & C X5 and a distribution iz on X5, we denote the probability of & with respect to j1 by
Pr&ES E lg(x) =y u().
H H xe&
Here, 1g denotes the 0/1-indicator function of the set & For a subset T C §, let us define the marginal
distribution marginy u: 7 — R, as
. def
marging u(x) £ > u(x,y).

yexS\T

Here, (x, y) denote the X-assignment to S that agrees with x on 7 and withy on S \ 7.



2.2 SDP Hierarchies

In this section, we will define certain families of strong SDP relaxations that are closely related to the
Sherali—~Adams hierarchy.

{x1}-relaxations We begin by describing the relaxations for combinatorial optimization problems over the
domain {£1} such as Max Cur and Sparsest Cut. Let J be a problem instance over a set of variables V. An
SDP solution for the instance J consists of the following:

1. A collection of (local) distributions {us}scvy s|<r, Where s : (1} — R, is a distribution over
{+1}-assignments to S, that is, ug € A({=1}%).

2. A (global) vector solution {v;};cy, Where v; € R for everyie V.

The intention is that the local distributions ug arise as marginal distributions of a global distribution
u: {1}V > R, over {+1}-assignments to V. In the intended vector solution, all vectors have only
{x1}-coordinates (so that (v;,v;) = E,., x;x; for some distribution y € A({=1}Y)). We assume that the
objective function of the instance J can be expressed as a linear function in the local distributions, say
2SCVISI<R 2xelx1}s €s.x Ms (X). In the relaxation LHg, we require that the second-moments of the local distri-
butions s match the inner products of the global vector solution.

LHz-Relaxation:
maximize Z Z cs x Ms (%) (1)
SCV,ISIKR xe{x1)S
subjectto  (v;,v;) = E xix; S CV,ISIKR, i,jeS), ()
X~Hs
(v;,v0) = E x; S CV,ISISR, i€f). 3
X~ps

Here, v € R? is an arbitrary fixed unit vector. We say that an SDP solution {ug}, {v;} is feasible for LHp if it
satisfies the constraints (2)—(3). We denote by LHg(J) the value of an optimal SDP solution for LHg.

The above relaxation succinctly encodes all possible inequalties on up to R vectors. The next remark
makes this observation precise.

Remark 1. A linear inequality on the inner products of a subset of vectors {v;};cs for S C V is valid if it
inequality if it holds for all {+1}-assignments to the variables S. A feasible solution to the LHg-relaxation
satisfies all valid inequalities on sets of up to R vectors.

Notice that the local distributions in the LHg-relaxation have redundancies. Specifically, consider two
sets A, B € V such that A C B and |A|, |B| < R. The local distribution up induces a distribution margin, ug
over assignments to the set A, since A ¢ B. (Here, margin, up denotes the marginal of up on the set A as
defined in §2.1.) It is but natural to enforce that margin, pp and u4 be the same distribution.

The following stronger relaxation denoted SAg also imposes consistency between the local distributions.



SAg-Relaxation.
maximize Z Z cs.x s (x) 4)
SCV,ISI<R xe{=1)S
subjectto  (v;,v;) = E xx; S CV,ISISR, i,j€S), 5
X~
(wi,v0) = E x; (S CV,ISISR, i€8), (6)
X~
|margin,np s — margingpusl|, =0 (A,B < V.|ALIBI<R). (7

We say an SDP solution {us}, {v;} is feasible for SAg if it satisfies the constraints (5)—(7). We denote by
SAg(J) the value of an optimal solution for this relaxation.

Remark 2. The SAg relaxation is closely related to the R™ level of the Sherali~Adams hierarchy. In fact,
SAg, is obtained from the basic SDP relaxation by R-rounds Sherali—-Adams lift-and-project. In other words,
we are optimizing over the intersection of the basic SDP relaxation and the Sherali-Adams relaxation.

IF,-relaxations In the following, we consider optimization problems over the alphabet IF,. Let J be a
problem instance over a set of variables V.
An SDP solution for the instance J consists of the following:

1. A collection of (local) distributions {us}scv,s\<r, Where g : IF;Ig — IR, is a distribution over F -
assignments to S, that is, ug € A(F;).

2. A (global) vector solution {vi,a},-e(y,aepq, where v;, € R? for everyi € Vanda € F,.

The intention for the local distributions {us} is again that they arise as the marginal distribution of a global
distribution p: IF;V — R, over IF,-assignments to the variables V. The intention for the vector solution {v; 4}
is that all vectors have only {0, 1}-coordinates and that for every i and every coordinate r, exactly one of the
vectors v; 1, .. ,0;4 has a 1 in the 7 coordinate. Again, we assume that the objective of the instance J can be
expressed as a linear function in the local distributions, say }.scq sj<r 2 xeES €S.x Ms (x).

LHz-Relaxation.
maximize Z Z Cs x Ms (x) (8)
SCVISI<SR xE]F‘;
subject to  (v;q,0;p) = Pr {xi =a,x;= b} S CV,ISISR, i,jeS, a,beq]), )
4 s 4
(wia,00) = Pr {x; =l (S CV,ISI<R, i€S, aclql). (10)

Here, vy € R is again an arbitrary fixed unit vector. We say that an SDP solution {ug}, {v; .} for J is feasible
for LHg if it satisfies the constraints (9)—(10). We denote by LHz(J) the value of an optimal solution to this
relaxation.

Remark 3. The feasible solution for LHp satisfies all valid linear inequalities on the inner products of the
vectors corresponding to up to R variables in V.

As in the case of {+1}-relaxation, we define the following stronger SDP relaxation with additional
consistency requirement.

10



SAgr-Relaxation:
maximize Z Z cs.x MUs(x) (11)
SCVISISR xefFS
subject 10 (viq,05) = Pr {xi=a,x;=b) (SCV,ISI<R, i,jeS, abelql), (12)
(®ia00) = Pr {xi = af (S CV,ISISR, i€S, aclq), (13)
|margin,np s — margingpusl|, =0 (A,BCV, |ALIBI<R). (14)

We say an SDP solution {us }, {vi 4} is feasible for SAg if it satisfies the constraints (12)—(14). We denote by
SAg(J) the value of an optimal solution to this relaxation.

2.3 Smoothening

In this section, we give formal statements of the robustness properties of the SDP relaxation defined in the
previous section (§2.2). We first introduce a precise notion of approximately feasible SDP solutions. We will
show that approximately feasible SDP solutions can be made into feasible SDP solutions without losing too
much in the objective value. Instead of directly bounding the loss in objective value we give bounds on the
“change” of the local distribution in L;-norm. In our applications, this bound on the L;-norm will imply a
similar bound on the loss in objective value (the reason being that in our applications the objective function is
Lipschitz with respect to the L;-norm). All proofs are deferred to Section 7. We state these results only for
IF,-relaxations. Analogous results hold for {+1}-relaxations.

Definition 1. An SDP solution {v; 4 }icy ucF, , {145 }scv,s|<r 1 said to be e-infeasible for LHg (or SAg) if

q°

— for every set S C V with |S| < 2, the distribution ug is consistent with the vector solution, that is
constraints (9)—(10) of LHg (or constraints (12)—(14) of SAg) are satisifed,

— forevery set S C V with 2 < |§| < R, the constraints (9)—(10) of LHg (or the constraints (12)—(14) of
SAgR) are satisfied up to an additive error of .

Theorem 7. Given an g-infeasible solution {vi,a}ieq/,ae]pq, {ts )scv si<r to the LHg relaxation, there exists a
feasible solution {v] },{s }scv,s\<r for LHg such that for all subsets S € V,|S| <R,

lus = ||, < poly(q) - Re.

Theorem 8. Given a e-infeasible solution {v; g}icy acF o s tscv si<r to the SAg relaxation, there exists a
feasible solution {v }, {ug }scv s\<r for SAg such that for all subsets S CV,|S| <R,

lus = 5|, < poly(q) - &- 4~
Fact 1. Suppose the vector solution {v; 4}icy.acF ’ satisfies the properties
— iq,Vipy =0forallie Vanda+ b € |q],
— aelq) Via = Vo foralli €V,

— (Via,Vjp) 2 0 foralli, j€Vanda,b € [q].

11



Then for every set S C V with |S| < 2, there exists a unique distribution us on [q]° that is consistent with the
vector solution.

This fact implies that given an SDP solution {vi,a}ieq;,aepq, {us }scv,s|<r that satisfies all constraints of
LHg or SAg up to an additive error of € and the vector solution satisfies the properties above, we can change
the second-level local distributions such that they are consistent with the vector solution. Hence, the resulting
solution is e-infeasible and we can apply one of the Theorems 7— 8.

2.4 Integral Vectors

In this section, we will develop tools to create and manipulate vectors all of whose coordinates are “integral”.

{+1}-integral vectors We begin by defining our notion of a {+1}-integral vector.

Definition 2. Let R = (Q, i) be a probability space. A function u: R — {x1} is called an {+1}-integral
vector. In other words, u is a {+1}-valued random variable defined on the probability space R. We define an
inner product of functions u,v: R — {£1} by

(u,v) = r]?R u(ryv(r).

In our construction, we often start with {+1}-integral vectors given by the hypercube {+1}". In the
terminology of {+1}-integral vectors, we can think of the hypercube {+1}" as the set of {+1}-integral vectors
where R is the uniform distribution over {1, ..., n}.

The following lemma shows how the Goemans—Williamson [GW95] rounding scheme can be thought of
as a procedure to “round” arbitrary real vectors to {+1}-integral vectors.

Observation 1. Given a family of unit vectors {vi, . ..,v,} € R% define the set of {+1}-valued functions
Viseens Uy s R £} with R = G? - the Gaussian space of appropriate dimension as follows:

v; (9) = sign({vi, 9))

for g € G The {+1}-valued functions {v}} satisfy (v}, v5) = 2arccos({v1, v2))/m. Specifically, this operation
obeys the following properties:

(u,v) =0 = W', v*y=0 w,y=1-—= W, v)>1-0(Ve)
The tensor product operation on {+1}-integral vectors, yields a {+1}-integral vector.

Definition 3. Given two {+1}-valued functions u : Ry — {1} and v : R, — {*1}, the tensor product
u®uv: R xRy — {x1}is defined as u ® v(ry, rp) = u(ry)v(ry).

Observation 2. Foru,u’: Ry — {£1}and v,v" : Ry — {£1}, we have
uevu @)= E [u®uv(r,rnu’ @v'(r,rn)]
ri.r

= ]E[u(n)u/(n)] lg[v(rz)v'(rz)] = (u,u' ), V")

12



IF,-integral vectors Let g be a prime. Now, we will define IF,-integral vectors and their tensor products.

Definition 4. A IF,-integral vector v: R — IF, is a function from a measure space R to IF,. For a IF,-integral
vector v: R — [Fy, its symmetrization o: R X [y, — F, is defined by (r, 1) = 7 - v(r).

Givenamap f: F, — C?, we denote by f(v) := f o v the composition of functions f and v. Here are few
examples of functions that will be relevant to us:

1. The function y: IF; — C4~! given by

def 1

x(@) = o

where w is a primitive g™ root of unity. The vector y(i) € C¢~! is the restriction of the i character
function of the group Z, to the set F;. It is easy to see that

(W' W WDy

1 ifa=">
a),yb) = E |0 w™]|= ’
(@, x(®) te]F;[ | -4 ifa#b.
2. Let Yo, Y1, ..., Y41 denote the corners of the g-ary simplex in RY~!, translated so that the origin is its

geometric center. Define the function ¢ : F, — RY! as y(i) := ;. Again, the vectors satisfy

W) =1 fa=>b.
wla).y(b)) = ~L ifa#b.

Remark 4. A [F -integral vector v € ]quv can be thought of as a IF,-valued function over the measure space
([N], w) where u is the uniform distribution over [N].

Remark 5. The following notions are equivalent : Collection of IF,-valued functions on some measure space
R « Collection of jointly-distributed, IF,-valued random variables < Distribution over IF,-assignments.

For the case of IF,-integral vector, the tensor product operation is to be defined carefully, in order to mimic the
properties of the traditional tensor product. We will use the following definition for the tensor operation ®,.

Definition 5. Given two F,-valued functions u: R — F, and u’: R" — F,, define the symmetrized tensor
product u ®, u’: (R X F7) X (R x IF;) — F; as

def
e, u')(r,t,r', 1) = tou(r)+1 ().
Lemma 1. For any F,-valued functions u,v: R — F,and u’,v': R" — F,,

WU ®q u), Y &g V') = (), )XY W), y(v)) .
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Proof.

W(u ®q u'), lﬁ(v' ®q v'))
= (U ®g u'), x' ®; 1)) (using Wa, ¥») = (x(@), x(b)))

= (E) ( E )e]]% wftu(r)+€t’u'(r’) . w—ftv(r)—t’t’u’(r’) (by definitons of ®q and X)
) (1) CeFF;

- EI|E wt’tu(r)—é’tv(r) A E wft’u’(r’)—[t’v'(r’)
LeF, \(rt) 't

= E (Bocurm x(tutr ) - (Bew ) 0o
= B (el (€)@, 6y

= @), x )W), x @)y (using (x(¢a), x(tb)) = (x(a), x(b)) for £ € Fy)
= W), yXY W),y (")) (using Wa, ¥5) = (x(@), x (b))

Remark 6. Unlike the ordinary tensor operation, the g-ary tensor operation we defined is not associative.
Formally, we define the tensoring operation to be right-associative
def
Uy ®q U ®y ... Qg Ui—1 O Ux = Ui ®q(u2®q(...(uk_1 ®quk)---)).
The lack of associativity will never be an issue in our constructions.
We need the following simple technical observation in one of our proofs.

Observation 3. Let u,v: R — F, be two “symmetric” F -integral vectors,! that is, Pr{u(r) — v(r) = a} =
Pr {u(r)—v(r) = b} foralla,b € IF;. Then, for all a,b € IF,, we have E{y(a+u(r)), y(b+uv(r))) = {(a®u, b®v).

Proof. Using the symmetry assumption, we see that

Prfa+run) =i+ (o)) = Pr{a=b=1-(u0)~um)} = Pria=b=or)-um} (15

r~Rtt' €Fy r~R,telFy

If we let p denote this probability, then we have (a @ u,b ® v) = p — (1 — p)/(q — 1) (using the left-hand
side of Eq. (15) as well as E,{(¢/(a + u(r)),y(b + v(r))) = p — (1 — p)/(q — 1) (using the right-hand side of
Eq. (15)). [

The following procedure’ yields a way to generate IF,-integral vectors from arbitrary vectors. The
transformation is inspired by the rounding scheme for UniQue Games in Charikar et al. [CMMO6].

Observation 4. Define the function {: G — F, on the Gaussian domain as follows:
{(x1,...,x9) = argmaXxe(,) Xi (16)

Given a family of unit vectors {vy, . . ., v,} € RY, define the set of Fy-valued functions vy, ..., v,: R — F, with
R = (6% —the Gaussian space of appropriate dimension— as follows:

U;‘(gl, ] gq) = g((vl" gl>7 R <Ui, gq))
forgi,...,g94 € (GM)4. The IFy-valued functions {v}} satisfy,

! In our applications, the vectors u and v will be tensor powers. In this case, the symmetry condition is always satisfied.
2This observation has been communicated to us by Boaz Barak.
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L (u,0) = 0= (Y(u"), Y(")) =0,
2. (u,0) =1 - = W), ¥@)) =1- f(e,q) = 1 - O(yelogg).

Proof. To see (1), observe that if {(u,v) = 0, then the sets of random variables {(u,g1),...,{u,g,)} and
{{v,91),....,(v,g4)} are completely independent of each other. Therefore,

CORZCOES | o] - E, [p@ @] =0.

Assertion 2 follows from Lemma C.8 in [CMMO06]. [ |

2.5 Properties of Unique games SDP vectors

In this section, we will abstract the definitions and properties of SDP solutions to Unique games. More
precisely, the collections of vectors we consider are solutions to the basic SDP relaxation [FL92] for
'-Max-2Lin(n). Such an SDP solution consists of a collection of sets of n orthonormal vectors. The following
definition abstracts the properties of these vectors that are of interest here.

Definition 6. A nice system of clouds is a collection B of subsets of RY with the following properties:
— Every set B € B consists of n unit vectors. We refer to the vector sets B € B as clouds.
— Near Orthogonality: For every B € 8, and for every unit vector u € R¢, we have Y,cg(u, v)* < 3/2.

— Matching Property: For every pair of clouds A, B € B, there exists a perfect matching M between A
and B such that for every matched pair (,v) € M, we have [(u, v)| = maxeca pepl{a, b)|.

— (Symmetrized) f%-m'angle inequality: Every triple u, v, w € | J B satisfies the f%-triangle inequality, that
is, |lu — vll* < |lu — w|* + |lw — vl|>. If two vectors in | B have negative inner product, we require in
addition that every triple in + | B satisfies the f%—triangle inequality. Here, + | J 8 denotes the union of
B and its reflection — | B = {—u | u € | B}.

Remark 7. — Near Orthogonality: For most of our applications, the vectors in every cloud will be
completely orthogonal. For the results of this section, the weaker condition of near-orthogonality will
not complicate the calculations.

— Matching Property: Any SDP solution for a M-Max-2Lin(n) instance can be made to satisfy this
property for symmetry reasons.

— (Symmetrized) fg-triangle inequality: In our applications, this property will always be satisifed for
simple reasons (all vectors will be integral in the sense of § 2.4). For this section, the f%—triangle
inequality is not essential but it simplifies some computations.

Stating the lemmas in the above abstraction makes them useful even for the BALANCED SEPARATOR integrality
gap where there is no explicit unique games instance. The abstraction also highlights the properties of a
UniQue GaMes SDP solution that are relevant for our construction.

Definition 7. For A, B € B, we denote

def
A,B) = b)|.
p(A,B) aéﬂi’églw’ i
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We define 7g_4: A — Btobe any3 bijection from A to B such that |[{a, mp_4(a))| = p(A, B) for all a € A.

As a direct consequence of the near-orthogonality of the clouds in 8, we have the following fact about
the uniqueness of wp 4 for highly correlated clouds A, B € 8.

Fact 2. Let A,B € B. If p(A, B> > 3/4, then there exists exactly one bijection n: A — B such that
Ka,n(a))| = p(A, B) for all a € A.

Remark 8. The collection 8 succintly encodes a UNiQUE GaMEs instance. For a graph G = (8, E) on B, the
goal is to find a labeling {4 € A}seg (a labeling can be seen as a system of representatives for the clouds
in B) so as to maximize the probability

Sl = macstp)

2.5.1 Tensoring

Lemma 2. Fort € N and every pair of clouds A, B € B,

LS Kabl <20y,
acA,beB
a#np—p(b)

Proof. By near-orthogonality, ¥ ,cz(a, b)*> < 3/2 for every b € B. Hence, (a, b)> < 3/4 for all a # ma—p(b).
Thus, . )
LS bl <@nT LY Kab)P < @9)F 3.

acA,beB a€A,beB
a#na—p(b)

The notation X = Y + Z means that [ X — Y| < Z.

Corollary 1. Fort € N and every pair of clouds A, B € B,
LY ey =LY (ampea@)  £2- 3

a€A,beB acA

Remark 9. The left-hand side in the corollary is the inner product of the vectors 1/yn Y, ,cq u® and
1\ Y ,ep®. If t is even, then we can replace the right-hand side by p(A, B)'. This fact that the func-
tional p(A, B)' is closely approximated by inner products averaged-tensored vectors has implicitly been used
in [KV05] and was explicitly noted in [AKK* 08, Lemma 2.2].

2.6 Local Distributions for Unique Games

In this section, we will construct local distribution over labelings to a unique games instance. We will state
these construction in the abstract setting of a collection of vectors as in Definition 6. Stating the results at this
level of abstraction makes them useful even for the BALANCED SEPARATOR integrality gap where there is no
explicit unique games instance.

The following facts are direct consequences of the (symmetrized) fg—triangle inequality.

3The matching property asserts that such a matching exists. If it is not unique, we pick an arbitrary one. We will assume
TA-B =T ;1—>A'

16



Fact 3. Leta,b,c € | B with Ka,b)| = 1 —nup and (b, c)| = 1 — npe. Then, Ka,c)l = 1 — nap — Mpe.
Fact4. Let A,B,C € Bwithp(A,B) =1 —nap and p(B,C) = 1 —npc. Then, p(A,C) > 1 — nap — npc-

The construction in the proof of the next lemma is closely related to propagation-style UG algorithms
[Tre08, AKK*08].

Definition 8. A set S C B is consistent if
VA,B € S. p(A,B) > 1-1/16.
Lemma 3. If S C B is consistent, there exists bijections {ms: [n] — A}aes such that
YA,B € S. TR = TR A OTA .

Proof. We can construct the bijections in a greedy fashion: Start with an arbitrary cloud C € S and choose
an arbitrary bijection ¢ : [n] — C. For all other clouds B € S, choose 7 := 7g¢ o 7c.

Let A, B be two arbitrary clouds in S. Let oap 1= m4 0 n;l. To prove the lemma, we have to verify
that g4 p = ma—p. By construction, 04 p = mac © mcp. Let n = 1/16. Since p(A,C) > 1 — n and
p(B,C) > 1 —n, we have (b, 04 p(b))| = 1 — 2 for all b € B (using Fact 3). Since (1 — 21])2 > 1 —4n =3/a,
Fact 2 (uniqueness of bijection) implies that o4 p = T4 p. [ ]

Hence, for a consistent set of clouds S, the distribution over local unique games labelings us can be
defined easily as follows:

Sample ¢ € [n] uniformly at random, and for every cloud A € S, assign m4(£) as label.

To construct a local distribution for a set S which is not consistent, we partition the set S into consistent
clusters. To this end, we make the following definiton:

Definition 9. A set S C B is consistent with respect to a partition P of B (denoted Consistent(S, P)) if
YCeP. YA,BeCNS. p(A,B) > 1-1/16.

We use Inconsistent(S, P) to denote the event that S is not consistent with P. The following is a corollary
of Lemma 3.

Corollary 2. Let P be a partition of B and let S C B. If Consistent(S, P), then there exists bijections
{ma: [n] > A| A €S} such that

YCeP. VYA, BeCnS. T =TTB—AOTA.

2.6.1 Greedy Construction

Let S € 8 with |S| < R. Consider the graph G on S in which two clouds A, B € S are connected by an edge
if p(A, B) > 1 — 1/16r. Let P denote the partition of S induced by the connected components of G. Every
pair of clouds A, B in the same connected component are connected by a path of length at most R, hence
by triangle inequality (Fact 4) we have p(A, B) > 1 — 1/16 and therefore S is consistent with respect to the
partition P. Along with Corollary 2, this observation implies the following lemma.

Lemma 4. For R € N, let S C B be a set of at most R clouds. Then, there exists bijections {7 : [n] = A}aes
such that for all A, B € S,

PA,B)>1—-116R = Ap=Tmpcpomy.

17



2.6.2 Local Distributions via Geometric Decomposition

The lemma relies on the fact that the correlations p(A, B) behave up to a small errors like inner products of
real vectors. This insight has also been used in UG algorithms[ AKK*08].

Lemma 5. For every t € N, there exists a distribution over partitions P of B such that

— ifp(A,B) > 1 — ¢, then
Pr{P(A) = P(B)} > 1 — O(t Ve).

— if p(A,B) < 1 - 1/16, then
Pr{P(A) = P(B)} < (3/4)".

Proof. Let s € N be even and large enough (we will determine the value of s later). For every set B € B,

define a vector vg € R? with D := d* as
Vp = 1 U®s
B-= \/ﬁz :

veB

We consider the following distribution over partitions P of 8: Choose t random hyperplanes Hy, ..., H;
through the origin in R”. Consider the partition of R? formed by these hyperplanes. Output the induced
partition P of B (two sets A, B € 8 are in the same cluster of P if and only if v4 and v are not separated by
any of the hyperplanes H1, ..., H;).

Since s is even, Corollary 1 shows that for any two sets A, B € B,

(va.v8) = p(A,B) £2- (372
Furthermore, if p(A, B) = 1 — ¢, then
a,v) =2 (1 -8’ >1-s6.

Let n = 1/16. We choose s minimally such that (1 —17)* +2-03/49)752 < 1) V2. (So s is an absolute constant.)
Then for any two sets A, B € B with p(A, B) < 1 — n, their vectors have inner product {(v4,vp) < 1/ V2. Thus,
a random hyperplane through the origin separates v4 and vg with probability at least 1/4. Therefore,

Pr{P(A) = P(B)} < (3/4)" .

On the other hand, if p(A, B) = 1 — &, then the vectors of A and B have inner product (v4,vp) > 1 — se. Thus,
a random hyperplane through the origins separates the vectors with probability at most O( v/€). Hence,

Pr{P(A) = P(B)} > (1 - O(VB)) > 1 - 0 V&).
]
Remark 10. Using a more sophisticated construction, we can improve the bound 1 — O(¢ V&) to 1 — O( Viee).
The previous lemma together with a simple union bound imply the next corollary.

Corollary 3. The distribution over partitions from Lemma 5 satisfies the following property: For every set
Scs
Pr{Inconsistent(S, P)} < IS|* - (¥4)'

Remark 11. Using a slightly more refined argument (triangle inequality), we could improve the bound
R?-(3/4) to R - (3/4)".
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3 Construction of SDP Solutions for E2LIN(q)

Let B be a collections as in Definition 6 with the following additional properties:

— All vectors in | 8 are [F -integral. We endow the vectors in B with the inner product

vy € W), pw)) .

— all clouds of B are exactly orthogonal (as opposed to nearly orthogonal as in Section).

In this section, we construct SDP vectors and local distributions for 8 X . The set 8 X IF; correspond to the
set of vertices in the instance obtained by applying a g-ary long code based reduction on the unique games
instance encoded by B. For a vertex (B, x) € B x [F2, we index the coordinates of x by the elements of B.
Specifically, we have x = (xp)pep € ]Fg .

Geometric Partitioning Apply Lemma 5 to the collection of sets of vectors . We obtain a distribution
% over partitions P of B into T disjoint subsets {Pa}gzl. For a subset S C B, let S = {SC,}gz1 denote the
partition induced on the set S, that is, S, := P, N'S. For a family B € B, let ap denote the index of the set
P, in the partition P that contains B.

3.1 Vector Solution

For a vertex (B, x) € 8 X IF, the corresponding SDP vectors are given by functions Vf’x: PX[TI|XxR— R?
defined as follows:

W) = J= D wley = j+ 57() (17)
beB
U (P,a,r) = Po(B) - W (r) (18)
yEr = lyy g Nolysa (19)
J q q J

Here R is the measure space over which the tensored vectors b*' are defined. The notation P,(B) denotes the
0/1-indicator for the event B € P,. Further, Vj is a unit vector orthogonal to all the vectors Uf -

Let us evaluate the inner product between two vectors Vl.A’x and Vf’y , (in this way, we also clarify the
intended measure on the coordinate set)

Aa Bx 1 -1 A» Bs.
<Vi )C, V] ’/> = + qq_2<Ul x’ Uj '/)

)

-1 T A, B,
+ 45 B Lot Pa(AP(BXW, W)

S-S

ﬂ _ A, x B,y
+°7 [1,13{0 {P(A) = P(B)} (W, W) (20)
Let us also compute the inner product of Wl.A’x and Wf’y . Recall the notation (u, v)y := Y(u), Y(v)).
W WPy =10 ) Blra—i+ a0 = j+ %)y
acA,beB

1 Z (xg — ) ®a®, (yp — ) ®b®), (by Observation 3)
a€A,beB

L) Wl =i, ulys — )Xa, by, (by Lemma 1) @1

acA,beB
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In the next lemma, we verify that the vector solution {Vf’x} satisfies the conditions in Fact 1 (which need in
order to apply the smoothening theorems from Section 2.3)

Lemma 6. The vector solution {V;"x} AeB xeF) jeF, satisfies the following properties:
1. For every vertex (B, x), we have }; Vl.B’x = V.
2. For every vertex (B, x), we have (VI.B’X, Vf’x) = % 1[i = jl foralli, j € F,.

3. For any two vertices (A, x) and (B, y), we have (V?’x, Vf’y) >0 foralli, j €T,
Proof. Assertion 1: Observe that for all r € R,
1
B,x _ ) (292 _
[Z w! J(r) = \/,;Z[Z (o —j+b (r))] =0.
JjeF, beB \i€lq]

Here we use the fact that ), jeF, Yla— J) = O for all a € IF,. From the above equation and definition of Vl.B’x ,it
follows that Y; Vf = V.
Assertion 2: From (21) and the orthonormality of B, we see that

W W2y = (o = i), 9 = ) = WG ¥()) -
Hence, using (20), we get
VP VEY = L+ S, p()) = 3= jl.
Assertion 3: We can lower bound the inner products (W?’x, Wf’y) by

W WY > =L LN by, (using 21) and @), p()) > —2)

a€A,beB
> _q+1 (using orthonormality of A and Band ¢ > 2).
Therefore, (V/+, V%) 2 L+ SLPrp (P(A) = PBHW WY > L — L Prp(P(4) = P(B)} >0.  m

3.2 Local Distributions

Fix a subset S C B of size at most R. In this section, we will construct a local distribution over IF,-assignments
for the vertex set § = S X IF (see Figure 1). Clearly, the same construction also yields a distribution for a
general set of vertices S’ C B X Iy of size at most R.

Remark 12. In the construction in Figure 1, the steps 67 are not strictly necessary, but they simplify some
of the following calculations. Specifically, we could use the IF,-assignment {F B”‘}(B,x)es to define the local
distribution for the vertex set S. The resulting collection of local distributions could be extended to an
approximately feasible SDP solution (albeit using a slightly different vector solution).

We need the following two simple observations.
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For § = S X I, the local distribution ps over assignments ]Fg is defined by the following sampling
procedure:
Partitioning:

1. Sample a partition P = { Pa}gz1 of B from the distribution ¥ obtained by Lemma 5. Let a4, ap denote
the indices of sets in the partition P that contain A, B € S respectively.

2. If Inconsistent(S, P) then output a uniform random [Fg-assignment to S = S X IF. Specifically, set

7B = yniform random element from F, VBeS, xe ]FZ .

Choosing Consistent Representatives:

4. If Consistent(S, P) then by Corollary 2, for every part S, = P, N S, there exists bijections Ils, =
{rg: [n] — B| B € S,} such that for every A, B € S,,

A = MABOTB.

5. Sample L = {&y}gz1 by choosing each ¢, uniformly at random from [r]. For every cloud B € S,
define £ = {,,. The choice of L determines a set of representatives for each B € S. Specifically, the
representative of B is fixed to be m5(¢{p).

Sampling Assignments:

5. Sample r € R from the corresponding probability measure and assign

FBX(PL, 1) = Xy + 7p(CB)% ().

6. Sample H = {ha}gzl by choosing each A, uniformly at random from [¢]. For every cloud B € B,
define hp = hq,.

7. Sample « uniformly at random from [¢].

8. ForeachB€ S, and x € IFZ, set

ZBXP L, r,H,k) = FB*(P,L,r) + hg + k.

9. Output the F,-assignment Vi YB.xes -

Figure 1: Local distribution over IF,-assignments
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Observation 5. For all a,b € F,, we have

Pria+xk=iNb+k=jl=5+SHu@-ub- ).

kelF, q

Proof. If a—i = b — jthen both LHS and RHS are equal to 1/4, otherwise both are equal to 0. [

Observation 6. Fix a,b € I, over a random choice of hy, hy € IF,

hl,IEqu[<¢(a + hl)? l//(b + hz))] =0.

Proof. Follows easily from the fact that (¢/(i), y(j)) = 1 if i = j and —1/¢-1 otherwise. [ |

The next lemma shows that the second-order correlations of the distribution s approximately match the
inner products of the vector solution {ViA’x }.

Lemma 7. For any two vertices (A, x),(B,y) € S,
Pr [z8 =iz = j| = (v VEY £ 101SPG 2.

Z~ps
Proof. Firstly, since Pr[Consistent(S, P)] > 1 —|S [2(3/4) (by Corollary 3),
Pr|z*" =inZP = j| = Pr|z** =i A ZP¥ = j| Consistent(S, P)| £ |SP*(3/4)'. (22)
Hs Hs

Using Observation 5, and the definition of ZA~* and Z?¥ we can write

]Er [ZA’)C =iAZ%¥ = j| Consistent(S, P)]

-1 ¥ . ) . .
=h+iy JE [W(FA + ha = ), y(F™ + hg — j)) | Consistent(S, P)| . (23)

If A, B fall in the same set in the partition P (that is @4 = ap), then we have hy = hp. If A, B fall in different
sets (that is @4 # ap), then hy, hp are independent random variables uniformly distributed over F,. Using
Observation 6, we can write

PI]FL [(Lp(FA’x +hy — D), W(FBY + hg — j)) ’ Consistent(S, P)]

= P]]E [l(aA = ap)(Y(FA — i), y(FBY - j)) | Consistent(sS, P)] . 24)
Let P be a partition such that Consistent(S, P) and a4 = ap = a. The bijections 4, 7p (see step 4 Figure 1)

satisfy mq = mpp o mp. Note that therefore a = w4 p(b) whenever a = m4(£) and b = mp({) for some ¢ € [n].
Hence,

EE[W(F*(P.L.r) = . y(F*(P.L.r) = j))|

E [0 Crny(t,) = i+ Tala)™ () Wyt =+ 15(6)™ ()]

si—= S

D, B —i+a® M)yl = j+b"()  (usingma = 7acpomp)
a€A,beB
a=npp(b)

=5 Z W(xa = i), ¥(yp — j)) - {a,b),,  (using Observation 3 and Lemma 1)

a€A,beB
a=npp(b)

= (W?’x, Wf’y) +2- (3/4)’/2 (using Eq. (21) and Lemma 2) .

= |—
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Combining the last equation with the previous equations (22)—(24), we can finish the proof

Pr |24 =inzP = j|

=5+ E [l(a/A = ap) | Consistent(S, P) (W, W)+ (ISP(/a) +2- (Ya)'"?)
= &+ S Pr[P(A) = PB)|- (W W) £ 101SP e

(using PPr {Consistent(S, P)} > 1 — |S[*(3/4)' and KW, Wf’-”>| <1
=<Vj"",vf’y> + 10[S*(3/4)"*  (using Eq. (20)).

Lemma 8. Let S’ C S be two subsets of B and let S’ = 8’ X IFZ and S = S x ]FZ. Then,
llus: — marging, S|l < 2|SP*(3/a)" .

Proof. For a partition P € P, let ug|p denote the distribution ug conditioned on the choice of partition P.
Firstly, we will show the following claim:

Claim 1. If Consistent(S’, P) and Consistent(S, P), then us:p = marging. isp.
Proof. Let {S,} and {S,,} denote the partitions induced by P on the sets S and S’ respectively. Since
S’ € S, we have S/, € S, for all @ € [T]. By our assumption, each of the sets S, are consistent in that
p(A,B) > 1—-1/16forall A, B € §),. Similarly, the sets S, are also consistent.

Let us consider the pair of sets S/, € S, for some a € [T]. Intuitively, the vectors within these sets fall in
to n distinct clusters. Thus the distribution over the choice of consistent representatives are the same in us/|p

and marging, s p. Formally, we have two sets of bijections Ils, = {n, | A € S,} and Il5, = {ma | A € Sy}
satisfying the following property:

Ta—p © Ty (£) = T(6) a—p o ma(f) = mp(0) VA,Be S),t € [n].
Fix a collection A € §;,. Let ~ denote that two sets of random variables are identically distributed.
{mp(la) | B € S} ~ {mamsp o my(la) | B € Sy}

~{na-p(a) | B € S), ais uniformly random in A}

~{maspomalle) | B€ S} ~ {mp(la) | BES,}.
The variables L = {{,} are independent of each other. Therefore,
{n5(tp) | B€ S’} ~ {mp(€p) | B€ S'}.

Notice that the choice of r € R, H and « are independent of the set S. Hence, the final assignments
(ZBX*|Be S, xe IF7} are identically distributed in both cases. [

Returning to the proof of Lemma 8§, we can write

llus: — marging, uslli = ”]PE,US'V’ - ]Emafgins'/lsw 1
< I}@ [Hﬂsfun — marging, y5|p||1] (using Jensen’s inequality)

= Pr[Inconsistent(S, P)] -]}F; [||IUS/|p — marging, usplli | Inconsistent(S, P)] .
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The first step uses that the operator marging, is linear. The final step in the above calculation makes
use of Claim 1. The lemma follows by observing that Pr[Inconsistent(S, P)] < |S|>(3/4)' and s ip —
marging. usiplli < 2. [ |

The next corollary follows from the previous lemma (Lemma 8) and the triangle inequality.

Corollary 4. Let S, S’ be two subsets of B and let S" = 8" X Fy and S = S X Fy. Then,

Imarging s, is — marging g, isl1 < 4 max (|S%,1S’*)(3/a)" .

4 Integrality Gap Instance for Unique Games

In this section, we will exhibit a strong SDP integrality gap for the E2Lin, problem. Recall that the E2Lin,
problem is a special case of Unique games. To this end, we follow the approach of Khot—Vishnoi [KV05] to
construct the gap instance.

Khot et al. [KKMOO07] show a UGC-based hardness result for the E2Lin, problem. Specifically, they
exhibit a reduction @, , that maps a UNiQuE GaMmEs instance I to an E2Lin, instance @, ,(I') such that the
following holds: For every y > 0 and all g > go(y),

— Completeness: If I'is 1 — p-satisfiable then @, ,(I') is 1 —y — 0,,5(1) satisfiable.

— Soundness: If T has no labeling satisfying more than J-fraction of the constraints, then no assignment
satisfies more than q‘”/ 24 oy,s(1)-fraction of equations in @, ,(I").

Here the notation o, s(1) refers to any function that tends to O whenever 7 and 6 go to naught.

Our starting point is an integrality gap instance I for the basic semidefinite program for UNIQUE GAMES.
Surprisingly, on executing the [KKMOO7]-reduction on the instance I" yields the strong SDP gap instance
®, ,(I) for E2Lin,. (For the sake of completeness, we describe in Figure 2 this reduction from UniQue GAMES
to E2Lin,.)

Definition 10 (Weak SDP solutions and weak gap instances). Let ' = (V, E, {n.: [n] — [nl}cce). We say a
collection B = {B,},cv is a weak SDP solution of value 1 — n for I if the following conditions hold:

1. For every vertex u € V, the collection 8 contains an ordered set B, = {b,, 1, ..., b, ,} of n orthonormal
vectors in R,

2. For every pair of vertices u,v € V, the sets B, and B, satisfy the following strong matching property:
There exists 7 disjoint matchings between B,, B, given by bijections 7V, ..., 7 : B, — B, such that
foralli € [n], b, b’ € B,, we have (b, 72(b)) = (o', 70(D")) .

3. For every edge e = (u,v) € E, the vector sets B, and B, have signifcant correlation under the
permutation r = m,. Specifically,

Ve e nl. (busrbone)® > 0.99.

4. The collection B of orthornormal sets is a good SDP solution for I, in the sense that

E E 1 b ,b i >1-n.
eV ww'eNw) " ge%f w,n(€)> Ow . (€)> n

— /
A=y, T =My
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E2Lin, Hardness Reduction [KKMOO07]

Input A Unique Gawmes instance I with vertex set V, edge set E C V X V (we assume the graph (V, E) to be
regular), and permutations {7, : [1n] = [n]}ecE-

Output An E2Lin, instance @, ,(I') with vertex set V = V x ]F’;. Let {F,: ]FZ — F, ey denote an
IF,-assignment to V. The constraints of @, ,(I') are given by the tests performed by the following
probabilistic verifier:

Pick a random vertex v € V. Choose two random neighbours w, w’ € N(v) C V. Let &, 7" denote
the permutations on the edges (w, v) and (w’, v).

Sample x € Fj uniformly at random. Generate y € IFj as follows:

{x,- with probability 1 —y
yi =

uniform random element from IF, with probability y

Generate a uniform random element ¢ € IF,.

— Testif Fy(yom+c-1) = Fyy(xon’) + c. (Here, x o m denotes the vector (Xx(i))ie[n]-)

Figure 2: Reduction from UniQue GamEs to E2Lin,

We say that I' is a weak (1 — 1, 6)-gap instance of UNIQUE GaMEs if I" has a weak SDP solution of value 1 —
and no labeling for I' satisfies more than a ¢ fraction of the constraints.

Remark 13. The weak gap instances defined here are fairly natural objects. In fact, if Y is an instance of
'-Max-2Lin(n) with sdp(T) > 1 —n and opt(Y) < 6, it is easy to construct a corresponding weak gap instance
’. The idea is to start with an optimal SDP solution for Y, symmetrize it (with respect to the group I'), and
delete all edges of Y that contribute less than +/3/4 to the SDP objective.

We observe the following consequence of Fact 2 and item 3 of Definition 10.

Observation 7. If B = {B,}.cv is a weak SDP solution for I = (V,E,{n.}ecE), then for any two edges
(w,v), W', v) € E, the two bijections m = n(_u},’v) O M(w,w) and p , p, (see Def. 7) give rise to the same matching
between the vector sets B, and By,

n(i) = ] — ﬂBu,r&Bu,(bw,i) = bw’,j .

The previous observation implies that in a weak gap instance I" the collection of permutations {7, }cE 1S
already determined by the geometry of the vector sets in a weak SDP solution 5.

There are a few explicit constructions of weak gap instances of UNIQUE GAMES, most prominently the
Khot—Vishnoi instance [KVO05]. In particular, the following observation is a restatement of Theorem 9.2 and
Theorem 9.3 in [KVO05].

220(10g (1/6)/m)

Observation 8. For all 1,6 > 0, there exists a weak (1 — n,6)-gap instance with vertices.

Observation 4 implies that without much loss we can assume that a weak SDP solution is IF,-integral, that
is, all vectors are IF,-integral. Here we use again -, -)y := (¥(-), ¥(-)) as inner product for IF,-integral vectors.
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Lemma9. Let T = (V,E,{n,.}ecE) be a weak (1 — n,06)-gap instance. Then, for every g € N, we can find a
weak F -integral SDP solution of value 1 — O(+/nlog q) for a UniQue GaMEs instance I which is obtained

from T by deleting O(/nlog q) edges.

Proof. Let B be a weak SDP solution for I of value 1 —7. By applying the transformation from Observation 4
to the vectors in B, we obtain a collection 8’ = {B, },cv of sets of IF -integral vectors. For every u € V, the
vectors in B], are orthonormal. Furthermore, any two sets B;, B, in 8’ satisfy the strong matching property
(using the facts that the original sets B, B, satisfy this property and that (b;’i, b;,j>l// is a function of (b, ;, by, j)).

Let nywu e = 1 = (bure), bu 7 (¢))- Using Jensen’s inequality, we can verify that the value of the SDP

solution B’ is high,

E E 3o bwwow>E E 1 3"1-0(\iuwwclogg) (byObs. 4)

veV  wuw eN(v veV  wuw'eN(
_ ’ /i) te[n] _ ’ /i) te[n]
=Ty, T =Ty T=Ty,ps T =Ty o

>1-0(+nlogg) (using Jensen’s inequality) .

So far, we verified that 8’ satisfies all requirements of a weak SDP solution besides item 3 of Definition 10.
We can ensure that this condition is also satisfied by deleting all edges from E where the condition is violated.
Using standard averaging arguments, it is easy to see that the matching property and the high SDP value
imply that this condition is satisfied for all but at most an O( y/log g) fraction of edges. [

Theorem 9. Let I' be a weak (1 —n, d)-gap instance of UNIQUE GaMES. Then, for every q of order unity, there
exists an SDP solution for the E2Lin, instance ®,, 4(I') such that

— the SDP solution is feasible for LHg with R = 29(1/’71/4),
— the SDP solution is feasible for SAg with R = Q(n'/*),
— the SDP solution has value 1 —y — 0, 5(1) for @, ,(I').

In particular, the E2Lin, instance 1(14)7,(1(1“) isa(l—y—-o,6(1), q_’l/ 24 oy,5(1))) integrality gap instance for
the relaxation LHg for R = 29(/n ™, Further, ®, ,I") is a (1 —y — 0,,5(1), g+ oy,5(1)) integrality gap
instance for the relaxation SAg for R = Q(1/n'/%).

Proof. Suppose I is given by the vertex set V, the edge set E C V X V, and the collection of permutations
{me}ece. Using Lemma 9, we obtain a weak IF,-integral SDP solution 8 = {B, },cv of value 1 — O(+/nlog q)
for I

We construct a vector solution {VZ.B *lie F,,BeB,xe IFZ} and local distributions {us | S € 8 X ]FZ} as
defined in the previous section (§3).

Note that since each set B € B correspond to a vertices in u € V, we can view these vectors and local
distributions as an SDP solution for the E2Lin, instance @, ,(I"). Specifically, we make the identifications
Vit= Vf“’x and ps 1= p(B,.vjues) forallu € V, x € Fy, and sets S € V X IFy.

Lemma 7 and Corollary 4 show that this SDP solution is g-infeasible for SAg and LHg, where &€ =
O(R? - (3/4)!/?). The value of the SDP solution for @, ,(T') (see Fig. 2) is given by

veV  ww'eNw) {xy
T=Tw,v, ' =Ty v

q
E E E E yyrtemeD yuhuery,
& 20 )
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Using Eq. (20)—(21),

(VoD Ty = b G Pr[PBL) = PBL S, Wsao+e=i) b ey ~(=c))Xbugs bur.e Yy
L,t'€[n]

Note that (Y (xqe) + ¢ = D), Y (Y ey — (i — €))) = Y (Xn(ey, Y (Y ))). Using Observation 7, we have 7, ,)(€) =
7w () if and only if £ = np g ,(¢'). Hence, by Lemma 2,

w’

Y W) VU)X Busts bur Yy = 5 ) W) Y Ure)) bus0 bur i)y £ 2+ R/

0 €[n] £

= 13 W) v WO)PB. By) £ 0).
€

Note that the distribution of {x, y} is independent of the vertices v, w, w’, and

E 1D WOy =1-y.

W T i

Therefore, if we let n,,,» = p(By, Byy), we can lower bound the value of the SDP solution as follows

q
w,(xom+c-1) y,u',yon’
E JE E E Z(V, 4 Vi—c )
eV wuw'eN@w) {xy}celF, -1

=T, T =My, =

= I i = MN-g- (1 —
=B E |5+ S PrIPB) = PBALq - pBu B -y)| £ 06)

> 1_ ]E ]E ]P PB :P B , B ,B , t +
( /)/)Uevw,w'EN(u)P}S‘D[ ( W) ( w)]p( w w) +0(8)

>(1-yE E )(1 — Ot \Mww)) + 0(g) (using Lemma 5)

veV w,w eN(

Using Jensen’s inequality and the fact that E, , ;v 17,00 = O(4/n]0g g) (Lemma 9), we see that the the value
of our SDP solution is at least 1 —y — O(e + tn'/*) (recall that we assume q to be constant).

On smoothening the SDP solution using Theorem 7, we lose O(R%¢) = O(R*(3/4)") in the SDP value.
Thus we can set = o(77'/*) and R = (3/4)"/'° in order to get a feasible SDP solution for LHg with value
I =y —o0,s1).

On smoothening the SDP solution using Theorem 8, we lose 0(qRe) = 0(gR(3/4)") in the SDP value.
Thus we can set, r = o(n~'/*) and R = t/ log? ¢, we would get a feasible SDP solution for SA; with value

I —y—o0,s1). []

Proof of Theorems 1-2. Using Theorem 9 with the Khot—Vishnoi integrality gap instance (Lemma 8), we
have N = 22" and thus R = 20ogloeM"™ Similarly for SAg, we get R = O((loglog N)!/#).

5 Construction of SDP Solutions for Balanced Separator

Let B be a collection of sets of vectors as in Definition 6 with the following additional property:

Integrality: all vectors in | J B are {+1}-valued functions on a common measure space R.
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In this section, for R € N, we will construct a global vector solution {vg}peg for the clouds in 8B, and
a collection of local distributions {us: { +1}° - R, | S C B,|S| < R} such that the inner products of the
vectors approximately match the second-moments of the local distributions. Using the smoothening trick, we
will be able to get closely-related vectors and local distributions such that the inner products exactly match
the second-moments (Lemma 10).

In the next section (§6), we will show how to use these vectors and local distributions to construct
integrality gaps for a strong SDP relaxation of BALANCED SEPARATOR.

Global vector solution. For every cloud B € 8, define a vector vg as

. 1 ®1
Up = TEZU .

veB

Local distributions. Let S C B with |S| < R. By Lemma 4, there exists bijections {ng: [n] —» B| B € S}
such that forall A,Be S
Pp(A,B)>1—-116R =— Ap=r"p_poma. 25)

For t € N, we define a distribution ps over assignments { +1}° for S:
1. Pick r uniformly at random from [r].
2. Independenly, draw ¢ samples ry, ..., r; from the distribution R.

3. For every cloud B € S, set
vg:=np(r) and xg:=uvg(r))-...-ve(r).

4. Output the assignment x = (xg)ges € {+1}°.

Let us compute the second-moment matrix of this distribution: For A, B € S, we have

E xsxg= E E [ ’T_lvA(rT) -vg(ry) | vg = ma(r),vg = ﬂg(r)]] (by construction)
X~US reln] [ 71 ri~R -
= ]]E:] H;Zl ]ER [UA(FT) - vg(ry) | vg = ma(r),vp = nB(r)]] (using independence of ry,. .., ;)
reln Fe~
[ t
= E ( E [oa() - v() | v = 7a(r), vp = ﬂB(r)])] (same distribution for all 7 € [£])
re[n] | \r~R

]]E:]<7TA(F),7TB(”)>t (by definition (v4,vp) = IER va(r () )
reln 1~

L ), ma(n)' (26)

r=1

Recall that the bijections {73}gcs depend on the set S. However, using (25), we see that up to a small error
E..s xaxp is independent of S, namely

LY ), m() = 1 @ mpea(@) £2(1-1160)' 27)
r=1

acA
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Let us argue how (25) implies (27): If p(A,B) < 1 — l/16r, both quantities }Z Y aeala, mp—a(a)) and
% 2 (ma(r), np(r))" are bounded by (1 —1/16r)" in absolute value. Otherwise, if p(A, B) > 1 —1/16r, then (25)
asserts mp(r) = mp—a(ma(r)). Thus, in this case, both quantities % > seala, mpa(a)) and % 2o ({ma(r), mp(r))!
are equal. From Corollary 1 (also see Remark 9), it follows that the second-moments of the distribution g
approximately match the inner products of the vectors {vp}pes,

E XAXB
X~HS

L rarms(r)) (by (26)
r=1

YN (ampea@)y  £201=16r)  (by 27))

acA

1 Z (a, by  £2(3/4)* +2(1 - 1/16r)  (using Corollary 1)
acA,beB

= (v4,0p) +de NOR

Smoothening. Combining the construction above and lemma analogous to 18 (omitted from this preliminary
version of the paper), we get the next lemma.

Lemma 10. ForR,t € N, let & = R>-10e™"/1R  Then, there exists a collection of distributions {,u:S: 0,1}° -
R, | S C B,|S| < R} such that

E xaxp = (ua,up) (SCB,ISIKR, A,BeS)

X~y

where the collection of vectors {u}aes is defined as

. 1 1 L
up = Vl—s-normaI(TEZvJ + Ve vy.

veEB

Here, {vlls} Bes is an orthonormal set of vectors orthogonal to all vectors v® with v € | ) B. We use normal(v)
to denote the unit vector in the direction of v.

6 Integrality Gap Instance for Uniform Sparsest Cut

In this section, we will show how to use Lemma 10 to obtain an integrality gap for a strong SDP relaxation of
BaLaNceDp SeparaTOR. The gap instance is the same as in [DKSV06].

Let n € N and let T, be the boolean noise graph on {£1}". Let o: [n] — [n] be the cyclic shift
permutation, o (i) = i + 1 mod n. We let the group generated by o (with composition as group operation)
act on {+1}" by permuting coordinates. For u € {+1}" and ¢ € [n], we denote by o°“.u the vector with
r_coordinate (0.u), = Ursc mod n- Let {£1}*/(c") denote the partition of {+1}" into the orbits of this group
action. We define T,,/(co) to be the graph on {+1}"/(c) obtained by identifying vertices of T}, that are cyclic
shifts of each other.

Theorem 10 ([Bou02, MOOOS5]). There exists a constant ¢ such that for all y > (cloglogn)/logn, every
Q(1)-balanced bipartition of {+1}/(0) cuts a Q(+[y) fraction of the edges of T\—,/(c).
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We will show that a natural SDP relaxation for BALANCED SEPARATOR has objective value O(y log(1/y)) on
the instance T'_, /(o).

Letd = n®. For x € {x1}", let B(x) := {({/va - 0.x)®* | i € [n]} € RY. Note that the elements of B(x) are
unit vectors. We say x is good if B(x) is near-orthogonal in the sense of Definition 6, that is, for every unit
vector u € RY, we have 2veB(x) Us v)? < 3/2. We let B be the collection of clouds B(x) for all good x € {+1}".
We identify the vectors in the clouds B(x) by {+1}-valued funcions on a probability space R. Here, R is the
uniform distribution over [1]>. Also note that since | B consists only of {+1}-integral vectors, it satisfies the
(symmetrized) é’%—triangle inequality.

In the following lemma, we gather further useful properties of the clouds B(x).

Lemma 11. 1. All but an O(1/?) fraction of the vectors x € {x1}" are good.
2. For x,y € {£1}", the clouds B(x) and B(y) satisfy the matching property.

Proof. Assertion (1): A straight-forward Chernoff bound argument [DKSV06] shows that a random vector
x € {£1}" satisfies with probability at least 1 — 4/s?,

1rnaxl(x, ol <4 ynlogn.

<isn

(The reason being that for a fixed i € [n], the standard deviation of |(x, o.x)| is O(+/n).) We claim that every
x that satisfies this bound is good. Let v; = (1/ v - o'.x)®3. The maximum value of 2y K, v;)% over all unit
vectors u is equal to the maximum eigenvalue of the Gram matrix ({v;,v;)); je[»]- We can upper bound the

largest eigenvalue of this matrix by the maximum ¢;-norm of a row,

n n 3

A2 . _ logn| _ log®?n
Z;(u,vj) <{2i§2|(v,,v_,)|<l+(n 1)(4 : ) _1+0( — )
J= J=

For large enough n, the right-hand side is less than 3/2.

Assertion (2): For x,y € {£1}", letu; = (1/ya-0t.x)® and v; = (l/ﬁ'a'i.y)@. Suppose p(B(x), B(y)) = Ku;, v;)|.
Then the matching M = {(ujc,vj+c) | ¢ € [n]} shows that B(x) and B(y) satisfy the matching property. (Here,
indices are modulo 7). [ |

We conclude that the collection $ satisfies all necessary conditions for the construction in §5. Lemma 10
suggest the following vector solution for the instance 71—, /(c): For R,t € N with t odd, let & = R? - 4¢71/16R
Fix an arbitrary good vector xg € {+1}". For every vector x € {+1}", define

b {ug(x) =Vl-¢- normal(\/i;Z D veB(x) v®’) + Ve-vy  if xis good,
X =

U B(xp) otherwise.

Note that this vector solution is invariant under cyclic shifts in the sense that u, = u,, for all x € {+1}".
Hence, we can think of {z},e(+1)» as an assignment of vectors to {+1}"/(c). In the following lemma we show
that this vector assignment achieves an objective value of roughly O(ty + &) for a strong SDP relaxation of
the balanced separator problem.

Lemma 12. 1. There exsits a collection of distributions {us : (=1} > R, | S € {=1}%|S| < R} such
that
E Ixly = <ux’uy> S c{=l}",ISI<R, x,y€8)
s
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E %Ilux - uy||2 < O(ty) +e+ O/ + ¢ 1/16R)
A1y

Here, the notation x ~, y means that we sample from the edge distribution of T.
1 241 12

llux —uyll” > 5 — O()(E/4

x’ye{il}ﬂll x—uyll” =5 (DG/4)

Proof. Assertion (1): We can use the distributions provided by Lemma 10. (These distributions are only over
assignments to the clouds B € $. We extend those to distributions over assignments to vectors x € {+1}" by
assigning to a vector the value of its cloud with probability 1.)

Assertion (2): Let x and y be good. Then

1 2
i”ux - uy” =1 —uy, uy>

=1-(l-g-1 Z (u,v) + O(e™"1OR)
ueB(x),veB(y)

=1-(1-2) ) Ax o) +0@1F),

For all x,y € {+1}"*, denote f(x,y) =1-(1—-¢)- Z,(%(x, al.y))?. We have

E uy—u < E f(x,y)+2- Pr {xnotgood}+ O(e"/1%F)
X~pY X~pY xe{x1)n

It remains to bound

E f,y)=1-(1-¢)- E § Aoy’ =1-0-8- E Gy’ <1+e- E Gx,p)”
X~pY A~pY ; X~pY X~plY
3t
<l+e+2Pr {x,y)<0}- E (%l(x,y>|)3’ <l+e+2 Pr {{x,y) <0} —( E %l(x,y)l)
X~pY X~pY xe{+1}" X~pY

If x ~, y, then E }l(x, y) = p =1 —y. Since p is positive (actually close to 1), the probability that {(x,y) <0
for p-correlated x and y is exponentially small in n. We conclude

E Yy —uyl? <1+&— (1= + 00w + %) <31y + £+ 0w + 1K)

X~pY
Assertion (3): Recycling the notation for the proof of assertion (2), we have

e —uylP> B floy)-2- ]{Pr“ { x not good } = O(e™"/1%R) |
xe{£1}"

x,ye{+1}?

It is easy to see that E, yc(+1)» f(x,y) = 1 because the exponent 37 is odd. It follows that

E %Ilux - uy||2 >1-0/n3) - O(e—t/léR).

xyel£l})
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Remark 14. By modifying the definition of the vector solution {u,} slighly, assertion (3) in the previous
lemma can be strengthened to

oy el = &
We change the definition of u, only for those x that are not good. If we assume that n is odd, then an even
number of orbits B(x) are not good (a vector x is good if and only if —x is good, and for n odd, we have
always B(x) # B(—x)). Hence, we can partition the non-good orbits into two sets of equal size. We assign
U p(x,) to the orbits in one set and up(y,) to the orbits in the other set.

The next theorem is a consequence of the previous lemma.

Theorem 11. Let R € N and G = T,(0) with p = 1 — . Then, there exists a solution to the SDP relaxation
for the (1/2 — O(y))-balanced separator problem on G that achieves objective value

0 (R*ylog(1/7)) -

Furthermore, this SDP solution satisfies all valid inequalities for vertex subset of size up to R.

7 Smoothening

Let X be a finite alphabet of size g. Let {x1, ..., x4} be an orthonormal basis for the vector space {f: T — R}
such that y1(a) = 1 for all a € . (Here, orthonormal means Ecs yi(a)x j(a) = ¢;; for all i, j € [g].) For
R e N, let {XU | o € [q]R } be the orthonormal basis of the vector space { fiIR > ]R} defined by

def
Xo(X) = Xo (X1 Xop(XR) » (28)
where o = (07q,...,0R) € [q]R and x = (x1,...,xg) € IX.
For a function f: ¥ — R, we denote
P def
F@ = ) fewe0). (29)
xexR

Using the fact Eg ¢z Yo (X)X o (y) = 0y, for all x,y € TR, we see that

f= E fowe.
oegl®

We define the following norm for functions f: [¢]f — R,
A def N
1AL = > 1.
oelqlf

We say f: IR — R is a distribution if f(x) > 0 for all x € =R and Y sx f(x) = 1. We define

K def max |ys(x).
o€(q|R xexk
In the next lemma, we give a proof of the following intuitive fact: If a function g: X — R satisfies
the normalization constraint ), .sx g(x) = 1 and it is close to a distribution in the sense that there exists a
distribution f such that ||f — §|| is small, then g can be made to a distribution by “smoothening” it. Here,
smoothening means to move slightly towards the uniform distribution (where every assignment has probability

q™®).
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Lemma 13. Let f,g: R — R be two functions with f(1) = §(1) = 1. Suppose f is a distribution. Then, the
following function is also a distribution

(1 —8)g+8q_R where & = IIf—QIII -K.

Proof. It is clear that the function & = (1 — &)g + &g~ ¥ satisfies the constraint fz(]l) = 1. For every x € £% we
have

h(x) = (1 - £)g(x) + &g
>(1-8) (900 - f(0))+eg™™  (using f(x) > 0)
=sq*+(l-5) E (9(0) = F(@)) xo ()
e - (-0 B |ao) - flo K

=eq ¥~ -oKIf -9l -¢7"
>0. (by our choice of &)

Let V be a set. For a function f: £ — R and a subset S C V, we define the function marging f: 5 — R
as

marging f(x) < Z fxy).

yexV\s

Note that if f is a distribution over X-assignments to V then marging f is its marginal distribution over
>-assignments to 7.

Lemma 14. Forevery f: £V - RandS CV,

marging f = (Teﬂ[%]s flo, Dye .
Here, 0,1 denotes the Z-assignment to 'V that agrees with o on S and assigns 1 to all variables in V' \ §.
Proof.

marging f(x) = Z fx,y)

yexV\s
= >, E foxe(tny

- E E foxe®xo(y)

yexmis TElal orelgl”s

= E E f(O',O-I)X()'(x)' Z X(J"(y)

S V\S
o€lgl® o’€lq] JeTvS

= E fo D). (using Lyepqsxe ) =0foro’ # 1)
o€l
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The margin operator has the following useful property (which is clear from its definiton).
Lemma 15. For every function f: £V — R and any sets T CS C 'V,
margin,; marging f = margin; f .

Lemma 16. Let V be a set and let {/15 (3 S RIS CVIS|I< R} be a collection of distributions. Suppose
that for all sets A, B C V with |A|,|B| <R,

lmargin, g pua — marging~z sl <7n.
Then, there exists a collection of distributions {,u’S (35 S RIS CVISI< R} such that
— forall A,BC V with |A|,|B| <R,
margingnp y = Margingnp i -
— forall S C Vwith|S| <R,
s = sl < Og"K?),

The previous lemma is not enough to establish the robustness of our SDP relaxations. The issue is that we
not only require that the distributions are consistent among themselves but they should also also be consistent
with the SDP vectors.

The following lemma allows us to deal with this issue.

Lemma 17. Let V be a set and let {MS (35 SRS CVISI< R} be a collection of distributions. Suppose
that

— forall sets A, B C V with |A|,|B| < R,
[Imargin g ta — marging g usll, <n.
— forall sets A, B C V with |A|,|B| < 2,
marging g ua = marging g fig -

Then, for € > qRKzn, there exists a collection of distributions {u'S (35 S RIS CVISI< R} such that

— forall A, B C V with|Al|,|B| <R,

margin,~z 4, = marging gt - (30)

— forall S CV with|S| <R,
e — psll < O(Kng") (31)

— forall S C Vwith|S| <2,
gy =(1—gps +s-q . (32)
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Proof. For o € [q]V, let supp(o) denote the set of coordinates of o not equal to 1, and let |o| denote the
number of such coordinates,

supp(o) df {ieV|o;#1} and |o] def |supp(0')| .
For every o € [g]” with |o| < R, we define

f(O') = E x,(x) where S = supp(o).
A~HS

For every o with |o| > R, we set f(o-) := 0. We define ,u’S in terms of f = E, f(O'))(a—,
s := marging (1 —&)f +eq™ .

By Lemma 15, this choice of yu satisfies condition (30).
First, let us argue that the functions y are distributions. Let § € V with |S| < R. For o € [q]° with
T :=supp(c) € S, we have

If(@ 1) = E xo()| =] E xo(x) = E x|
X~Us X~UT A~HS

llur — marging ugll, - max|lyq|

<
<n-K. (33)

Let fs denote the function marging f. By Lemma 14, fs((f) = f(o-, 1) forallo € [q]S. Hence, ||fA—ﬁS||l <
g% - Kn. It follows that for & > gRK?n, the function ug = -e)fs+ £g!is a distribution (using Lemma 13).
Next, let us verify that (31) holds. We have

s — pslly < OCe) + limarging f — psll;

La. 14 N
=" 0@ +|| E ,(f(cr, - E X(r(x)))(o-
oelk]’ X~fis

1
(33) ) o .
< O(nK*-K¥)  (using |f(0, 1) ~ s (0)] < nK and [yo(x)] < K).

Finally, we show that the new distributions satisfy (32). Let S C V be a set of size at most 2. It follows
from the consistency assumption that for all o € [k]%, we have f(o-, 1) = s (o). Hence, fs = us, which
implies (32).

[ |

Lemma 18. Let V be a set and let {,us 35 SRS CVIS|< R} be a collection of distributions. Suppose
that

— forall sets A, B C V with |A|,|B| < R,
lImargin,~p pua — margingqp ugll < 7.
— forall sets A, B C V with |A|,|B| < 2,

marging g Ma = Margingz 4z .
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Then, for &€ > kR>K*1, there exists a collection of distributions {,ug 35 SRS CVIS|< R} such that

— forall A, B C V with |Al|,|B| < Rwith|AN B| <2,

marging,g (1 = marging g iz - (34)

— forall S C Vwith|S| <R,
llus — uslli < OCK*nkR?), (35)

— forallS €V with|S| <2,
s = (1 —eus +&- kB! (36)

Proof. The proof is along the lines of the proof of the previous lemma.
Define f : [k]® — R as before. We define new functions {us : ¥5 5 R |S CV,|S| < R} such that

fs(o)  if supp(o) > 2,
f5(o) =1 f(o, 1) if 1 < supp(o) < 2,
1 otherwise.

Since |f(o, 1) — fis (o) < K7 (see proof of previous lemma), we can upper bound I — fslly < kR* - Kn
(there are not more than kR? different o~ € [k]° with f(o, 1) # fis (o). By Lemma 13, for € > kR2K?n, the
functions {u§ : 5 — R[S C V,|S| < R} defined by p§ := (1 — &)y + sk™! are the desired distributions.
We can check that the assertions of the lemma are satisfied in the same way as for the proof of the previous
lemma. [

Proofs of Theorem 7 and Theorem 8 (Sketch). We apply Lemma 18 or Lemma 17 to the local distributions
{us} of the e-infeasible LHg or SAg solution, respectively. We get a new set of local distributions {u } that
have the desired consistency properties. It remains to change the vectors so that their inner product match the
corresponding probabilities in the local distributions. Suppose {v;,} is the original vector assignment. Let
{u; 4} be the vector assignment that corresponds to the uniform distribution over all possible assignments to
the variables (this vector assignment is the geometric center of the set of all vector assignments). Then, we
define the new vector assignment {v; } as

a
v,,=V1-6-0;,9 \/Sui,a,

3

where ¢ is the smoothening parameter in Lemma 18 or Lemma 17. It is easy to verify that {v] } together with

a

{ug} form a feasible LHg or SAg solution. [ |
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A Problem Definitions

A.1 Constraint Satisfaction Problems

let A be a family of payoff functions P: [q]* — [~1, 1]. We say A has arity k and alphabet [q) et {1,...,q}.
A function P’: [¢q]V — [-1,1] has type A if for some P € A and some ij,...,i; € V, we have P'(x) =
P(xi,,...,x;) forall x € [q]V. We define V(P’) C V to be the set of coordinates that P’ depends on. In other
words, if P'(x) = P(x;,,...,X;), then V(P') = {i,...,i}. In particular, |V(P")| < k for any function P’ of
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type A. A A-CSP instance P with variable set V is a distribution over payoff functions P: [¢]V — [-1,1] of
type A.

Problem 1 (A-ConsTRAINTS ATISFACTIONPROBLEM (CSP)). Given a variable set V and a distribution # over
payoft functions P: [¢q]Y — [-1,1] of type A, the goal is to find an assignment x € [¢]" so as to
maximize Ep.p P(x). We define the value opt(P) as

opt(®) ¥ max E P(x).
xelqlV P~%

Observe that if the payoff functions P are predicates, then maximizing the payoff amounts to maximizing
the number of constraints satisfied.

Given an instance P with variable set V, the goal is to find a collection of vectors {v; 4}ievaelq S R? and a
collection {up} pesupp(p) Of distributions over local assignments. For each payoff P € #, the distribution up is
a distribution over [¢]"") corresponding to assignments for the variables V(P). We will write Prye,p {E} to
denote the probability of an event E with under the distribution wp.

SDP Relaxation
maximize E E P(x) (37)
P~P x~up
subjectto  (v;4,v;p) = Pr {x,- =a,x;= b} (P € supp(P), i,je V(P), a,b € [q]), (38)
X~pp
(a0 = Pr {xi = af (P € supp(P), i € V(P), a € [q]). (39)
X~Hp

Here v can be any fixed unit vector in R, and d can be any sufficiently large number, say d = ¢|V/|.

A.2 Ordering CSP

Definition 11. An Ordering Constraint Satisfaction Problem (OCSP) A is specified by a family of payoff
functions P : 11 — [—1, 1] on the set I} of permutations on k elements. The integer k is referred to as the
arity of the OCSP A.

Definition 12 (A-OrRDERINGCONSTRAINTS ATISFACTIONPROBLEM (OCSP)). An instance ® of Ordering Constraint
Satisfaction Problem A is given by @ = (V,¥) where

-V ={yi,...,yn} is the set of variables that need to be ordered. Thus an ordering O is a one to one
map from V to natural numbers IN.

— % is a probability distribution over constraints/payoffs applied to subsets of at most k variables from V.
More precisely, a sample P ~ P would be a payoff function from A, applied on a sequence of variables
ys = Ws,» - - -»Ys,)- If Ojs denotes the injective map from ys — IN obtained by restricting O to ys, then
the payoff returned is P(Ojs).

For a payoff P € P, we define V(P) € V to denote the set of variables on which P is applied. The objective is
to find an ordering O of the variables that maximizes the total weighted payoft/expected payoff, i.e.,

E [POp)]
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Here Opp denotes the ordering O restricted to the variables in V(P). We define the value opt(P) as

def
t(®) = E P .
p®E o E PO

A.3 Balanced Separator Problem

Problem 2 (b-Balanced Separator). Given a graph G on vertex set V, the goal is to find a set S € V with
b < I8l/iv| < 1/2 so as to minimize the fraction of edges cut by S.

We consider the following SDP relaxation for this problem:

LHz Relaxation for b-Balanced Separator:
maximize (L}})EGE 7llvi = vjll (40)
subjectto  E Ll —vjlI* > 2b(1 - b) 1)

i,jev

i,v;) = B xx; S CV,ISISR, i,jeSs), (42)

x~pts
@,v0) = E x; S CV,ISISR, i€§). (43)

X~Hs

A.4 Unique Games, -Max-2Lin(n), E2Lin,

Problem 3 (E2Lin,). Given a variable set V and a system of linear equations over the finite field IF,, with
equation of the form x; — x; = ¢;; for variables i, j € V, the goal is to find an IF;-assignment x to V that
satisfies the maximum number of equations.

Note that Max Cur is a slight generalization of E2Lin,.

Problem 4 (I'-Max-2Lin). Given a variable set V and a list of constraints of the form )c,-x]‘.1 = ¢;j over the
group I for variables i, j € V, i, j, the goal is to find a I'-assignment to “V so as to maximize the number of
satisfied constraints.

Note that E2Lin, is the same problem as -Max-2Lin for I' = F,. We sometimes use the notation
'-Max-2Lin(k) to refer to the more general problem where a group I of order k is given as part of the input.

Problem 5 (UniQue Games(k)). Given a variable set ‘V and a list of constraints of the form x, = m,,(x,)
where u, v € V are two variables and 7, is a permutation of [k], the goal is to find a [k]-assignment to V so
as to maximize the number of satisfied constraints.

For a problem instance Y, let opt(Y’) denote the fraction of constraints satisfied by an optimum solution
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