Available online at www.sciencedirect.com

Journal of

CrossMark SClenceDlreCt Differential
& 3 Equations
ELSEVIER J. Differential Equations 263 (2017) 365-397 _

www.elsevier.com/locate/jde

Well-posedness of the limiting equation of a noisy
consensus model in opinion dynamics

Bernard Chazelle *, Quansen Jiu ¢, Qianxiao Li"™*, Chu Wang "¢

& Department of Computer Science, Princeton University, Princeton, NJ 08540, USA
b The Program in Applied and Computational Mathematics, Princeton University, Princeton, NJ 08540, USA
¢ School of Mathematical Sciences, Capital Normal University, Beijing 100048, PR China
d Nokia Bell Labs, 600-700 Mountain Avenue, Murray Hill, NJ 07974, USA

Received 12 September 2016
Available online 3 March 2017

Abstract

This paper establishes the global well-posedness of the nonlinear Fokker—Planck equation for a noisy
version of the Hegselmann—Krause model. The equation captures the mean-field behavior of a classic multi-
agent system for opinion dynamics. We prove the global existence, uniqueness, nonnegativity and regularity
of the weak solution. We also exhibit a global stability condition, which delineates a forbidden region for
consensus formation. This is the first nonlinear stability result derived for the Hegselmann—Krause model.
© 2017 Elsevier Inc. All rights reserved.

Keywords: Hegselmann—Krause model; Nonlinear Fokker—Planck equation; Well-posedness; Global stability

1. Introduction

Network-based dynamical systems feature agents that communicate via a dynamic graph
while acting on the information they receive. These systems have received increasing attention
lately because of their versatile use in modeling social and biological systems [1-7]. Typically,
they consist of a fixed number N of agents, each one located at x4 (¢) on the real line. The agents’
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positions evolve as interactions take place along the edges of a dynamical graph that evolves
endogenously. The motivation behind the model is to get a better understanding of the dynamics
of collective behavior. Following [8,9], we express the system as a set of N coupled stochastic
differential equations:

N
1 .
dx; =_Nj§1:a,-j(x,» — x;)dr +odw,?, (1)

where o is the magnitude of the noise, W,(') are independent Wiener processes, and the “in-
fluence” parameter g;; is a function of the distance between agents i and j; in other words,
a;j = a(|x; — x;|), where a is nonnegative (to create attractive forces) and compactly supported
over a fixed interval (to keep the range of the forces finite). Intuitively, the model mediates the
competing tension between two opposing forces: the sum in (1) pulls the agents toward one an-
other while the diffusion term keeps them jiggling in a Brownian motion; the two terms push the
system into ordered and disordered states respectively. In the mean field limit, N — 400, Equa-
tion (1) induces a nonlinear Fokker—Planck equation for the agent density profile p(x, t) [8]:

2

pe(x, 1) = <p(x,t)/p(x —y,t)ya(lyl)dy) + %pxx(x,t). )

The function p(x,t) is the limit density of ,oN (x,1) := % Z(ij(t)(dx), as N goes to infinity,
where 8, (dx) denotes the Dirac measure with point mass at x. The Fokker—Planck equation is
a basic model in many areas of physics and it is a deterministic one describing how probability
density functions evolve in time. A number of mathematical results, including well-posedness
theory and the convergence to steady state as time ¢+ — oo, has been obtained for linear and
nonlinear variants of the Fokker—Planck equation (see [10—17] and references therein).

This paper is concerned with the nonlinear, nonlocal Fokker—Planck equation (2) governing
the density evolution of the noisy Hegselmann—Krause (HK) model. In the classic Hegselmann—
Krause model, one of the most popular systems in consensus dynamics [18-20], each one of the
N agents moves, at each time step, to the mass center of all the others within a fixed distance.
The position of an agent represents its “opinion”. If we add noise to this process, we obtain the
discrete-time version of (1) for a(y) = 1jo,g] (), where 14 is the usual set indicator function,
equal to 1 if y € A and 0 otherwise. To be exact, the original HK model does not scale a;; by
1/N but by the reciprocal of the number agents within distance R of agent i. Canuto et al. [21]
have argued that this difference has a minor impact on the dynamics. By preserving the pairwise
symmetry among the agents, however, the formulation (1) simplifies the analysis.

The HK model has been the subject of extensive investigation. A sample of the literature
includes work on convergence and consensus properties [1,22,18,23-27], conjectures about the
spatial features of the attractor set [28], and various extensions such as HK systems with iner-
tia [29], leaders [30-32], or random jumps [33].

Some mathematical models for opinion formation have been proposed under different as-
sumptions. A class of kinetic models of opinion formation and its asymptotic limit Fokker—
Planck type equations are derived in [34], based on two-body interactions involving compromise
and diffusion properties in exchanges between individuals. Later, based on [34], a mathematical
model for opinion formation in a society that is built of two groups, one groups of “ordinary”
people and one group of “strong opinion leaders”, and its corresponding Fokker—Planck type
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equations are proposed in [35]. Some other opinion dynamics models are obtained in [36]. How-
ever, fewer rigorous mathematical results including the global well-posedness and stability of the
models are studied so far. In [37], the blow-up of the smooth solution of an aggregation equa-
tions with mildly singular interaction kernels is proved. This model is a continuum one of the
kinetic equations in the modeling of animal collective behavior such as flocks, schools or swarms
of insects, fishes and birds, which shares some feature with the Patlak—Keller—Segel model for
chemotaxis (see [38]).

The present paper focuses on the analysis of the nonlinear Fokker—Planck equation for the
noisy HK system, which corresponds to setting a(y) = 1jo,g] (y) in (2). For concreteness, let
us denote U = [—¢,£], Ur =[—¢,£] x (0,T) for T > 0, and consider the following periodic
problem for the HK system:

o? .
Pr — 7,0” = (IOG,O)X in Ur
p(l,)=p(—£,) ondU x[0,T] 3)
L = pPo on U x {t =0}
where
x+R
Gy (x,1):= / (x=y)p(y,t)dy 4)
x—R

and the initial condition po is assumed to be a probability density, i.e., pg > 0 and
fU po (x)dx = 1. The positive constants £, R and o are fixed with 0 < R < £. Note that we
have to periodically extend p outside of U in order to make sense of the integral above. The
periodicity of p, together with Eq. (3), immediately implies the normalization condition

/p(y,t)dy=1 )

U

forall0<r<T.

Main results. We establish the global well-posedness of Eq. (3), which entails the existence,
uniqueness, nonnegativity and regularity of the solution. In addition, we prove a global stability
condition for the uniform solution p = ﬁ, representing the state without any clustering of opin-
ions. This gives a sufficient condition involving R and ¢ for which no consensus can be reached
regardless of the initial condition.

The paper is organized as follows. In Section 2, we first derive the aforementioned global
stability condition by assuming that a sufficiently smooth solution exists. More precisely, we

show that as long as o2 > %T—( (ZR + R%/\/3 Z), the uniform solution p = ﬁ is unconditionally

stable in the sense that p (t) — ﬁ exponentially as + — oo for any initial data pg € L%er ).
Instead of employing the usual entropy method (see e.g. [11]), we use energy estimates to directly
obtain L% . €Xponential convergence. An important ingredient in the proof is a L }7 .- €stimate on
the solution (Lemma 2.1). Interestingly, this estimate immediately implies the nonnegativity of
the solution while no arguments using maximum principles are required. The latter may not be

easy to obtain for nonlinear partial integro-differential equations, such as the one we consider
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here. We close the section by discussing the physical significance of the stability result and how
it relates to other works in the opinion dynamics literature.

In Section 3, we prove the global existence and uniqueness of the weak solution to (3)
when the initial data py € L%,er (U). Here, we construct approximate solutions by considering
a sequence of linear parabolic equations obtained from (3) by replacing pG, with p,G,,_,.
Using energy estimates, we find that the sequence of solutions p, forms a Cauchy sequence in
LY, T; L}, . (U)) and we use this strong convergence result to simplify the existence proof.

Finally, in Section 4 we establish improved regularity properties of the weak solution if py €
H llﬁe, (U) for some k > 1. This allows us to remove the a priori smoothness assumptions in the
stability and positivity results of Section 2. The techniques employed in this section are standard
in the analysis of partial differential equations. The main results in this paper are summarized in

Theorem 4.5.

Notation. As customary in the literature, we often treat p (and other functions on Ur) not as a
function from Ut to R, but from [0, T'] to a relevant Banach space. In this case, we define for
each ¢,

le@®]IC):=p(C.0). (6)

For a shorthand, we denote the usual L?” norms on U by

e Ol == llp OllLrw) )

Other Banach space norms will be written out explicitly. Since we are dealing with periodic
boundary conditions, a subscript “per”” will often be attached to the relevant Banach space sym-
bols to denote the subspace of periodic functions on U, e.g.,

Lbey (U):={ueL? (U):u(—0) =u(+0)},

HE,, (U) = {u e H"(U):u(—t)=u (+£)} : (8)
for 1 < p < oo and k > 1. They are equipped with the usual norms.

Finally, we denote by C, C1, C,, ... any generic constants (possibly depending on R, £ or o)
used in the various energy estimates. Their actual values may change from line to line. When
they depend on the time interval under consideration, we will indicate the dependence explicitly,
e.g., C(T).

2. Nonnegativity and global stability via a priori estimates

First, let us assume that there exists a sufficiently smooth solution

peC! (0, 00; C2,, (U)) : ©)

to equation (3). This allows us to prove a priori energy estimates, from which we can deduce the
solution’s nonnegativity and derive a global stability condition of the spatially uniform solution
_ 1
P =72
We begin by setting ¢ = p — ﬁ so that fU ¥ (y,t)dy = 0. Then, i satisfies the equation
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o — (4G L 10
Vo= ¥ = (WGy), + 55 (Gy), - (10)

The other two extra terms are zero since f;cjlf (x — y)dy =0 for all x. Multiplying equation (10)
by ¥ and integrating by parts over U, we have

1d

2 1
T OB+ I 01 < /le/wadx tos /%Gwdx . (11)
U U

By the Cauchy—Schwarz inequality,

1i||w(r>||2+"—2||w O3 < |Gy O] LI Oll2 ¥ O
2 dt 2 2 X 2 = v e’} 2 X 2
1
57 1V Ol |Gy ], (12)

First let us estimate || Gy (1) || - For any x and #, we have

|Gy (x,1)] < / ly — x[ Ljy—x|<ry ¥ (v, D] dy
U

=Ry Ol
=Rd+Ilp®l)- (13)

In order to proceed with the bound on || Gy (1) || o Weneed an L }ner estimate of p (¢).

Lemma 2.1. Suppose p € C! (0, o0; C2

per (U)) is a solution of (3) with py € L, (U), then
o Iy = llpolly for all t = 0.

per

Proof. Let € > 0 and define

€

") Ir| Irl>e€ (14)
Xe (r) = 4 2 .
T e iR rise

This is a convex C 2-approximation of the absolute value function satisfying |r| < x¢ (). Multi-
plying x. (p) to equation (3) and integrating by parts over U, we have

2
o0 [0 ]| == [ 0Gaxl @ prar. 9
U U

et ar+ 2|
d[ Xép-xa X 2

By Cauchy—Schwarz and Young’s inequality,
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o2

77 | Xe (P (x 1) dx+7

U

< Hp 0 G, ® [x (0] H

oo [x 0]

pr (1) [x;’ o]

2
e LGOI E T I K & ool . e
Therefore,
d 2
S rewomarss o6, o]
t 2
U
< LG, e [ wen] ] a7)
_20_2 P o0 p Xe p 2'
Replacing ¢ by p in (13) we have
1G, |, <Rlle Ol (18)

2
The term Hp ) [x! (o (t))]]/2 H2 can be split into two integrals:

o[ 0] = [ 0?5 p) dx
2

U

=/,02X! (0) Ljjp|>e) dx
U

+/pzx! (0) Ljp|<e) dx. (19)
U

For |p| > €, x/ (p) = 0 by construction, and hence the first integral above is zero. The second
integral is estimated as:

3p2 (€2 — p2
/szé/ (P)1{|p|<e}dx=/%l{lpke}dx
U

3
< / 76 dx = 3¢e. (20)

Therefore, by (18), (19), (20), Eq. (17) becomes

2

/Xe (o (x,1))dx

U

R2
202

Xe (p (x,1))dx <

dt
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Applying Grénwall’s inequality, we get

/Xe (p(x,1)dx < /xg (po (x)) dx

U U

1

3¢R%e

X exp 752 Xe (p(x,s))dxds |. 21
0 U

Since p is continuous, the integral in the exponential is finite. Therefore, taking the limit € — 0
yields

ol <llpolly, (22)
for every t > 0, as required. 0O

Incidentally, Lemma 2.1 establishes the nonnegativity of p. This is important because p rep-
resents the density of opinions of individuals and, as such, is necessarily nonnegative at all times.
It is interesting that a L ;, . €stimate suffices to show nonnegativity and no arguments from max-
imum principles are required.

Corollary 2.2.If p € C! (0, 00; Clz,e, (U)) is a solution of (3), with pg > 0 and fU po (x)dx =1,

then ||p (t)|l{ =1and p(t) =0in U forallt > 0.

Proof. Since f y Po (x) dx =1, the normalization condition (5) is satisfied for r > 0. Applying
Lemma 2.1, we have

1=/p(x,t)dx = lle ®lly = lleoll; =/podX= L. (23)

1% U

Hence, ||p (¢)||; = 1. But

1:/p(x,t)dx:/pl{pzo}dx+fp1{p<o}dx, (24)
U U U

1=/|p(x,t)|dx=/p1{pzo}dx—/pl{p<0}dx. 25)
U U U

These equations imply that fU pl{p<0ydx =0, and hence, p (t) > 0 a.e. in U. By continuity,
p(@)>0inU forallt >0. O

With Lemma 2.1, it follows from (13) that

|Gy 0] <2R (26)
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Next, we also have

x+R
(Gy (x.0)’ = /(x—y)w(y,mdy
x—R
x+R x+R
f (x —y)2dy f W (v, 1)*dy

x—R x—R

A

x+R

2 3 2
= 3R / W (v, )2 dy. @7)

x—R
Consequently,

xX+R

2
Gy @[3 = S8° f / W (v, 1) dydx

U x—R

+R
2 3 2
=38 [ [ waryniaa
R

U —_
4R* 5
== lv oI5 (28)

With estimates (26) and (28), (12) becomes

1d
Ed—Hlﬁ(t)”z ||1ﬂx (t)||2_< )||1ﬂ(t)||2||1ﬂx )1l
O'
= T 1V« (f)||2
1 R2\*
(2’”7) I I3 29)
Hence, we have
1d L (e, R 2 o2 ) %
Ed—”‘/f(f)nz_ < +\/——3> ||1ﬂ(f)||2 ||1/fx(f)||2- (30)

By construction, f y ¥ (x,1)dx =0 for all . Thus, ¥ (¢) satisfies the Poincaré inequality

v @Ol = Clive Dl €19

For the interval U = [/, £], the optimal Poincaré constant is C = £/ . Therefore, (30) becomes



B. Chazelle et al. / J. Differential Equations 263 (2017) 365-397 373

Civor<(2 (e £ i ()12 (32)
dr 2=\ o2 NEY, 202 2
But
1y O3 = L ool + (33)
2= |0 20, = Lol 7

Thus we obtain the integral form of (30):

2 \2 2 2
Iy ()3 < 2||po||§+1 exp 2 2R+R—) ST (34)
1 o? NEY 202

In particular, if 02 > %T_e <2R + R?/\/3 E), the constant factor in the exponential is negative,

therefore ||y (t)||% — 0 aslong as || pgll, < co. We summarize these results:

Theorem 2.3. Let p € C! (o, 00; C2,, (U)) be a solution of (3) with po > 0, [, po (x)dx = 1,

and po € L?,e, ). If 6% > i—e <2R + Rz/ﬂﬁ), then p (t) — 217 in L%er exponentially as
t — oQ.

2.1. Physical significance of Theorem 2.3

The noisy HK model generally exhibits two types of steady-states. The first is a spatially uni-
form steady-state, i.e., p is constant. This represents the case where individuals have uniformly
distributed opinions, without any local or global consensus. The second involves one or more
clusters of individuals having similar opinions, in which case p is a multi-modal profile. Which
of these two steady-states appear in the long-time limit depends on the interaction radius R and
noise o, as well as the initial profile py.

In this aspect, Theorem 2.3 gives a sufficient condition for the spatially uniform solution to be

the globally attractive state, irrespective of the initial profile pg. In other words, as long as o> >

20 2 c . . . .
= (2R + R?/\/3 6), any initial profile converges to the spatially uniform state. In particular,

clustered profiles do not even have local stability. This immediately indicates a forbidden zone
for consensus: when the volatility of one’s opinion is too large compared to the interaction radius,
there can be no clustering of opinions regardless of the initial opinion distribution. It should be
noted that this is the first result regarding the nonlinear stability of the HK system. On the other
hand, it is possible to perform linear stability analysis of Eq. (3) at the uniform solution p = ﬁ
to derive a linear stability condition for the uniform solution [39]. The main idea is to plug ansatz

p(x,t) = 217 + p(t)e% into Eq. (3) and ignore higher order terms to get a linear differential
equation of p(t), then locate the region of parameters (o, R) where the trivial solution p(t) =0
loses its stability. The combination of these two results indicate a region where it is possible to
have both clustered and uniform states as locally stable solutions (see Fig. 1).

HK system with finite and infinite numbers of agents in both discrete- and continuous-time
fashions exhibit similar behavior of opinion aggregation and bifurcation [40]. In particular,
the competition between clustered and uniform solution is also observed in the simulations of
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1.4

1.2 | E

1L Clustered solutions unstable |

a/l

0.6 |+ g
Possible co-existence region

04 - ]

0.2 + R
Uniform solution unstable

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

R/t

Fig. 1. The phase diagram for the noisy HK model. The top (red) curve is the curve o2 = %T—e <2R + R2/ﬁ€>, above
which the spatially uniform solution (p = 1/2¢) is unconditionally stable, i.e. no clustering of opinions is possible. The
bottom (blue) curve is obtained from linear stability analysis around the spatially uniform solution, and has the form
(U/Z)2 =C (R/Z)3 [39]. Below this curve, the uniform solution loses linear stability and only clustered solutions are
permitted. Between these two curves is the region for which both clustered and uniform solutions can be stable with
respect to small perturbations. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

discrete-time noisy HK system with finite number of agents [33]. The advantage of considering
the continuous-time HK system in its mean-field limit is that the stability of non-trivial solutions
can be carried out analytically, as indicated by Theorem 2.3.

3. Existence and uniqueness

Our discussion so far has assumed the existence of a solution to (3). In this section, we prove
the existence and uniqueness of the weak solution by defining a sequence of linear parabolic
equations, whose solutions converge strongly to a function p that solves a weak formulation of
Eq. (3). To begin with, let T > 0 and consider a sequence of linear parabolic equations

0.2
pnt - Tpnxx = (lOnGpn_l)x in UT
on )= pp(=L,-) ondU x[0,T]

On = o onU x {t =0}

(35)

for n > 1, with pg (x,t) := pg (x) for all + > 0. For convenience, we assume that the initial

condition satisfies pg € C;‘ér U), po >0 and f y Po (x) dx = 1. The smoothness condition will

be relaxed later (see Theorem 3.12 at the end of this section).
Consider the case n = 1. Since pg € C;’,‘j, (U) and both G,, and (Gﬂo)x are bounded,
by standard results on linear parabolic evolution equations, there exists a unique p; €

c® (0, T;Cpe, (U )) satisfying (35) for n = 1. Iterating this for n > 1 implies that there exists

a sequence of smooth functions {p, : n > 1} satisfying (35). Next, we establish some uniform
energy estimates on oj,.
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Proposition 3.1. Let T > 0 and suppose {p, : n > 1} satisfy (35) with pgy € C;’f;r (U). Then,
lon DIly < llpolly forall0 <t <T andn > 1.

Proof. Since we know that p, () € C*° <O, T, C;ﬁr (U)) foralln > 1landallO <t <T, wecan

proceed exactly as in the proof of Lemma 2.1. In this case, instead of (21) we have

/ Xe (o (x.1)) dix < / Xe (Po (1)) dx

U U

t

30R%¢

xexp | — 3 Xe (Pn—1 (x,58))dxds | . (36)
0 U

Since p,—1 is smooth, the integral in the exponential is finite, hence we take the limit € — 0 to
obtain

lon N1 < llpolly, (37)
forallO<tr<T. O

Corollary 3.2. Let T > 0 and suppose {py, : n > 1} satisfy (35) with pg € C;ﬁ, ), po >0 and

fU,oo(x)dx: 1. Then, ||p, (t)|l; =1 and p, (t) = 0in U forall 0 <t <T and for all n > 1.

Proof. Since the functions p, are all periodic, we have f y Pn (x,1)dx = 1; hence the proof is
identical to Corollary 2.2. O

Proposition 3.3. Let T > 0 and suppose {p,, : n > 1} satisfy (35) with pg € C;ﬁr U), po =0 and
fU 00 (x)dx = 1. Then, there exists a constant C (T) > 0 such that

00l (0.7, 0) + 1902072, ) = € D 0l

Proof. We proceed as in Section 2 by multiplying (35) by p, and integrating by parts. This gives
us

1d o?
3 5 10 OB+ 5 on, O = [ 102n, G|
U

< | o, @], | o0 ) Gp,_, ],
2
=2 on 0]
1
3l 15 Gy O (38)

Using Proposition 3.1 and Corollary 3.2 we have



376 B. Chazelle et al. / J. Differential Equations 263 (2017) 365-397

1Gpuey O o < Rlloa—1 DIl = R, (39)

and hence (38) becomes

1d , o’ > R )
5 25 1en Oll2 + - | on, ] < —2 len Oz (40)

which implies, by integration, that

lon (D15 < C (T llpoll3 (41)
forallO0<r¢ <T,and
T
2
sup 1o O+ [ lon O3dr =CDiml3. 0 (“2)
0<t<T
0
Proposition 3.4. Let T > 0 and suppose {p, : n > 1} satisfy (35) with py € C;’,ﬁ, U), po=0and
fU po (x)dx = 1. Then, there exists a constant C (T) > 0 such that
<C(T 2 4)1/2 43
a0, 00) 100 3o 723, ) = @) (ool 0, +lool) " @3)

Proof. Multiplying equation (35) by —p,, . and integrating by parts over U, it follows from
Cauchy—Schwarz, Young’s inequality, and (39) that

1d , o2 )
53 1on O+ 5 lone O]

S/I(pnGpnq)x 'Onxx‘d'x
U

o2
=

= lon O3+ €11 G o0, O3+ C2[(Go,)), 0w O]

02
< —
~ 4

|onee @5+ C1t | pn, O]+ C2[(Gpos), @) 0w O3 (44)
Now,

5 x+R
(Gour)y = 35 '/(X—Wmhﬂ%ndy
X—R
=—R(pp-1(x + R, 1)+ pp_1 (x — R, 1))
x+R
+/m4mwy (45)

x—R
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By (41) and Morrey’s inequality,
1(Gort), @ pw O] < llpw D12 [ (Gpos), O
=Cllon Ol ) low-1 O3

=C@lpollen Oy - (46)

It follows that (44) becomes

1d » o? 2 2
w0+ % w013 = € w0
+ G2 (T llpoll3 lon Oy o) @7
Integrating over ¢, we have

2
L2 (0,T;L%e,.(U)>

L Jom @2+ % o
2 0<i<T " 2 4 e

0,T;H!

per

< 2o, 12+ €@ (Il + 110013 112 ) @
— 2 172 " L2( (U)) 2 LZ(O,T;HI (U))

per

Applying the estimates in Proposition 3.3, we find that
2 2 2 4
50 on O+ 1onecl 013, ) <€D (leolys @y +lIo0li3). & @9)

With the uniform estimates above, we can now show that p, converges strongly to a limit.

Lemma 3.5. Let T > 0 and suppose that {p, :n > 1} satisfies (35) with py € C2. (U),

per
po >0 and fU 00 (x)dx = 1. Then there exists p € L! <O, T, L},er (U)) such that p, — p in
L (o, TiL., (U)).

Proof. We set ¢, = p, — py—1 for n > 1. For n > 2, the evolution equation for ¢, reads

2
o
¢nt - 7¢nxx == (¢nGPn—] + pn—1G¢;1—l)x . (50)

Let € > 0. Multiplying the equation above by x/ (¢,) (see definition (14)) and integrating by
parts yield

% / Xe () dx + 072 |2 @0 ] 0, ) Hi
U

s/|x;’<¢n>¢nx¢ncpn,l|dx+f|x; (@n) (Pn—-1Gg,_,) | dx

U U
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o2
2

5 G O |1 @) 00 0]

=<

[0 @ )00, 0

+f 1% (dn) (Pn-1Gy,_,) | dx. (51)
U

By Corollary 3.2, |Gpn_| (t)||oo < Rl|lpn—1(@)|l; = R. Also, as in (20) from the proof of
Lemma 2.1, we have

1/2

|0 @10 < ce. (52)

To estimate the last integral in (51), observe that |X 6/ | < C, hence

[ 1x: @0 (011Go, ), Jdx <€ [ lionn, G lax
U U

+ C/ |on—1(Go,_,),|dx

<C1 |G | Mlon=t i1 )

per

+C2llon-1lloo [ (Gt |l - (53)

But we know that |Gy, | < Rl¢a—1ll; and that || (G¢n71)x”1 < C|l¢u—1ll; (see expres-
sion (45)). Moreover, Morrey’s inequality implies ||0n—1lloo < [on—1]l H}\\ (U) Hence, it follows

that, as € tends to 0, (51) becomes

d
T g0 Ol = Clloa—t Ol @) a1 Oy
< C(o0; 1, T) gt DIl (54)

where in the last line we used Proposition 3.4 and the shorthand

2 £\1/?
C(pu: 1.7 := (D) (ool + lpold) - (55)

Now, for N > 2 we define

N
WGED G (56)

n=2
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By (54) and Corollary 3.2,

d
N O =Clpo: 1, T) (yv @O + 11 DIy — llon D1I;)
<C(po; 1, T)(yn (1) +4). (57)

Moreover, the p,’s coincide at # = 0, so yy (0) = 0. Thus by Gronwall’s inequality,
YN (1) <2TC (p; 1, T) T P01, (58)

uniformly in N and ¢. Furthermore, for each ¢, yy (¢) is a bounded monotone sequence in N,
hence there exists

oo
Yoo () =D lipn (1)Il; <2TC (po: 1, T) " @011, (59)
n=2

such that yy () 1 Yoo (), pointwise in ¢. By the monotone convergence theorem,

T T

/ yn () dt 4 / Yoo () dt <2T*C (po; 1,T) €T €011 (60)
0 0

This result immediately implies that {p,} is a Cauchy sequence in L (O, T;L!

per

(U)). Indeed,
for € > 0 we can pick N > 2 such that fOT Yoo () dt — fOT yy (t)dt < €. Hence, for all M > 1,

T

lonym — pN||L1<O’T;L}m(U)) =/ lon+m (t) — pn (D)l dt
0

T\ Nem
= f D )| ar
o ln=N+1 |
T Ntm
5/ 3 lgn )l dt
0 n=N+1
T T
=/YN+M (l)dt—/)’N (t)dt
0 0
T T
s/yoo<t)dr—ny<t)dr
0 0

<e. (61)
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Therefore, {p,} is a Cauchy sequence and there exists p € L! (O, T; Llljer

(U)) such that p, — p
inL! (0, T;L,, (U)). 0

Note that we can extract from {p,} a subsequence that converges weakly in smaller spaces.

Definition 3.6. We denote by H.! (U) the dual space of H ;

per

).

er

Since periodic boundary conditions allow integration by parts without extra terms, most char-

acterizations of H ™! = (Hol)* carry over to H ;Llr

Lemma 3.7. We have p € L? (O,T; H),, (U)) n L (O,T;Lfm

(U)), with p; €

L2 (o, T:H-)

per (U)), and the estimate

191 (0.7:23, @) + 1PV i2(0m:m3, ) 1P 20 7o) < € T ool (62

Moreover, there exists a subsequence {pn, : k > 1} such that

o= pin L2 (075 H},, ).
and

P, — pr in L (0, T Hp_el,) .
Proof. From Proposition 3.3, we have

+ [l onll =CMlpolz- (63)

”pn”Lw(O’T;L%er(U)) L2<0,T;H[§e,(U))

Next, observe that from the evolution equation of p,,, we have

0_2
Pn, = (pr,lpn + ?pnx) . (64)
X

Hence,

2
dt
2

2 ; o?
om0, 78 ) = / HG”"“ () pu (1) + =P, ()
0

T
<2 / |Gy D2 10a 13 di
0
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T
+ 02/ o, 3
0

T
2R’ f llon (113 dt
0

=<
T
+0 [ Jon @ e
0
< Cc(Mlpol3. (65)

where in the last step we used Proposition 3.3. Therefore, we have the uniform estimate

ul 003, 00) 1001 20y )+ 1 D20 rimpt ) < € D ol 60
Hence, p € L? (0, T, H,le, (U)) N L*>® (0, T; L?m (U)), with p; € L? (0, T, Hp_elr (U)) and
they satisfy the same estimate (66). Furthermore, there exists {pnk k> 1} such that

Pn, — p In L? (O,T; H[le, (U)),

O 67)
pu, = o in L2 (0.3 Hyb (U)).

Following [41], we can deduce from Lemma 3.7 the following result:

2 . gl
Theorem 3.8. Suppose p € L (O, T; H,,

(U)) with p; € L2 (O,T; H!

per (U)), then p €

C (0, T; L%,er (U)) up to a set of measure zero. Further, the mapping
te ol (68)
is absolutely continuous, with
d 2
EII,O(I)IIQ=2<,Oz (), p @), (69)

fora.e. 0 <t <T.Here, {,) denotes the pairing between H7! and H!

per per-*
Proof. The proof is identical to the proof in Evans [41], Section 5.9, Theorem 3. The only
difference here is that we are considering H 11, and HL, instead of H(} and H~!. Since periodic

er per>
conditions still guarantee integration by parts without extra terms, all proofs follow through. O
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Now, we are ready to prove the existence of a weak solution to equation (3).

Definition 3.9. We say that p e L2 (o T:H! (U)) n L (o T, 12 (U)) with o €

per per
L? (O T, Hpelr (U)) is a weak solution of equation (3) if for every n € L? (0 T; H;e, (U)),
T T
/ o (), (1)) dt + // < PxNx + ;OG,onx> dxdt =0, (70)
0 0

and p (0) = pg. Note that since p € C (O T: L%, (U )) (Theorem 3.8), the last condition makes

per
sense as an initial condition.

Theorem 3.10. (Existence and uniqueness) Let pg € C[,er W), po =0 and fU po(x)dx = 1.

Then, there exists a unique weak solution p € L*° (0 T, Lfm (U)) NnL? (O T, H;U (U)), with

pr € L? (0 T, Hp(,r (U)) to equation (3) with the estimate

101 w073, 00) 1PN 2 (0.7, 00) 1P 2053 ) = € D ol

Proof. For each n € L? (O, T:H' (U)), we multiply equation (35) (with n = ny) by n and inte-
grate over Ur to obtain

T T T
2
o
/ Pny, ), 77(0 7///0@ ndedt+//77xpnka,, dXd[—O (71)
0 0 U 0 U

There are no boundary terms due to periodic boundary conditions. Now,

T T
//ﬂxﬂnka,,k_ldXdl=/
0 U 0

+

Nx pnk - ,O)Gp,,k_ldth

/ nx’OG(p,,k,lfp)dth
U

+

S O —— S

/nxpGpdxdt. (72)
U

We know from Lemma 3.7 that p,, — p in L (o T; HL, (U)) cL? (o T; 12, (U)). More-

over, Gy, _, is uniformly bounded so that 7, G, _, € L? (O T; L?W (U)). Thus,
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T
//nx Pny — Gpnk dxdt — 0. (73)
0U

Also,

T
/ / UxPG(pnkil_p)dxdl S ”'O”L‘X’(O,T;L%N(U)) ||77x ”LZ(O,T;L%”(U))
0 U

G
H ("’”k*‘_p) L2(0TL2 (U))

per
=CM ool Il 3o 7.1y, )
s4 M per

172

T
/ lon—1 @ —p®]7dr| . (74)
0

But “Pnk—l ) —p (t)||1 < 2R. Hence, by the strong convergence result in Lemma 3.5, we
have

f | =1 1) = )| Tdt < 2R || puy—1 (1) = p Olpo.7:00 @)

-0, (75)

and thus

T
//17 pnk o )dxdt—>0. (76)
0oU

Combining (72), (73) and (76), we have

T T
//nxp,,kcpnr,dxdte//nxpGpdxdt. (77)
0 U 0 U

By the weak convergence results established in Lemma 3.7, we also have

T

f (Puy, (1.0 (D))t — f {pr (1), (D)) dit
0

0
T T
//pnkxnxdxdt—)/‘/,oxnxdxdt. (78)
0 U 0 U
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Putting together (77) and (78), we obtain in the limit k — oo,

T

T

2
/(pz (t),n(t))der// (%pxnerpGpnx) dxdt =0, (79)
0

0 U

for every n € L? (0 T; H;er (U)).

Finally, we have to show that p (0) = pg. Pick some n € c! (O T; H[%er (U)) with n (T) =
Then, we have from (79) that

T T
2
—/(p(t),nz (t))dt+//(%pmx+pGpnx> dxdt = (p (0),71(0)). (80)
0 0 U

Similarly, we also have

T

T
0.2
_/(Pnk ®,n (t)>dt +// (TPnanx +,0nkank177x> dxdt
0 U

0
= (p0. 1 (0)). 81)

Where we have used the fact that p,, (0) = po for all k. Taking the limit k — oo and compar-
ing (80) and (81), we have

(0 (0), 1 (0)) = (o, (0)). (82)

Since 7 is arbitrary, we conclude that p (0) = pg. This completes the proof of the existence of a
weak solution.
Now, we prove its uniqueness. Let p; and pp be weak solutions to (3) and set & = p; — p».

Then, for every n € L? (0 T, H,ier (U)), we have

T 2 T T
/sawnm f%/]émmmﬁf//wﬁm—mﬁﬂmww=Q (83)
0 0 U 0 U

Adding and subtracting [, [, p2G , 11xdxdt, we obtain

T T T
/sM)mom %//ammm //ammwm
0 0 0 U

U

T
—//nggnxdxdt. (84)
0 U
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But,

T
//éGplnxdxdf =[G ”po(o,r;Lg;;,(U))
(U

X ”nx”LZ(O,T;L%,‘,,(U)) ”sHLZ(O,T;L%e,(U))

=R ”nx”L2<O,T;L%,e,(U)> ”5”L2(0,T:L§,er<U))

2

o
< —lnx

2
) 17,

+ C ”Elle(O T; L2(U))

and

T

Genydxdt| <
///02 enxdx _||p2||LOO(O’T;L%H(U))
0 U

X || Gg ” LZ(O,T;L%,C,,(U)) ||7)x ”LZ(O,T;L%W(U))

< COoll Vel 201, ) 120 7223, 00)
2
< —
T o, 00)

+C (T) llpoll3 II"EII2 12(

0.T: L3, (1))

so that
T
0,2
& W)+ 2 / / £ nedxdt
0

||77x ”LZ(O T; LZ(U))

(cl (T)+C2 () 19013) 16820 7. 1200

Now, set n = &, and use Theorem 3.8, we have

Z

ST E—

d
g Ol3dr = (€1 (D) + oD 1p0l3) 161720 7,120

N =

=(C1 (@) +C2(D 0l / € (0113 dr.

385

(85)

(86)

87)

(88)
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Since this holds for all 7, we must have

d
g 13 = (€1 (1) + C2 (T loll3) N 015, (89)
and hence
1§ )12 = (C1 (T) +C2.(T) lpoll3) 1§ Ol (90)

fora.e.0<r <T.But|£&(0) ||% = |lpo — ,00||§ =0 and the p’s are continuous in time, we have

o1 (t) —p2(Dll2=0 oD

forall0<¢ <T.
Finally, the energy estimate is from Lemma 3.7. O

Remark 3.11. The strong convergence result (Lemma 3.5) is important here because with-
out it, we could not have concluded that expression (75) converges to 0, because it involves
a different subsequence p,, 1. Strong convergence ensures that all subsequences converge in

L! (o, T;L,, (U)).

Throughout this section we assumed that the initial condition is smooth, i.e. py € C;ﬁ, ).
2

We can in fact relax this condition to po € Ly,

(U) by mollifying the initial data.
Theorem 3.12. (Existence and uniqueness with relaxed regularity assumption on the initial con-
dition) Let py > 0, fU po (x)dx =1and py € L%, (U). Then, there exists a unique weak solution

per
peL® (0, T; L2, (U)) nL? (0, T; H,, (U)), with p; € L2 (0, T H,. (U)) to equation (3)

with the estimate

IIplle(o,T;Lém-(U)) + ||p||L2<0’T;H;”(U)) + Ilpzlle(O,T;H;elr(U)) =C@Mlpoll-
Proof. Let € > 0 and consider the modified problem
€ 02 € € .
e (pnGp€7 ) in Ur
2 n—1/y (92)
p; (£7 ) = IOZ (_ga ) on dU x [Ov T]
Py =0 onU x {t =0}
where
PG () :=/je (x = y) po (N dy, (93)

U

and je (x) =€ !j (e7'x). Here, j is a standard positive mollifier with compact support on U
and [;; je (x)dx=1.
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With mollification, pf is now smooth and we can apply Theorem 3.10 to conclude that

there exists a unique weak solution p€ € L™ (O T; L%er (U)) N L2 (O T; H;er (U)), with

pf € L? (O T; Hper (U)) to equation (92) with the estimate

ra HLOO(O,T;L%H(U)) +of HLz(QT;H;H(U)) +ef ] (o) < €M lol,-  ©4)

But for all €, we have ||,05 ||2 < |lpoll,. Hence, there exists p € L™ (O T; L%M (U)) N

L? (O T;H! (U)),with pr€L? (O T; Hper (U)) satisfying

per

100123, @)+ Wiz 0) F 100 20 ristc) <€ Dleolze 69)

and a sequence {e;}, with € — 0, such that

Pk —=p 1nL2(OTH1 (U)),

per (96)

o = o inL? (0 T;H,\ (U))

as k — 0o. We now show that p is in fact a weak solution to (3). Since each p¢ solves the weak
formulation of (92) (albeit with different initial data), we have

T T T

2
/ (1), n(t) dt %//,ogkn dxdt—}—//r}xp “Gpadxdt =0. (97)
0 0U 0U

Using (96), we can replace p by p in the first two integrals above in the limit k — co. Moreover,
as in (72), we write the last integral as

T T
/‘/.nxpngpekdxdtsznx —p) Gpaxdxdt
0 U 0U

T
+//nxpG(pfk _pydxdt
0 U
T
[

+ /nx,oGpdxdt (98)
U

Since ||G & (t)||OO < R|p*@®|; <R ||,05" ||l = Rllpoll; = R, we have n,G,a € LZ(O,T;

L?,, (U)) and hence
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T
// — G peedxdt — 0. (99)
0

U

Next, we can write

T T
//ﬁxPG(pfk—p)dxdf=//nx,0
0 0 U

U
T
://h(pel" — p)dydt, (100)
0 U

x+R
/ (p* = p) (x = y)dy | dxdt

where we have defined

y+R

h(y.1) = / m (6,1 p (6. 1) (x — y)dx.

y—R

(101)

Clearly, |h()lla < R lInx ll2 1o (1)l so that in particular, h € L2 (o T, L2 (U)) and

per
from (100) we obtain

T
//nxpG(pek_p)dxdtao. (102)
0 U

Thus, we have shown that p satisfies

T T
2
/(p ®),n@)d %//pnxdxdt—i-//nx,oG dxdt =0. (103)
0U 0 U
To show that p (0) = po, we again take n € C'! (0 T; H]%er (U)) with n (T') = 0. Since pg" — 00

uniformly, we have (cf. expressions (80) and (81))

(0 (0), 1 (0)) = (o, (0)). (104)

Since 7 is arbitrary, we have p (0) = pg. The uniqueness follows from exactly the same argument
in the proof of Theorem 3.10 and we omit writing it again here. 0O
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4. Higher regularity

In this section, we prove improved regularity of the weak solution to (3). This allows us to
put the results in Section 2 on a rigorous footing. As in the previous section, we always mollify
00 by Jje so that the resulting evolution equations (35) admit smooth solutions. This allows us to
differentiate the equation as many times as required, and we take the limit ¢ — 0 at the end. For
simplicity of notation, we drop the € superscripts on p, and implicitly assume that we perform

the limit at the end.
First, we prove a useful estimate.

Proposition 4.1. Let u, v € C* (U). Then for k > 2 we have the estimate

”MGU“ngr(U) =C ||”||H§er(u) ”v”H[l;e_rl(U) . (105)

Proof. We have
2 2 w |
4Gl =€ (166Gl + @G ®]),

where (-)® denotes the kth derivative with respect to x. Applying the Leibniz rule, we have

k

k . .
wG)® =3" ( l. ) u*D(G Y. (106)
i=0
But,
Gy (x) i=0
(G 1y = | "R G+ R 400 =B+ [Trvmdy i=1 aon
0 R (x + R+ v D (x — R)]
+ 002 (x 4+ R) — v (x = R) i>2
Hence we have the bound
2 2
[ colut Lrcure
: =k &
+yalu ] oo :
1=
= Collullzy v, VI3
3 ¢ Jut ]’ G| 108
+§ ,”u ‘H},E,(U) ”( v) )2' (108)

Fori > 2,
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R A
2 2 2
<Clvll>i ., 109
< CIolry, (109)
and fori =1,
12
|G| = c(wi+ i)
< C|lvll3. (110)
Keeping only the highest Sobolev norms, we have
2
(k) 2 2 2 2
WG)® | = Colulile ) I3+ Culluliye o) 10l 2er )
< 2 2

Now, we assume that pg € H ;fer for some k > 0 and prove the corresponding regularity of p.

Theorem 4.2. (Improved regularity) Let k > 0 and suppose py € H Ser (U) with pg > 0 and
fU po (x) dx = 1. Then the unique solution to (3) satisfies

pel?(0.7: Hig ) L= (0,75 HY, (U)),

with the estimate

IIp|IL2<O,T;H§$1(U)) + IIpIILoo(o,T;H{seAU)) < C(posk,T),

where

i 172

X L 2i+1
C (po; k. T) := C (T) ( 0 ||po||ng_ri(U)>

i=

Proof. We prove the statements by proving uniform estimates on p,, by induction on k. The base
case k = 0 is provided in Proposition 3.3. The k = 1 case is Proposition 3.4. Suppose for some
k>1,

0020 rentgr n) + 100 o7t ) = € 0K T, (112)

for all n. We differentiate equation (35) k times with respect to x, multiply it by —8!;*2,0” and
integrate over U to get
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1d
2dt

< f ]ak“pn (1) ! (pnGp,l_,) (t)( dx
U

o]+ o 0]

0
< —

o]

(04Gp ) O] (113)

Using Proposition 4.1 with u = p,, (¢) and v = p,—1 (¢), we have

1d
2dt

(npn Ole41 ) 1081 (t)n%,;”w)) (114)

oo+

oo,

Integrating over time, we get

2
sup llon 12 i1, + 1o 7
oi<r - Hpr @) ! <

0,T: Hﬁj,z(U))

2
<
<lpolcr o,

(npn e (o5 0) loull2 L2(0msHt (U))>
< 1p0l%1s1 gy, +1C (03 k, DT
<C(po:k+1,T)* (115)

This completes the induction. Taking limits, we obtain

pel? (o T HES? (U)) nL® (0 T B (U)) , (116)
with the estimate
10 o 7)1 (o) S C @0+ 1T 0 1)

So far we have only considered regularity in space. The same can also be done in the time
domain.

Theorem 4.3. (Improved regularity) Let k > 0 and suppose po € Hﬁ’e‘r (U) with po = 0 and
Jy po (x)dx = 1. Then,
(i) For every 0 <m <k, the unique solution to (3) satisfies
d"p

e L2 (0 T; B2 (U)) nL>® (0 T; B2 (U)) ,
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with the estimate

k
dm d’n
> ‘d ‘dm <D (po; k, T),
o \ I 41" 22 (0.7 w32+ w)) 1 Lo (0.7 132 @)
where
. N 12
+
D (po:k.T):= | > C (po: 2k, T)”
j=0
(ii) Moreover,
dk+1,0 5
el (0 T Hper(U))
with the estimate
dk+1
HTﬁ’ <D (po: k. T).
dt LZ(O,T;H,;,I,(U))

Proof. Let us prove that for all M <k,

d" pn d" pn
_0 H 20,7 BT W) ™ | e (0.7: 13872 W))
<C(po;k, M, T), (118)
where we have defined
12
Clpo: k.M, T):= Y Coo: 2k, V¥ | . (119)

j=0
This is done by induction on M up to k. The case M =0 is Theorem 4.2. Suppose we have for

some 0 < M < k the estimate (118). Differentiating equation (35) M times with respect to ¢ and
using the Leibniz rule, we have

M+1 M (M)
lolg * ) 2 }gl,”)—i_(pnGpn l)

. 7o+ Z (646G o1 (120)

Pn—1
m=0

where we used the shorthand ,o(m) := 30" p,/0t™. Thus, we have
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2
(M+1) (M)
‘ ¢ )HHﬁﬁr -1 gy = €1 ‘p" (t)‘ HYMH W)
(m) g
o™ ()G - (0 HH%;ZM(U) .2
Using Proposition 4.1 with u = ) (t) and v = (M ™) (1), we have
(M+1)
‘ Y )H HE2M=1()y
M)
=G (I)H H22MH ()
M
+ Cy
2A 2M
m=0 ©
=G Hpn HAS2MH ()
) (1 H (M—m) ‘
® Hk M) 1 ® Hper M~ W)
(M)
=G H’O ¢ )H H2E M ()
(m) (M —m)
Pn (t)‘ 22 ) ‘ Po_y )) I%Ie(r 2Mm) (g (122)
Integrating over time then gives
‘ p(M+l)
" L2(0,T;H,%’;72M*'<U>)
1 12 (O,T;H,%’éFZMH (U))
c (m) (M —m) H . a2
+ (2 Lz 0.7 HZS 2m+l(U)) Loo<0 T Hﬁf,‘, 2(M—m)<U)) (123)
Since 0 <m, M —m < M, we can apply the inductive hypothesis (118) to conclude that
M“)‘ < C(poi k. M. T)> +C (po: k. M, T)*
‘pn L2 0.T: Hz]e(r 2M— I(U)) — (;007 ’ ) ) + (p09 ’ ’ )
<C(po;k, M +1,T)%. (124)

Similarly,
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pM+D H
n Lo° 0 T3 H2 M- 2(U))
=Ci o H
=1 L 0 T HES 2M(U))
lepran 571 -
L 0 T HYS 2"'(U)) n=l | (0 T A 2M "”(U))
<C(po;k, M +1,T)*. (125)

This completes the induction on M up to k. Putting M = k into (118) and taking limits prove
part (i).
To prove the second part, notice that

Pt — ( b +CZ (p(m)G . m>)> : (126)

X

Hence,

k+l)‘

L2 0,7 Hp_e],(U))

2

A3 ()

L2 (O,T;L%F,.(U)>

< | p®

LZ(o T:H! (U))

per

pM=m) 2
n—1 LZ(O,T;L%”(U))

plm H

L% 0 T: Lze,(U)) ‘

=D(po; k,T). 127)
Taking limits then proves part (ii). O

Corollary 4.4. Let T > 0 and pp € H
solution to (3) satisfies

(U) with pg > 0 and fU po (x)dx = 1. Then the unique

per

pec!(0.1:C2, @),

per

after possibly being redefined on a set of measure zero.

Proof. By Theorem 4.2, p € L® (o T H3,, (U)) ie. poe € L® (0 T H, (U)). Hence

1

there exists a version of p with p,y () € Cper (U), so that in particular, p (1) € C2,. (U). Next,

per
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using Theorem 4.3, we have p; € L? (O, T; H;er (U)) and p;; € L? (0, T; Hp_elr (U)), hence by

Theorem 3.8 there is a version of p so that p; € C (0, T; L?m (U)). Hence we have

peC! (0, T;C2, (U)), (128)

up to a set of measure zero. 0O

This result allows us to restate the results in Section 2 without the a priori smoothness as-
sumption. We summarize the main results of this paper in the following:

Theorem 4.5. Let pg € H;er (U) with pg > 0 and fU po (x)dx = 1. Then, there exists a unique
weak solution p to equation (3), with

(i) (Regularity) p € C (0, 00; C2,, (U)).

(ii) (Nonnegativity) p (t) > 0 for all t > 0.
(iii) (Stability) Furthermore, if 6% > % (2R + R2/ﬁg>, then p (t) — ﬁ in L?,er exponen-
tially as t — oo.

Proof. Existence and uniqueness follow from Theorem 3.12. (i) follows from Corollary 4.4.
Having established (i), (ii) and (iii) then follows from Corollary 2.2 and Theorem 2.3 respec-
tively. O
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