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Abstract
Contracts (dynamically checked programmerassertions)are a
widely acceptedmechanismfor specifying,checkingand docu-
mentingpropertiesof softwarecomponents.Most, if not all, con-
tract systemsexpectprogrammersto usethe native programming
languageto expresstheir programinvariants.While this is most
effective for many simpleinvariants,expressingpropertiesof data
structuresandaliasingpatternscan be extremely complicated.If
written in the native languagein an unstructuredway, suchcon-
tractsare boundto be unclearand ineffective as documentation.
In this paper, we show how to uselinear logic as a languageof
contractsfor animperative programminglanguage.Thehigh-level
natureof our linear logical contractsmakes specifyingmemory
shapeandaliasingpropertiesof complex recursive datastructures
easy. Moreover, sincewe give our logic a clear, compositionalse-
mantics,thecontractsserveaseffective,executabledocumentation
for programmerexpectations.In orderto evaluatethe truth of our
linear logical contractsat run time, we usea modi�ed versionof
LolliMon, a linearlogic programminglanguage.

Categoriesand SubjectDescriptors D.3.1 [ProgrammingLan-
guages]: FormalDe�nitions andTheory; F.3.1[LogicsandMean-
ingsof Programs]: SpecifyingandReasoningaboutPrograms

GeneralTerms Languages,Reliability, Theory, Veri�cation

Keywords Contracts,Assertions,HeapShape,LinearLogic

1. Intr oduction
The recentresearchon separationlogic by O'Hearn, Reynolds,
Yang,et al.[19, 9, 22] hasmadesigni�cant progressin the static
veri�cation of thecorrectnessof pointerprograms.Oneof thebasic
ideasof separationlogic is to use the multiplicative connective
� to describethe disjointnessof two separatepiecesof memory.
Separationlogic candescribealiasingandshapeinvariantsof the
programstoreelegantly whencomparedwith conventionallogic.
For example,if wewish to useaconventionallogic to statethatthe
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heapcanbedividedinto two pieces,andonepiececanbedescribed
by F1 andoneby F2 , thenwewouldneedto sayF1 ^ F2 ^ (S1 \
S2 = ; ) whereS1 andS2 arethe setsof programlocationsthat
F1 and F2 respectively dependupon.As the numberof disjoint
memorychunksincreases,the separationlogic formula remains
relatively simple:F1 � F2 � F3 � F4 representsfour separatepiecesof
thestore.On theotherhand,therelatedclassicalformulabecomes
increasinglycomplex:

F1 ^ F2 ^ F3 ^ F4
^ (S1 \ S2 = ; ) ^ (S1 \ S3 = ; ) ^ (S1 \ S4 = ; )
^ (S2 \ S3 = ; ) ^ (S2 \ S4 = ; ) ^ (S3 \ S4 = ; )

Theendresultis thatwhile in theoryit is possibleto reasonabout
memoryin conventionalclassicallogic, in practiceinvariantscon-
cerningunaliaseddatastructurescanquickly grow to an unman-
ageablesize.

Separationlogic hasalreadybeenusedto prove thecorrectness
of programsthatmanipulatecomplex recursivedatastructures.One
of the most impressive results is Birkedal et al. 's proof of the
correctnessof a copying garbagecollector[3]. However, thisproof
wasdoneby hand,andmanualveri�cation is clearlyfar tooheavy-
weightfor ordinaryprogrammersto incorporateinto theireveryday
programmingor debugging tasks.Happily, thereis muchcurrent
researchfocusedon automatingthe process,but it is nevertheless
likely to bedecadesbeforeordinaryprogrammersareableto useit
productively.

On the other hand, peoplehave studiedand usedcontracts
since the 1970s[20, 8, 14, 16] Contractsare speci�cationsthat
programmersuse to documentcomponentrequirementsand to
clearly expressguarantees.Importantly, contractsare executable
speci�cationsthat are evaluatedat run time and actuallyenforce
thespeci�edproperties.Whenusedconsistently, contractscanhelp
improvetheclarity of codeanddetectprogrammererrors.All kinds
of past and current languagesinclude thesefeatures,including
Eiffel [15], Java [21] andScheme[4].

Most contractsystemsexpect programmersto usethe native
programminglanguageto expresstheir programinvariants.While
thistechniqueis mosteffectivefor many simpleinvariants,express-
ing propertiesof datastructuresand aliasingpatternscan be ex-
tremelycomplicated.In fact, any naive “roll your own” function
a programmermight write to checkheap-shapepropertieswould
have to setup substantialinfrastructureto keeptrackof setsof lo-
cationsandto recordandcheckaliasingproperties.If this infras-
tructureis setup in an ad hoc,verbose,andunstructuredmanner,
the meaningof contractswill be unclearandtheir valueasdocu-
mentationsubstantiallydiminished.

Hence, in this paper, we seize upon the critical insight of
O'Hearn, Reynolds, Yang and others:substructurallogics, sepa-
ration logic beinga specialcase,canbea highly effective speci�-
cationmechanismsfor propertiesof heapshape.However, rather
thanattemptingto verify thatsubstructuralspeci�cationsholdstat-
ically, we exploreusingthemasa languageof contracts,evaluated
dynamically. Whenusedascontracts,substructuralspeci�cations



aremuchlighter-weightveri�cation mechanismsthanwhenusedin
staticveri�cation. A programmercansimply plop down a contract
wherever they choosein their program,employing a pay-as-you-
gostrategy for makingtheirprogramsmorereliable.Consequently,
usingsubstructurallogicsascontractsprovidesanopportunityfor a
muchmoreimmediateimpactonprogrammingpractice.Of course,
usinglogical assertionsascontractsdoesnot rule out usingthem
asannotationsfor staticveri�cation aswell. On the contrary, the
two arequitecomplementary. If a programmerwishesto statically
verify a smallportionof a largeprogram,they maydo sosoundly
only if they areablecheckthepreconditionsof theirprogramfrag-
mentdynamicallywhencontrol �o ws into thefragment.Themost
effectivewayto engineerthis is to ensurethatonecaninterpretany
assertionboth aspart of a staticprogramanalysisand asa legal
contractthatmaybeevaluateddynamically. In thispaper, we focus
exclusively on evaluationof substructuralassertionsdynamically,
but we arewell awareof progresson staticveri�cation usingthese
sameassertionsandhopeto exploit thatin thefuture.

To be morespeci�c, we have implementedan imperative pro-
gramminglanguagein which userscan specify heap-shapecon-
tractsusinga fragmentof linear logic. Linear logic sharesa great
dealin commonwith thelogic of bunchedimplications[18], upon
which separationlogic is based.In particular, linear logic's mul-
tiplicative connectivescanspecifyseparationor disjointednessof
heapstatewhile its additive connectivescanspecifysharing.Lin-
ear logic's unrestrictedmodality allows us to includeandrepeat-
edly reusespeci�cationsthat are independentof the currentheap
shape.The main motivation for using linear logic as opposedto
separationlogic is thatto enforcecontracts,werequiresomemech-
anismfor evaluatinglogical speci�cationsat run time.To evaluate
contracts,we incorporatea modi�ed versionof Lopezet al.'s lin-
ear logic engineLolliMon [12], a decedentof Lolli [7], into the
run-timesystemof our language.

In summary, ourmaincontributionsare:

� The idea that a substructurallogic canbe usedasa language
of contractsfor specifyingheap-shapeproperties.Unlike the
ad hoc,unstructured,heap-shapecontractsonemight write in
native code,thesecontractsserve asclear, compactandseman-
tically well-de�ned documentationof heap-shapeproperties.

� An implementationof this ideausinglinearlogic asthelogical
speci�cation languagefor heapshapes.Contractswritten in
linearlogic areevaluatedusingamodi�ed versionof LolliMon,
andusedto verify propertiesof datastructurescodedin MiniC,
which, despiteits name,is a substantialfragmentof the C
programminglanguage.

� An implementedcollectionof examplecontractsthatshow the
effectivenessof our techniqueincludingsingly linkedlists,cir-
cular lists, doubly linked lists, trees,directedacyclic graphs,
andothermorecomplicateddatastructuressuchasred-black
treesandb-trees.

� An indexed model of linear logic augmentedwith inductive
de�nitions and a proof of soundnessof our implementation
technique.

The rest of the paper is organizedas follows. In Section2
we give an informal overview of our MiniC systemand its lin-
ear logical contractlanguage.In Section3, we introducean in-
dexedmemorymodelfor our logic andprove thesoundnessof our
technique.In Section4, we provide implementationdetailsof the
MiniC Languageandits interfacewith LolliMon. In Section5 we
discusssomemorecomplex datastructures,includingthoseinvolv-
ing aliasing.In Section6, we explore examplecodefor red-black
trees.And �nally , in Section7 we discussrelatedwork andsome
directionsfor futureresearch.Pleasenotea preliminaryversionof

thispaperwaspresentedattheSPACE06workshop,January2006.
However, thatworkshophasno formal,publishedproceedings.

2. Overview
In this section,we illustrate the basiccomponentsof our system
by goingover a simpleprogramthatincludesa call to anuntrusted
copy function. We also give an exampleof how to verify recur-
sively de�ned shapeinvariantsof singly linkedlists.

2.1 A SimpleMiniC Program

Thesampleprogrampair :minic in Figure1 is written in ourpro-
totypesystemMiniC, whosesyntaxis asubsetof ANSI-C extended
with syntax for de�ning clausesand assertingformulas in Lol-
liMon. The LolliMon declarationsin doublebrackets at the very
beginningof theprogramareuser-de�nedclausesdescribingmem-
ory shapesof concern.Wewill explainthemin thenext subsection.

In themain function,theprogrammerallocatesa structof type
pair tp , andthencalls the copy function,which is de�ned in a
differentsource�le writtenby anotherprogrammer. Fromthecom-
ments,we know that copy is supposedto performdeepcopying.
However, theprogrammerwriting themain functiondid not write
thecopy function,sohewould like to checkthatthespeci�cations
in thecommentsaremet.

The laststatementin themain function is theassertstatement.
The linear logic formula in the doublebracketsdescribesthe de-
siredshapeof thememory.

2.2 SpecifyingInvariants in LolliMon

WeuseLolliMon [12], amonadicconcurrentlinearlogic program-
ming language,asour assertionlanguage.We have not usedthe
monadicfeaturesof LolliMon in our examples,so we omit them
from thepaper.

In LolliMon, we de�ne clausesconsistingof a head and a
body just as we would in Prolog.Goal formulascan be queried
over the setof de�ned clauses.Following the style of Prolog,we
write clausesas inverted implication: Head o- Body. LolliMon
alsoprovidesthe built-in predicateis which evaluatesits integer
argumentsand then checksthat they are equal, the built-in list
operator:: , andthe term nil for the empty list. Logic variables
arecapitalized.Below is a sampleprogramin LolliMon.

1 struct L nil.
2 struct L (V::Y) o-
3 lin L V, L1 is L + 1, struct L1 Y.

5 #linear lin 10 100, lin 11 200.
6 #linear lin 20 100, lin 21 200.

8 #query 1 1 1 (struct 10 (X::Y::nil),
9 struct 20 (X::Y::nil)).

In lines1 through3, wede�ned two clausesfor predicatestruct
thattogetherdescribea memorychunkwith startingaddressL and
list of valuesstoredX. We usepredicate(lin L V) to describea
memorycell whoseaddressis L andcontentsis V. Themultiplica-
tive conjunction,written as“,” in LolliMon, enforcesthattheloca-
tionsin its subformulasaredisjoint.For example,thereis nomem-
ory thatsatis�estheformula(( lin 10 100); (lin 10 100)), because
thatwould requirelocation10 to bein two disjoint piecesof mem-
ory. The�rst clausehandlesthebasecase,wheretherearenomore
elementsin thelist. In thesecondclause,thememorystartingfrom
addressL pointsto thelist of elementsV :: Y if L pointsto the�rst
element(lin L V) andthenext locationL+1is astructthathasthe
restof theelements(struct L1 Y)1.

1 Notice that locationsare treatedat a high level of abstraction.Adjacent
�elds in astructor arrayareoffsetby 1.



[[
struct L nil.
struct L (V::Y) o-

lin L V, L1 is L + 1, struct L1 Y.
]]

struct pair tp f int x; int y; g;

/* copy is a deep copy function that takes a
* pointer to a pair tp struct, copies the
* contents into a newly allocated struct and
* returns the pointer of the new struct */

extern struct pair tp *copy(struct pair tp *x);

int main() f
struct pair tp *pair2;
struct pair tp *pair1

= malloc(sizeof(struct pair tp));

pair1->x = 100;
pair1->y = 200;
pair2 = copy(pair1);

/* pair2 and pair1 should refer to
* different locations with the same data */

assert([[struct $pair1 (X::Y::nil),
struct $pair2 (X::Y::nil)]]);

g

Figure1. pair.minic

On line 5, we de�ne a linearclausethatstatesthat location10
containsinteger 100 andlocation11 containsinteger 200.Line 6
similarly declaresthat location 20 contains100 and location 21
contains200.Thekeyword# linear enforcesthattheclausemust
beusedexactlyoncein proving thegoal.Lines8 and9 containthe
queryto besolved.The�rst threeparametersindicatethenumber
of expectedsolutions,themaximumnumberof solutions,andthe
numberof attemptsthatshouldbemadeto try to prove this query.
Thelastargumentis thegoalformulato beproved.

Herethequeriedformulaasksif thereexist two disjoint pieces
of memory and somedata X and Y such that the �rst piece of
memorystartsat location10 andcontainstwo elementsX andY,
andthesecondpieceof memorystartsat location20 andcontains
thesamepairof valuesXandY. Thisquerysucceedsbecauseit uses
eachof thelinearresourcesexactlyonce,andthelogicalvariableX
is uni�ed with 100andYwith 200.

2.3 Verifying a Simple MiniC Program

As we saw in thesampleMiniC codepair.minic , programmers
de�ne clausesthat specify the shapeandother invariantsof their
data structuresat the very beginning of the program.They can
theninsertassertionsbasedon thesede�nitions at any point in the
code.Theseassertionsmayincludeprogramvariablesby pre�xing
them with a dollar sign. Intuitively, at run time when an assert
is reached,the clausede�nitions and the formula describingthe
currentprogrammemoryare given as the logical context to the
LolliMon engine.The formula to beassertedis sentto theengine
asthequeryformulato beexecutedagainstthecontext. If thequery
is provenby thelogic engine,theprogramwill continuerunning;if
it fails, theprogramwill beaborted.

Assumethecopy functioncalledby thecodein Figure1 hasa
correctimplementation:

struct pair tp *copy(struct pair tp *p) f
struct pair tp *dup

= malloc(sizeof(struct pair tp));
dup->x = p->x;
dup->y = p->y;
return dup;

g;

Whenthe assertin main is reached,the heapof this program
containstwo structs:pair1 (allocatedby main) andpair2 (allo-
catedby copy). Assumingpair1 is allocatedat locationL1 and
pair1 is allocatedat locationL2, thenthe formuladescribingthe
currentheapis

(lin L1 100); (lin (L1 + 1) 200);
(lin L2 100); (lin (L2 + 1) 200)

After the variablenamesare replacedby the valuesthey are
boundto, theassertformulabecomes

struct L1 (X::Y::nil), struct L2 (X::Y::nil)

The above formula is checked againstthe clausesde�ned in
the�rst threelinesof pair.minic andtheformuladescribingthe
currentheap.Assumingthat L1 is 10 andL2 is 20, thenthe logic
programinvoked to checkthe assertionin this MiniC programis
exactly the programin the previous subsection,so the assertion
passes.

Supposeontheotherhandthatthecopy functionis erroneously
implementedas:

struct pair tp *copy(struct pair tp *p) f
return p;

g;

Whenthe assertis reached,the heapof this programhasonly
onestructpair1 , andpair2 is analiasof pair1 . Theassertionis
expandedto

struct L1 (X::Y::nil), struct L1 (X::Y::nil)

And theformuladescribingthecurrentheapis

(lin L1 100), (lin L1+1 200).

In this casethe assertionwill fail becausethereare not enough
linearresourcesto prove thattherearetwo disjointstructs.

2.4 Specifyingthe Shapeof Link edLists

Hereweshow how to describetheinvariantsof non-circularsingly
linked lists. Predicate(llist L) meansthat the memory chunk
startingfrom locationL is a singly linked list. A locationL points
to a list if eitherit is null (0) or it containsdataData andthevalue
Next in the adjacentlocation is a pointer to a list. Additive dis-
junction is written as“;” in LolliMon. Formula(F1 ; F2) describes
a memorythat canbedescribedby eitherF1 or F2 . For example,
thememorythatcontainsjust the location10 andits contents100
cansatisfy(( lin 10 100); (lin 10 200)) becauseonly oneof the
subformulasneedto besatis�ed.

llist L o- (L is 0);
(struct L (Data::Next::nil),
llist Next).

In theMiniC programllist.minic in Figure2, theLolliMon
de�nitions arebetweenline 1 and9. In additionto theabove clause
de�nition, the LolliMon de�nitions alsoincludethe type declara-
tion of thellist predicate(line 2) which speci�esthatthellist
predicatetakesoneargumentof type int (a fully appliedpredicate
always has the specialobject type o); and the modedeclaration
(line 4), which will beexplainedin Section4. Following the Lol-
liMon de�nitions aretheMiniC de�nitions thatdeclarea list node,
struct node tp (line 11–15).



/* an llist is a non-circular linked list */
1 [[
2 llist: int -> o.

4 #modellist +L.

6 llist L o- (L is 0);
7 (struct L (Data::Next::nil),
8 llist Next).
9 ]]

11 struct node tp f
12 int data;
13 struct node tp* next;
14 g;
15 typedef struct node tp* list tp;

17 int main() f
18 list tp list1, list2, list3;

20 /* build a list of length 3 */
21 list3 = malloc(sizeof(struct node tp));
22 list3->data = 3;
23 list3->next = 0;
24 list2 = malloc(sizeof(struct node tp));
25 list2->data = 2;
26 list2->next = list3;
27 list1 = malloc(sizeof(struct node tp));
28 list1->data = 1;
29 list1->next = list2;

31 /* check the list is well-formed */
32 assert([[llist $list1]]);

34 /* make the list circular */
35 list3->next = list1;

37 /* this assert fails */
38 assert([[llist $list1]]);

40 return 0;
41 g

Figure2. llist.minic

In lines20through29,themain functionconstructsalist match-
ing the one in Figure3. Assumethat list3 is allocatedat loca-
tion `3 , list2 at `2 , and list1 at `1 . The programmerthenas-
sertsat line 32 that list1 is a linked list ([[llist $list1]] ).
After replacingthe variablewith its value, the assertionformula
becomes(llist `1). Since`1 is not 0, the logic engineneedsto
solve thesubgoalon line 7 and8. Thelinearresourcescorrespond-
ing to memorym1 in Figure3 areusedto determinethatData is 1
andNext is `2 . The logic enginethenattemptsto prove that `2 is
a pointerto a list usingtheremainderof thememorym2 andm3 .
This in turnreducesto proving that`3 pointsto alist usingm3 . The

1

m1

3

m3

2

m2

m

Figure3. Memorycontaininga linkedlist.

% ./runMiniC tests/llist.minic

Checking assertion 32.4 - 32.28:
[[llist $list1]]

Looking for 1 solutions to query: llist 1025
Attempt 1, Solution 1 with []
Success.
Time consumed 0.02

Checking assertion 38.4 - 38.28:
[[llist $list1]]

Looking for 1 solutions to query: llist 1025
Failed to find 1 solutions within 1 attempts.
Time consumed 0.03 seconds.
Assertion [[llist $list1]] Failed

at Position 38.4 - 38.28

Figure4. Theoutputfrom runningllist.minic .

basecaseis reachedwhenproving that0 is a pointerto a list using
nomemory. Sinceall subgoalsaresolved,theassertionpasses.

Online 35,themain functionchangesthelastelementin thelist
to point to the�rst, resultingin acircularlist. Thesecondassertion,
at line 38, begins muchlike the �rst. However, whenthe subgoal
of proving `3 points to a list is reached,the logic enginetries to
usetheresourcescorrespondingto m3 to prove that `3 pointsto a
list. Thenext stepwould be to prove that `1 pointsa list usingno
linear resource.Unlike the �rst assert,wherewe canprove that 0
is a list pointerwithout usingany linearresources,proving that `1

pointsto list requiresusto consumethememorym1 . However, this
resourcehasalreadybeenusedat thevery beginningof theproof,
sothis assertionfails,andtheMiniC interpreterthrows anAssert
Failed exception.

Theactualoutputfrom runningllist.minic is shown in Fig-
ure4. Eachtime anassertionis encountered,the line numberand
formulato bequeriedareprinted.Thenext line containsthequery
with theprogramvariablessubstitutedwith theactualvalues.And
�nally , theresultof runningthequeryis printed.

3. Memory Semanticsof Linear Logic
In this section,we begin by reviewing the formal syntaxof linear
logic andexplainingtheformalsyntaxof recursively de�ned pred-
icates.Next we introduceanindexedsemanticsof theintuitionistic
linear logic with recursive de�nitions. Finally, we presentour for-
mal result:the soundnessof assertions.SinceLolliMon is a frag-
mentof intuitionistic linear logic, all thesoundnessresultsof this
sectioncarryover to LolliMon.

3.1 Formal Syntax

Thesyntaxof theformulasisstandard,andit includesboththemul-
tiplicativeandadditivelinearconnectivesaswell astheunrestricted
modality!.

Formulas F : : = P j PA j (lin ` v) j 1 j F1 
 F2
j F1 ( F2 j > j F1 & F2 j 0
j F1 � F2 j!F j 9x:F j 8x:F

We use` to denotememorylocationsandv to denotevalues.
Memory locationsandvaluesareboth in�nite subsetsof integers.
We treat eachmemoryword as one unit, so we write (`+1) for
theaddressimmediatelyafter `. Thebasicpredicatesincludeuser
de�ned predicates,arithmeticpredicates,and(lin ` v).

Predicate(lin ` v) describesa memorythat containsonly one
location ` with the contentsv. The multiplicative connective 

(similar to * in separationlogic) separatesthe memoryinto two
disjoint pieces.For example,memorym in Figure 3 can be de-
scribedby (struct `1 (1 :: `2 :: nil )) 
 (struct (`2 (2 :: `3 ::



nil )) 
 (struct `3 (3 :: 0 :: nil )) . Theconnective 1 is theunit of
multiplicative conjunction,andit describesemptymemories.For-
mula F1 ( F2 describesmemorieswhoseunion with memories
describedby F1 satisfy F2 . Memory m1 in Figure 3 can be de-
scribedby (llist `2 ( llist `1). The connective > is the unit
of theadditive conjunctionanddescribesall memories.Theaddi-
tive conjunctionF1&F2 describesmemoriesthat satisfyboth F1

andF2 . For example,any memorym thatsatis�esF alsosatis�es
(F & > ). FormulaF1 � F2 describesmemoriesthat satisfyeither
F1 or F2 . Connective 0 is falsehoodand no memorysatis�es it.
The semanticsof the unrestrictedmodality ! force F to be valid
with empty memory. Arithmetic predicatesPA include equality
andless-thanrelationshipsover integerexpressions.For example,
(x = 2) � (2 < x) is trueif x is greaterthanor equalto two.

3.2 Recursive De�nitions

In the list examplein the previous section,the body of the clause
de�ning predicatellist containsthe predicatellist itself. We
useI to denotethede�nition of arecursively de�ned predicate,and
Is to denotethelist of suchde�nitions.

Preddef I : : = 8x1 ::::8xm :(F ( P x1 : : : xn )
Preddefs Is : : = � j I; Is

Each de�nition I correspondsto a clausede�nition in Lol-
liMon with thefree logical variablesuniversallyquanti�ed. Predi-
cate(P x1 : : : xn ) correspondsto theheadof a clauseandF cor-
respondsto thebodyof theclause.We alsocall thebody formula
F an unrolling of the headpredicate(P x1 : : : xn ). For example,
below is theclausede�nition for llist in Section2.4givenin the
form of I:

8l : 8d: 8n: ( (l = 0)
� (( struct l (d :: n :: nil )) 
 (llist n)) )

( llist l

3.3 An IndexedMemory Model for Linear Logic

In orderto relateassertionformulasto memoryshape,wede�ne an
indexedmemorysemanticsfor linearlogic.Thememorysemantics
of themultiplicativeandadditiveconnectivesof linearlogic is very
similar to thoseof theseparationlogic [22]. The indexing scheme
is inspired by the indexed semanticsmodel for recursive types
developedby Appel et al.[2] and the indexed memorymodel in
recentwork by Morrisett et al.[17]. A memorym mapslocations
` to valuesv. We write dom(m) to denotethe setof locationsin
thedomainof m andm(`) to denotethevaluestoredin `. We use
m1# m2 to denotethat two memoriesm1 andm2 have disjoint
domains.Lastly m1 ] m2 is theunionof m1 andm2 if m1# m2 ,
otherwiseit is unde�ned.

The indexed semanticjudgmentsare inductively de�ned over
the index n andthe structureof the formula. Judgmentm � n

Is F
statesthatgiventhesetof predicatede�nitions Is, memorym can
bedescribedby formulaF with n stepsof approximation.These-
manticsfor mostof thelinearlogicconnectivesarestraightforward,
andthey arenotaffectedby theindexing scheme.In thesecases,the
index numbern is justcarriedthroughthesemanticjudgments.The
interestingcasewherethe index numberchangesis thesemantics
for recursively de�ned predicatessuchasthe struct andllist
predicatesfrom previous examples.The semanticsof formulasis
givenin Figure5.

For thesemanticsof recursively de�ned predicates,intuitively,
the index n can be seenas the numberof unrolling stepsof the
recursively de�nedpredicates.Whentheindex is 0, meaningwedo
notunroll thepredicateatall andcannotexaminethede�nition, all
memoriessatisfythepredicate.A memorym satis�esthepredicate
(P t1 :::tn ) at then th unrolling,whenm satis�estheclausebodyat

m � n
Is F

� n = 0, m � n
Is F for all memorym.

� n � 1,

m � n
Is (lin ` v) iff dom(m) = ` andm(`) = v

� � Is PA iff PA is true

m � n
Is P t1 :::t n iff (8x1 ::::8xm :(F ( P x1 :::x n )) 2 Is, and

m � n � 1
Is F [t1=x1 ]:::[tn =xn ]

m � n
Is >

m � n
Is 1 iff dom(m) = ;

69m:m � n
Is 0

m � n
Is F1 & F2 iff m � n

Is F1 andm � n
Is F2

m � n
Is F1 ( F2 iff for all m0 and m# m0, and for all j ,

0 � j � n suchthatm0 � j
Is F1 impliesm ] m0 � j

Is F2

m � n
Is F1 
 F2 iff thereexistsm1 andm2 suchthatm = m1 ] m2

andm1 � n
Is F1 andm2 � n

Is F2

m � n
Is !F iff dom(m) = ; and� � n

Is F

m � n
Is F1 � F2 iff eitherm � n

Is F1 or m � n
Is F2

m � n
Is 8x:F 0 iff for all integera m � n

Is F 0[a=x]

m � n
Is 9x:F 0 iff thereexistsintegera suchthatm � n

Is F 0[a=x]

Figure5. Semanticsof Formulas

the(n � 1)th unrolling.A predicateunrollsto F [t1=x1 ]:::[tn =xn ]
when(8x1 ::::8xm :(F ( P x1 :::xn )) 2 Is.

Now weusethesemanticsof a list predicate(llist 0 `) to illus-
tratetheideaof indexing. This de�nition is a simpli�ed versionof
thede�nition of llist wherethede�nition of struct is expanded
andthedata�eld is dropped.Thede�nition of llist 0 is:

8l : 8x:( (l = 0) � (lin l x 
 (llist 0 x)) ) ( llist 0 l

WeuseSn to representthesetof memoriesthatsatisfyformula
(llist 0 `) at then th approximation(Sn = f mjm � n

Is llist 0 `g).

� S0 = Thesetof all memories
� S1 = Thesetof all memories
� S2 = f mj m = ; or

m = (` 7! v) ] m0 wherem0 2 S1g
� S3 = f mj m = ; or

m = (` 7! 0) or
m = (` 7! `1) ] (`1 7! v) ] m0
wherem0 2 S1g

� S4 = f mj m = ; or
m = (` 7! 0) or
m = (` 7! `1) ] (`1 7! 0) or
m = (` 7! `1) ] (`1 7! `2) ] (`2 7! v) ] m0
wherem0 2 S1g

Whentheindex n is 0,wehavetheleastpreciseideaof whatthe
memoriesthatsatisfyllist 0 ` look like,sosetS0 is thesetof all
memories.At onestepof approximation,setS1 containsmemories
thatsatisfytheunrollingof (llist 0 `) at0th approximation,soS1

is alsothesetof all memories.We canseethatsetS2 containsthe
exact memoriesthat satisfy lists of length 0; set S3 containsthe
exactmemoriesthatsatisfylists of length0 and1; setS4 contains
theexactmemoriesthatsatisfylistsof length0, 1, and2; soonand
soforth.As theindex growsbigger, thesetof memoriesthatsatisfy
theformulabecomessmaller, andthesemanticjudgmentbecomes
moreprecise.As theindex n approachespositive in�nity , wereach
the�x edpoint.



Anothercaseworth discussingis thesemanticjudgmentof lin-
ear implication m � n

Is F1 ( F2 . BecauseF1 is on the negative
position,we have to de�ne the semanticsso that for all approxi-
mationstepsup to n, the union of m andany m0 satisfyingF1 ,
satis�esF2 .

The following lemmastatesthat the n th approximationis al-
waysmoreprecisethanany j stepsof approximation,wherej is
strictly lessthann. This lemmais crucial in thesoundnessproofs
in Section3.5.

Lemma 1 (Downward Closure)
For all n � 1, if m � n

Is F thenfor all j , 0 � j < n, m � j
Is F .

3.4 Soundnessof Logical Deduction

The sequentcalculusof linear logic is of the form: �; � � ! F .
Context � containsunrestrictedresources,andcontext � contains
linear resources.Theunrestrictedresourcescanbeusedany num-
ber of timesto prove F , andeachof the linear resourcesmustbe
usedexactly once.Thesequentcalculusrulesareprovidedfor ref-
erencein AppendixA.

Theactuallogical deductionrulesfor LolliMon aremorecom-
plicatedthanthoseof linear logic dueto the additionof monads.
However, LolliMon is soundwith regard to the sequentcalculus
rulesin AppendixA. Therefore,in orderto show thesoundnessof
theLolliMon logicaldeductionswith regardto ourmemorymodel,
we only needto prove thesoundnessof thesequentcalculusrules
for intuitionistic linearlogic with regardto themodel.

First,wede�ne thesemanticsof logical contexts.A memorym
is describedby theunrestrictedcontext � andthelinearcontext �
if m is describedby theformulacreatedby wrappingeachformula
in � with ! andthentensoringtogethertheseformulasandall the
formulasin � .

We prove that if memorym is describedby contexts � and� ,
thenm is alsodescribedby thelogical consequenceof � and� .

Theorem2 (Soundnessof Logical Deduction)
If �; � � ! F andfor all n � 0, m � n

Is �; � impliesm � n
Is F .

3.5 Soundnessof Assertions

Our main technicalresultis a proof that if anassertionof formula
F succeeds,thenthecurrentmemorystatecanbedescribedby F .

Whenanassertionis reached,theuser-de�ned inductive de�ni-
tions Is aredumpedinto theunrestrictedcontext � . The formulas
describingeachallocatedlocationin thecurrentprogramheapare
dumpedinto the linear context � . We usethe notationLocs(m)
to representthesetof formulascreatedby encodingeachliveheap
location` containingvaluev into its describingformula(lin ` v).

We �rst show that therecursive de�nitions Is arevalid with an
emptymemory.

Lemma 3
For all n � 1, � � n

Is !Is

Next we show the correctnessof the encodingof memorym
by Locs(m). In otherwords,memorym canbe describedby the
tensoringof all predicatesin Locs(m).

Lemma 4
For all n � 0, m � n

Is
N

(Locs(m))

Finally, we show that if an assertionsucceeds,then the cur-
rentmemorym canbedescribedby theassertedformula.Wehave
proventhatthecurrentmemorycanbedescribedby theunrestricted
context built from thede�nitions of the recursively de�ned predi-
catesand the linear context built from the currentmemoryloca-
tions.Therefore,we caninvoke thesoundnessof logicaldeduction

theorem(Theorem2) andconcludethatthecurrentmemorycanbe
describedby theassertedformula.

Theorem5 (Soundnessof Assertions)
If Is; Locs(m) � ! F , then8n � 1, m � n

Is F .

4. Implementation
TheMiniC systemconsistsof asimplelexer, parser, andinterpreter
for asubsetof C andaninterfaceto theimplementationof thelogic
programminglanguageLolliMon. Whentheinterpreterencounters
anassertion,LolliMon is calledto verify theassertion.

4.1 The MiniC Language

TheMiniC languageis a subsetof C includingbasiccontrol �o w
constructs,pointers,structs,unions,andenumswith theadditionof
inductive de�nitions andassertstatementsin LolliMon.

A MiniC programbeginswith a setof LolliMon clausede�ni-
tions in LolliMon, which areenclosedin doublesquarebrackets.
The implementationautomaticallyincludesthe de�nitions of the
basicpredicatessuchaslin andstruct . Next thereis a sequence
of toplevel declarationsthatcanincludeglobalvariables,structand
unionde�nitions, typede�nitions, functiondeclarations,andenu-
merations.Programexecutionbegins with thedistinguishedmain
function.

In an assertstatement,the formula to be assertedis in double
squarebrackets.Programvariablesmaybeincludedin theformula
by pre�xing themwith a dollar sign.

TheMiniC interpreteriswrittenin OCaml.It is completelystan-
dard,exceptfor the interpretationof assertstatements.Whenthe
interpreterencountersanassertstatement,it callsthelogic engine
LolliMon with threepiecesof information:theuser-de�ned de�ni-
tionsfrom thetopof theprogram,thecurrentstateof theheap,and
theformulathatneedsto bechecked.If LolliMon succeedsin prov-
ing the formula from the provided resources,the interpretersim-
ply continues;otherwise,the interpreterhaltswith anAssertion
Failed exception.

4.2 The Logic Engine

We useLolliMon [12] asthe logical engineto checkassertionsin
MiniC programs.Thebackward-chainingoperationalsemanticsof
LolliMon give a naturalinterpretationof thelogical connectivesas
goal-directedsearchinstructions.

Becauselinearlogic requiresthattheformulasin thelinearcon-
text have to be usedexactly once,the resourcemanagementfor a
linear logic programminglanguagecanbequitecomplicated.The
resourcemanagementof LolliMon implementstheTagFrameFast
System[13]. Eachformula in thecontext is assigneda specialtag
to indicatethe usageof this formula.The linear logical context is
globallyavailablethroughouttheproof,andonly thetagsof thefor-
mulasaremarkedwhenthey areusedin theproof.TheTagFrame
FastSystemmanagesto make most context manipulatingopera-
tionstake constanttime,exceptthepick rule,which goesthrough
thecontext linearlyto chooseaformulato provethegoalpredicate.
Next we will explain how we modi�ed theimplementationof Lol-
liMon to achievereasonableperformancewhile verifying theshape
of datastructures.

Heap Contextand Mode Analysis WhenLolliMon is called to
prove an assertion,the logical context containsthe programmer
de�ned clausesand the logical encodingof the programheap.
Naively, we can traversethe heapanddumpout all the contents
into the logical context beforewe start the proof. However, such
an approachwill never work in practice.For one thing, we are
doublingthememoryrequirementsto useany assertion,evenone
that is relatedto only a single location in the program's heap.



For another, theperformanceof LolliMon will suffer from a large
programheap.As wementionedearlier, theresourcesmanagement
of LolliMon containsthe pick rule taking time that is linear to
the numberof formulasin the context. This meansthat the larger
theprogramheap,thelargerthelogical context, andtheworsethe
performance.

Fortunately, it is notnecessaryto dumptheformulasdescribing
theheapinto thecontext. Sincethoseformulasareall of the form
(lin ` v) where` is theaddressof thelocationandv is its contents,
we canusea hashtablewith theaddressesof thelocationsaskeys
to managethe formula tags.To determinethe value storedin a
location,we simply look it up in the program's native heap.The
context for thememorycontentsthereforeconsistsof theprogram
heapitself plusthehashtable.This hashtablespeedsup theproof
searchin two ways.One,it takesamortizedconstanttime to look
up thepredicate(lin ` v) in thecontext. Two, it separatestheheap
formulasfrom therestof theformulasin thecontext, andtherefore
greatlydecreasesthetime neededto pick a formulain thecontext.
Furthermore,weexploit thetaggingsystemsothatweonly needto
createbindingsfor locationsthathavedirectlybeenusedin proving
thegoal in thehashtable.Consequently, thememoryoverheadof
thehashtablefor tagsis linearto thesizeof thedatastructurethat
is of interestto theassertion,

In orderfor this optimizationto becorrect,we assumethatwe
never put (lin ` v) in negative positions,which meansthatwe do
notaddnew (lin ` v) predicatesinto thecontext astheproofsearch
goes.If we addednew bindingsduring the proof, it would not be
soundto only referto theheapwhendeterminingthecontentsof a
location.We alsomustenforcethatwhenever we attemptto prove
goal (lin ` v), term ` is ground(alreadyknown). Otherwise,the
hashtableis of nouse.Theseassumptionssofarhavenotrestricted
theexamplesthatwecancheck.Intuitively, wewantto look upthe
contentsof speci�c memorylocations,but weneverneedto askthe
questionof which locationcontainsa speci�c value.

The �rst assumptioncan be easily checked by syntactically
traversing the structureof the goal and the clauses.The second
assumptioncanbe checked usingLolliMon' s modeanalysis.The
basic idea of modeanalysisis to declarethe input and output
modesfor the argumentsof eachpredicate.The argumentswith
input modehaveto begroundbeforeproving thepredicate,andthe
argumentswith output modehaveto begroundwhenthepredicate
is proved.Modeanalysisin logic programminglanguageschecks
the information�o w of eachclausede�nition to determineif this
de�nition obeys themodesdeclaration.Becausewe would like to
makesurethatthe�rst argumentof the(lin ` v) predicateis always
groundwhenwetry to prove it, wedeclareits modeas#modelin
+L -V. Wedeclarethemodesof otherpredicatessimilarly. Finally,
we checkthattheformulato beassertedis alsowell-moded.

5. Further Examples:ExpressingAliasing
All the exampleswe have shown up to this point do not have
aliaseddatastructures.Although linear logic is extremely well-
suitedfor reasoningaboutdisjoint memorylocations,it can also
expressinvariantsinvolving aliasing.In this section,we show two
examplesof how to expressinvariantsof aliaseddatastructures
usingour logic.

5.1 Cir cular Link edLists

Thelogic programde�ning thelist predicatellist in Section2.4
only succeedsonnon-circularlists(asintended).It failsoncircular
lists becauseeachlist nodecanonly bevisitedonce.To checkfor
circularity, the �rst nodein the list needto be visited againwhen
thetail nodeis reached.

We cande�ne circular linked lists by modifying the de�nition
of llist to passaroundtheaddressof theheadnode.Theprogram

succeedsimmediatelywhenanodecontainingapointerbackto the
headnodeis reached,withoutattemptingto follow thatpointer.

clistnode L T o- struct L (I1::T::nil);
( struct L (I2::X::nil),

clistnode X T ).
clist L o- L is 0; clistnode L L.

Predicateclistnode L T statesthat location L is a list that
eventuallypointsto locationT, theaddressof theheadnodeof the
list. Predicateclist L is the top-level predicatefor a circular list
that checksthat either L is a null pointer or that it is a list that
eventuallypointsbackto itself.

For datastructuresthatcontainasmallamountof speci�c alias-
ing,suchascircularlists,wecanwrite predicatesthatcarrythespe-
ci�c aliasedlocationsaroundandsucceedimmediatelywhenthese
locationsareencountered.In this way, we still visit eachlocation
exactlyonce.

5.2 Dir ectedAcyclic Graphs

A directedacyclic graph,or DAG, maycontainaliasedsubgraphs.
The trick from circular lists won't work here,becausewe don't
have enoughinformationaboutwherethe aliasingmay occur. In-
steadwe useadditive conjunction(&) and the top connective to
allow sharingbetweendatastructures.Rememberthat formulaF1
& F2describesmemoriesthatsatisfybothF1 andF2. Theconnec-
tive top describesall memories.

Beforegoinginto thedetailsof DAGs,weshow asmallexample
of how to expressthat a pair of locations L1 and L2 may or
may not be aliased.Formula (lin L1 V1, lin L2 V2) fails to
describesuchmemories,becauseit only describesmemorieswith
two unaliasedlocations.Instead,we canusethefollowing formula
to describethemay-aliassituation.

(lin L1 V1, top) & (lin L2 V2, top)

If thememorycontainsonly onelocation`, thenit canbe de-
scribedby both the sub-formulasconnectedby & . The tensordi-
videsthememoryinto onepartcontaining` andonepartcontain-
ing the emptymemory;` is the witnessfor both L1 andL2, and
top is satis�edby theemptymemory. In thecasewherethemem-
ory containstwo locations̀ and`0, the�rst sub-formulais satis�ed
by using` asthewitnessfor L1 andletting top consumethe rest
of the memorycontaininglocation `0; the secondsub-formulais
satis�edby using`0 asthewitnessfor L2 andletting top consume
therestof thememorycontaininglocation`.

Whena DAG hasno sharingbetweensubgraphs,it becomesa
tree.Now weexaminethede�nition for trees,whichis givenbelow.
It statesthateachtreenodecontainsdata,apointerto its right child,
andapointerto its left child; thatbothof thechildrenaretrees;and
that the treenode,the left subtree,andthe right subtreearepair-
wisedisjoint.

tree L o- (L is 0);
(struct L (Data::Left::Right::ni l),
tree Left, tree Right).

We canmodify thetreede�nition to describea DAG by chang-
ing thetensorbetweenthetwo subtreesto theadditive conjunction
& sothatthey canbealiased.

dag L o- (L is 0);
(struct L (Data::Left::Right::ni l),
((dag Left, top) & (dag Right, top))).

The DAG de�nition still requiresthat the root nodeis disjoint
from bothsubgraphs(sothattherecanbenocycles),but allowsthe
two subgraphsto bealiased.



This de�nition mayrequirethesamenodeto bechecked once
for eachuniquepathfrom therootof thedagto thatnode.However,
thede�nition is still guaranteedto terminatesinceeachuseof the
de�nition consumesthememoryfor therootnode.

6. ExtendedExample: Red-BlackTrees
In thissection,wewill exploreanexampleof red-blacktrees,which
arebalancedbinarysearchtrees.Wenotonly checktheshapeof the
datastructure,but alsocheckthepartialorderingof thedatacarried
at eachnode,that red nodesdo not have red parents,andthat the
blackheightsof all leavesareequal.

6.1 ExpressingRed-BlackTreeInvariants

First,we de�ne anauxiliarypredicate,checkData, to describethe
orderingbetweenthedataDof thecurrentnodeandthedataPdof
theparentnode.It alsotakesa �ag Rcto indicateif this nodeis a
right child (Rcis 1), left child (Rcis 0),or thespecialcase,root (Rc
is 2), wherethereis no restrictionon thedata.

checkData D Pd Rc o-
(Rc is 0, (D = Pd; Pd > D));
(Rc is 1, (D = Pd; D > Pd));
(Rc is 2).

Next we de�ne predicaternode L Pd Rc Bhto meanthatthe
startingaddressof this red nodeis L, and the black heightof all
the leaves underthis nodeis Bh (argumentsPd and Rc have the
samemeaningasabove). Similarly, predicatesbnodeandrbnode
describeblack nodesand nodesof either color respectively. The
de�nitions aregivenbelow. A rednodecontainsfour elements:the
colorred(representedby 1),data,pointersto a left child andaright
child. Thedatamustbe appropriatelyrelatedto thatof its parent,
boththeleft andright childrenmustbeblacknodes,andtheblack
heightof thetwo subtreesis equal.

rnode L Pd Rc Bh o-
(struct L (1::Data::Left::Right: :nil ),
checkData Data Pd Rc,
bnode Left Data 0 Bh,
bnode Right Data 1 Bh).

bnode L Pd Rc Bh o-
(L is 0, Bh is 0);
(struct L (0::Data::Left::Right: :nil ),
checkData Data Pd Rc,
rbnode Left Data 0 Bh2,
rbnode Right Data 1 Bh2,
Bh is Bh2 + 1).

rbnode L Pd Rc Bh o-
(bnode L Pd Rc Bh); (rnode L Pd Rc Bh).

A black nodeis similar to a red node,exceptthat the children
may be either color, the black height increasesby one, and an
additionalcaseto handleleafnodes.

Finally, locationL is apointerto a red-blacktree(rbtree L) if
it is a blacknodeof someblackheight.

rbtree L o- bnode L 0 2 Bh.

6.2 A Red-BlackTreeimplementation

We took an implementationof red-blacktreesfrom The Object
OrientedProgrammingWeb(http://www.oopweb.com)andported
it to MiniC. Theportingprocesswasvery simple,andall changes
weredueto thesimplicity of theMiniC parserandinterpreter.

Wemodi�ed theLolliMon de�nitions givenin theprevioussec-
tion to includea parentpointeranda key in thestruct predicate
in order to matchthis C implementation.In the implementation,
leafnodespoint to auniversalnil nodecalledsentinel node.The

sentinel is heavily aliasedandweappliedthetrick in thecircular
linked list exampleandmodi�ed thenodepredicatede�nitions to
take theaddressof this sentinel nodeasanextraargument.

We insertedassertionsin themainfunctionaftereachseriesof
operationson thered-blacktreeto checkthattheroot variablestill
pointedto a red-blacktreewith sentinelvariableasits nil node.A
subsetof thecodeis availablein AppendixB. We did not �nd any
errorsin this implementation.However, we did introducevarious
errors,andtheassertionsfailedasexpected.

7. Relatedand Futur eWork
In thissectionwe discussrelatedwork andfuturework.

7.1 RelatedWork

Therehasbeena greatdealof researchonstaticshapeanalysisus-
ing abstractinterpretation,data�o w analysis,typesystems,model
checkingandvariousdifferentkinds of logics. Efforts in this di-
rectionarecomplementaryto thedynamicshapeanalysiswe pro-
posein this paper. As mentionedin the introduction,the inspira-
tion for usinga substructurallogic to describeheapshapecomes
from the work of O'Hearn, Reynolds,Yangand otherson sepa-
ration logic [22] — a techniquefor static veri�cation of pointer
programs.Ourchoiceof linearlogic is mostlyoutof practicalcon-
cerns;sinceLolliMon is availablefor usto useandmodify.

Tools for dynamicveri�cation of heappropertiesinclude Pu-
rify [5] andSWAT [6]. Purify trapsevery memoryaccesscall in a
programanddetectsgenericproblemssuchasdanglingpointerac-
cess.SWAT usesa pro�ling infrastructureto monitormemoryac-
cessoperationsanddetectmemoryleaks.Bothof theseworksfocus
ondynamicallydetectingmemoryaccesserrorsandmemoryleaks,
whereasour work mainly focuson dynamicallycheckingcomplex
programmer-speci�ed invariantsaboutmemoryshapes.

7.2 Futur eWork

In the future, we plan to continueworking on our assertionlan-
guagein orderto make it easierfor programmersto master. Right
now, in orderto useoursystem,a programmermustde�ne clauses
andwrite assertionsin the syntaxof LolliMon. Even thoughthe
logic programminglanguageis declarative and relatively easyto
learn,it still requiresanaddedlearningcurve for programmersun-
familiar with logic programming.The goal of the assertionlan-
guagedesignis to keepthedeclarative featureandat thesametime
bring the syntaxof the assertionlanguagecloserto the syntaxof
de�ning datastructuresin thenative language,sothattheprogram-
mershave aneasiertime specifyinginvariants.

In this paper, we only implementa prototypesystemto check
thefeasibility of ourbasicideaof checkingtheinvariantsof recur-
sive datastructuresdynamicallyusinga linear logic programming
language.A lot of work remainsto make this systemreal.Ideally,
we would like to deploy our systemfor ANSI C. Thequestionsto
besolvedincludehow to link theruntimesystemof C with thelogic
engine,how theperformancewill scaleto largedatastructures,and
how to optimizethelogic engine.

Finally, we arecurrentlyengagedin researchon staticveri�ca-
tion of programpropertiesusinglinearlogic [1, 10, 11]. In thelong
term,we hopeto usethe samelanguageof heap-shapeassertions
bothasdynamiccontractsandasannotationsfor staticveri�cation.

8. Conclusions
In thispaper, weshow how to uselinearlogic asa languageof con-
tractsthat documentandenforceheap-shapepropertiesin imper-
ative programs.Unlike the ad hoc, unstructuredheap-shapecon-
tractsonemight write in native code,linear logical contractsare



clear, conciseandhave a well-de�ned semantics.We have imple-
menteda rathersubstantialC-like programminglanguagethat in-
cludeslinear logical heap-shapecontracts.Thecontractsareeval-
uatedat runtime usinga modi�ed versionof the LolliMon logic
programmingengine.Using our implementation,we have exper-
imentedwith contractsfor a variety of datastructuresincluding
linkedlists,doubly-linkedlists,circularlists,treesandDAGs.Sev-
eralof theseexamplesareexplainedin this paper. Finally, we have
developedan indexed heapmodel for linear logic with inductive
de�nitions andproven that linear logic's proof theory, and there-
foreour logic engine,is soundwith respectto this model.
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A. SequentCalculus for
Intuitionistic Linear Logic

�; � � ! F

�; F � ! F
L-Init

� ; F ; � ; F � ! F 0

� ; F ; � � ! F 0
Copy

�; � 1 � ! F1 �; � 2 � ! F2

�; � 1 ; � 2 � ! F1 
 F2

 R

�; � ; F1 ; F2 � ! F
�; � ; F1 
 F2 � ! F


 L

�; � ; F1 � ! F2

�; � � ! F1 ( F2
( R

�; � � ! F1 �; � 0; F2 � ! F

�; � ; � 0; F1 ( F2 � ! F
( L

�; � � ! 1
1R

�; � � ! F
�; � ; 1 � ! F

1L

�; � � ! F1 �; � � ! F2

�; � � ! F1 & F2
& R

�; � ; F1 � ! F

�; � ; F1 & F2 � ! F
& L1

�; � ; F2 � ! F

�; � ; F1 & F2 � ! F
& L2

�; � � ! >
> R

�; � � ! F1

�; � � ! F1 � F2
� R1

�; � � ! F2

�; � � ! F1 � F2
� R2

�; � ; F1 � ! F �; � ; F2 � ! F
�; � ; F1 � F2 � ! F

� L

�; � ; 0 � ! F
0L

�; � � ! F [t=x ]

�; � � ! 9x:F
9R

�; � ; F [a=x] � ! F 0

�; � ; 9x:F � ! F 0 9L

�; � � ! F [a=x]

�; � � ! 8x:F
8R

�; � ; F [t=x ] � ! F 0

�; � ; 8x:F � ! F 0 8L

�; � � ! F
�; � � ! !F

!R
�; F ; � � ! F 0

�; � ; !F � ! F 0 !L

B. Redblacktree.minic
Below we include partial codefor the MiniC implementationof
red-blacktrees2. The delete function includesan assertionto
verify that deleting a node has not violated the red-black tree
invariantsde�ned at thebeginningof theprogram.

2 basedoncodefrom http://oopweb.com/Algorithms
/Documents/Sman/Volume/srbt.txt



/* ------------------------ --- ---- --- -
* Red-Black Tree invariants specified
* as LolliMon predicates
* ------------------------ --- ---- --- - */

[[
checkData: int -> int -> int -> o.
bnode: int -> int -> int -> int -> int -> o.
rnode: int -> int -> int -> int -> int -> o.
rbnode: int -> int -> int -> int -> int -> o.
rbtree: int -> int -> o.
nilnode: int -> o.

#modecheckData +X +Y +Z.
#modernode +L +N +P +G -B.
#modebnode +L +N +P +G -B.
#moderbnode +L +N +P +G -B.
#moderbtree +L +N.
#modenilnode +L.

checkData D Pd Rc o-
(Rc is 0, (D = Pd; Pd > D));
(Rc is 1, (D = Pd; D > Pd));
(Rc is 2).

rnode L N Pd Rc Bh o-
(struct L (Left::Right::Parent

::1::Key::Data::nil),
checkData Data Pd Rc,
bnode Left N Data 0 Bh,
bnode Right N Data 1 Bh).

bnode L N Pd Rc Bh o-
(L is N, Bh is 0);
(struct L (Left::Right::Parent

::0::Key::Data::nil),
checkData Data Pd Rc,
rbnode Left N Data 0 Bh2,
rbnode Right N Data 1 Bh2,
Bh is Bh2 + 1).

rbnode L N Pd Rc Bh o-
(bnode L N Pd Rc Bh);
(rnode L N Pd Rc Bh).

nilnode N o-
struct N (Left::Right::Parent

::0::Key::Data::nil).

rbtree Root Nilnode o-
nilnode Nilnode,
bnode Root Nilnode 0 2 Bh.

]]

/* ------------------------ --- ---- --- -
* Declaration of node type
* ------------------------ --- ---- --- - */

/* Red-Black tree description */
enum nodecolor_tp {BLACK, RED};

/* node type */
struct nodeTag_tp {

struct nodeTag_tp *left;
struct nodeTag_tp *right;
struct nodeTag_tp *parent;
nodecolor_tp color;
key_tp key;
rec_tp rec;

};
typedef struct nodeTag_tp node_tp;

/* ------------------------- --- ---- ---
* Global variables: sentinel and root
* ------------------------- --- ---- --- */

/* all leaf nodes are sentinels */
node_tp *sentinel;

/* root of Red-Black tree */
node_tp *root;

/* ------------------------- --- ---- ---
* Function Declarations
* (code ommitted)
* ------------------------- --- ---- --- */

void rotateLeft(node_tp *x) {...}
void rotateRight(node_tp *x) {...}
status_tp find(key_tp key, rec_tp *rec) {...}
void insertFixup(node_tp *x) {...}
status_tp insert(key_tp key, rec_tp *rec) {...}
void deleteFixup(node_tp *x) {...}

/* delete node z from tree */
status_tp delete(key_tp key) {

node_tp *y;
...code ommitted...
free(y);

/* assert that delete maintains the invariants */
assert([[rbtree $root $sentinel, top]]);

return STATUS_OK;
}

/* ------------------------- --- ---- ---
* Main Function
* ------------------------- --- ---- --- */

int main () {

rec_tp *rec;
status_tp status;
int i;

/* build sentinel (nil) node */
sentinel = malloc(sizeof(node_tp) );
sentinel->left = sentinel;
sentinel->right = sentinel;
sentinel->color = BLACK;
sentinel->key = 0;
sentinel->rec = 0;

/* allocate record */
rec = malloc(sizeof(rec_tp));

/* assign initial value of root */
root = sentinel;

/* fill in with keys 0 through 14 */
i = 0;
while (i < 15) {

rec->stuff = i + 20;
status = insert(i,rec);
i = i + 1;

}

/* delete node -- includes invariant check */
status = delete(3);

}


