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[592] 592, 559, 532, 319 (6)

[815] 815 (2)

[600] 600, 544 (3)

[916] 916 (0)

[867] 867 (1)

[711] 711 (2)

[720] 720, 577 (4)

[783] 783 (0)

[789] 789, 582 (3)

[816] 816 (1)

[876] 876 (2)

[882] 882 (1)

[720] 720, 530, 581, 564 (5)

[790] 790 (2)

[887] 887, 638 (3)

[944] 944 (2)

[817] 817, 457 (4)

[982] 982 (2)

[903] 903, 873 (3)

[936] 936 (2)

example, the root is missing both children of rank 0 and 1.

represented in the format: [ckey], key1, key2, . . . (rank).

of rank less than 2 are of size 1. Each node is 

set to 1. Note that all the item-lists at nodes

by 50 deletemins. The parameter r is 

100 random inserts followed

from a soft heap after
This is a queue

Indicating ranks allows us to spot missing child:  for 
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moments, the sharper tail estimates tend to be. Thus, there is a trade-
off between sharpness and generality. The weakest but most general tail
estimate is Markov’s inequality: For any t > 0,

Prob[ X ≥ t ] ≤ EX

t
,

which is obtained by straightforward truncation. (Note the importance of
the assumption X ≥ 0.) Observe that

Prob[ |X −EX | ≥ t ] = Prob[(X −EX)2 ≥ t2].

So, by applying Markov’s inequality to (X −EX)2, we derive Chebyshev’s
inequality,

Prob[ |X −EX | ≥ t ] ≤ varX
t2

.

We can iterate on this idea and generate k-moment tail estimates, which
give us a vanishing rate of the order of 1/tk: For k even,

Prob[ |X −EX | ≥ t ] ≤ E(X −EX)k

tk
.

One limitation of this technique is that it is often difficult to obtain good
estimates on the higher moments of the distribution (not to mention the
fact that these moments might not even exist). A useful property, however,
is that if X is a sum of random variables, then such tail estimates require
only bounded independence.

Lemma A.2 Let x1, . . . , xn be 2k-wise independent 0/1 random variables,
each equal to 1 with probability p. There is an absolute constant β (inde-
pendent of n, k) such that, given any constant α > 0,

Prob[ |X − np| ≥ αnp ] ≤
( βk

α2np

)k

,

where X = x1 + · · ·+ xn.

Proof: Setting t = αnp, we obtain

Prob[ |X − np| ≥ αnp ] ≤ E(X −EX)2k

(αnp)2k
.

Because expectation is linear, we can expand the numerator to obtain a
sum of terms of the form

E
∏
i∈I

(xi − p),
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where |I| ≤ 2k. By regrouping identical factors together, this becomes
E
∏

i(xi − p)ci , where the i’s are distinct and the ci’s sum up to 2k. Be-
cause there are at most 2k factors and the xi’s are 2k-wise independent,
expectation and product commute, and so we obtain

∏
i E(xi − p)ci . Note

that if ci = 1 for some i, then the product vanishes. Thus, the numera-
tor is the sum of at most O(nk)k nonvanishing terms. Furthermore, every
term is the product of at most k factors of the form E(xi − p)ci . A simple
calculation shows that each such factor is at most p. Thus, the numerator
is in O(pnk)k and the proof is complete. �

The Chernoff and Hoeffding Bounds

In the case of the binomial distribution, we can push the method one
step further and consider all the moments of the distribution at once to
obtain tail estimates that vanish exponentially fast. Assume now that
X =

∑n
i=1 xi obeys the binomial distribution B(n, p). Chernoff’s bounds

are tail estimates obtained by applying Markov’s inequality to the moment
generating function G(z) = E ezX .

Lemma A.3 Let x1, . . . , xn be mutually independent 0/1 random variables,
each equal to 1 with probability p. If X =

∑n
i=1 xi, then, for any 0 < δ <

1/2,

Prob[ X < (1 − δ)pn ] < e−δ2pn/2,

and

Prob[ X > (1 + δ)pn ] < e−δ2pn/4.

Another useful version of Chernoff’s bounds brings upper and lower tails
together:

Lemma A.4 Given p1, . . . , pn ∈ [0, 1], let X =
∑n

i=1 xi, where x1, . . . , xn

are mutually independent random variables, and for each xi, Prob[xi =
pi − 1] = pi and Prob[xi = pi] = 1− pi. For any Δ > 0,

Prob[ |X | > Δ ] < 2e−2Δ2/n.

The technique used to prove these lemmas is useful to know, and so we
illustrate it by establishing a slightly simpler tail estimate. In the next
section, we show that it is part of a general scheme that can be used to
derive other interesting bounds.
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